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FOURIER TRANSFORM ASSOCIATED WITH HOLOMORPHIC DISCRETE SERIES 

Takeshi Kawazoe 

1. INTRODUCTION 

The Plancherel formula on semisimple Lie groups G implies that each L2 

function f on G has a decomposition: f = fp + 0 f, where fp consists of wave 

packets and 0 f the discrete part off, that is, a linear combination of the 

matrix coefficients of the discrete series of G. We assume that rl=G/K, K is 

a maximal compact subgroup of G, is one of classical bounded syrrmetric do-

mains. Then we shall give a characterization of 0 Lp(G) (l;:;;p;;;2), the dis-

crete part of Lp functions on G, by using the Fourier transform associated 

with the holomorphic discre-te series realized on a Bergman space on r2. This 

characterization is related to the theory of the weighted Bergman spaces on 

r2 and the fractional derivat.ives of holomorphic functions on r2. 

In this introduction vle shall treat the case of rl= the open unit disk; 

in the rest of two sections we shall state the generalization on bounded 

symmetric domains of classical type. 

First we shall recall the Fourier transform on the open unit disk D= 

{ z s C ; lzl < 1 }. For A s Rand b s 3D, the boundary of D, it is given 

by 

f (A ,b) f dz. 
D 

As well known, we can identify D with the symme·tric space G/K, v1here G= 

SU(l,l) and K=S0(2). By this identification G acts on D transi-tively and 

a function f(z) on D corresponds to the function f(g) on G given by f(g)= 

f(g·O), v1here 0 s D and"·" means the action of G. Then we can rewrite 

the above integral as follows" 



where 

tation 

value· 

f (f. ,b) f 
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-1 
f(g)VO,!(-iA+1 ) (g )1(b) dg, 

D 

(V. ,L2 (8D)) (j=O' 1 and s £ C) is the principal series represen-2 J,S 

of G (cf. [Su] , p.212) and 1 (b) is the constant f ' ' 2 8 unctlon ln L ( D) 

1. Then this transform has the same properties ;;J.S the Euclidean 

Fourier transform; if we regard it as the transform of functions on G by 

the identification, we see that the image of L2 (G) is exactly given by 

L2 (R+x8D, /.th!\d\db),however,the.onefor LP(G)(1;;;p<2) is not clear. 

taking 

Now we shall recall that G has other i:r:.reducible representations, namely, 

the so called holomorphic discrete series (T ,A 1 (D)) (n £ !Z 
n 2,n-

and n ~ 1), where A 1 (D) is the weighted Bergman space which will be 
2,n-

define below. Then we reach the following problem. 

Problem Le·t F be the Fourier transform associated with the discrete 
n 

series T defined by 
n 

F (f)(z) 
n 

f f{g)T {g- 1 )1(z) dg. 
G n 

Then what is the image F (LP(G)) of LP(G) ? 
n 

Before stating the answer we shall give the definition of the 

weighted Bergman space on D and recall the fractional derivatives of 

holomorphic functions on D. For O<p<oo and r £ R we put 

A (D)={F:D + C 
p,r (i) F is holomorphic on D 

Since it consists of holomorphic functions on D, A (D)={O} if r ;;; -1. 
p,r 
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Let F(z)= E a zn be a holomorphic function on D and a ~ 0. Then 
n=O n 

the fractional derivative F[a] of F of order a is defined by 

F[a] (z) E r(n+l+a) 
n=O r(n+l) 

n 
a z 

n 

Then Duren, Romberg and Shields obtained the following, 

Theorem ([DRS]) 0 and F 8 A1 (D), then F[a} 8 A1 ~~ (D). 
,r ,~-.2a 

This theorem gives a relation between weighted Bergman spaces .and 

fractional derivatives. Moreover, the answer of the problem gives a 

group theoretical interpretation of this the0rem. 

Theorem (Answer) Let n 8 iz, n ~ 1 and 1~p~2. 

If (n,p) f: (1,1), then F (Lp(G)) = A 1 1 (D). 
n p, :mp- . 

If (n,p) (1,1), 
1 

then F /L (G)) 
1 

=HiD). 

Here the space H~(D) is defined as follows. First we shall fix a posi-

tive number a. Then 

1 H0 (D)={F:D + C (i) F is holomorphic on D 

(ii) F [a] A (D) } 
8 l,i(a-1) • 

The theorem of [DRS] asserts that the second condition (ii) does not 

depend on a, that is, the definition of H~(D) is independent of a > 0; 

3F 
for example, we can replace (ii) by (ii)' ()z 8 A1 , 0 (D). On the other 

hand the answer-the above theorem-also asserts the independence, because 

the left hand side F1 (L1 (G)) does not depend on a> 0. In this sense 
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the answer gives a group theoretical interpretation of the theorem of 

[DRS]. This is important ingeneralizing theclassical theorem to other 

bounded symmetric domains. 

Next we shall give a sketch of the proof. The proof is based on some 

properties of the matrix coefficients of the discrete series Tn. We put 

! m 
B(m+1,2n-l) z (m=O, 1 , 2 , o • o ) • 

Then { e:(z) ; m £ N } is a complete orthonormal system of A2 ,n-l (D) and 

the normalized matrix coefficients of Tn are given by 

fn (g) 
pq 

where [ , ] n-l is t.he inner product in A2 ,n-l (D) and II ·II p the Lp norm 

on G. Then these matrix coefficients satisfy the following properties. 

Facts (1) :C I * . = c 0 0 pq t; 'q ' n nn ' qp •t;q ' 

(2) lf n > 1~ then 
t;q 

£ L1 (G). 

If n 1, then i i L1 (G) pq , but £ Lq (G) for all q > 1. 

(3) We put f:=f:0 and 1/J =J~o· .Then F (fn) (z)=c em(z). m m n n m n n 

(4) F (j')(z)=F (f*l/! )(z). 
n n n 

(5) II Fn(j') II p,~np-1 = cnll f*l/Jnll p (if finite). 

(1) and (2) are easy consequence from the explicit forms of the matrix 

coefficients which are given by hypergeometric functions (cf. [Sa]); (3) 

-1 00 n m 
and (4) follow from (1) and the relation: T (g )l(z)= l: f (g)e (z); (5) 

n m=O m n 

follows from (4) and the integral formula on G corresponding to the 

Cartan decomposition of G (cf. [Su], p.252). 
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If the norm in (5) is finite, that is, the convolution operator: f 

7 f*~ is Lp-bounded on G, then the desired characterization ofF (Lp(G)) 
n n 

is given by the weighted Bergman space A 1 1 (D). Actually, except for 
p,z-np-

case of (n,p)=(1,1), we have the following, 

Proposition Let n E ~Z, n ~ 1, 1~p~2 and (n,p) I (1,1). Then 

When n > 1, ~n E L1 (G) by (2), and thus, the inequality holds as in the 

Euclidean case. When n=l, ~l E Lq(G) for all q > 1. Then the desired 

one is nothing but the Kunze-Stein phenomenon on G (cf. [Cow]). 

Therefore, if (n,pl¥(1,1), we easily conclude that F (Lp(G))= 
n 

A 1 (D). Next we shall consider the case of (n,p)=(l,l). 
p, ,np-1 

In this 

case the above proposition does not hold, and the above characterization 

ofF (Lp(G)) is nonsense, because A1 1 (D) consists of only 0 function. 
n ,-'1 

Therefore, we must think out ano·ther approach. The basic idea is the 

following, 

Lemma For each 1 f -there exists m 

rt;/ * 1~ 1 = .t;. 
1 . [ 1 -an L funct~on f:J on G such that m 

Actually, for a fixed positive a:- -this a corresponds to the order of the 

fractional derivative - the desired [f1 ] is given by 
m 

a: 
c 

m 

r (m+2-+a) 
r (m+2) 
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Since 1~ 1 (g) Ia (a> 0) decays fast, [f!] belongs to L1 (G), and the ortho-

1 1 
gonal relation of the matrix coefficients over K deduces that [fm]*~ 1=fm. 

Now we shall prove that F1 (L1 (G))=H~(D). We have to show that 

(into): (F1 (f)) [a] E Al,i(a-l) (D) for all f E L1 (G); (onto): for each F 

E H~(D) there exists an L1 function honG such that F1 (h)=F. 

put 

not 

(into) follows from a direct calculation. 

(onto) is proved by usingthaLemma.For F(z)= l: ame~(z) in H~(D) we 
m=O 

1 
f(g)= l: a f (g). 

m=O m m 
Then (3) means that F1 (f)=F, however, this f does 

1 
belong to L (G) (see ( 2) ) • So we need a modification of f. In fact 

00 

1 
we put h(g)= l: am[fm] (g) (see Lemma). Then we see that F1 (h)=F1 (h*~ 1 l= 

m=O -1 [a] 
F1 (f) =F by (4) and Lemma; II h 11 1 = II z - (zF) II by the integral 

l,!(et-1) 

formula on G. Since F belongs to 
1 

H0 (D), we easily see that the last 

norm is finite and thus h belongs 
1 

to L (G) . Therefore, h satisfies the 

desired conditions. 

This completes the proof of the answer to the problem in the case 

of Sl=D. 

Remark. H~(D) is contained in H1 (D), the classical Hardy space on D; 

it is not equal to, but dense in H1 (D) (see [K]). 

2. NOTATION 

Let G be a simple matrix group and K a maximal compact subgroup of 

G. We suppose G/K is Hermitian. Let ~ and k be the Lie algebras of G 

and K, and h a maximal abelian subalgebra of k. We denote the complexi-

fication of an algebra~ by~· Let l: be the set of non zero roots for 

the pair (S!c, Ec) equipped with an order in which every non compact posi

+ 
tive root is larger than every compact root. Let~ be ·the sum ofthe ± 
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± 
root spaces (± refers to "positive and·negative"), E. the sum of the non com-

pact ± root spaces and £ = Ec + ~- Let GC be an analytic subgroup of the 

± ± 
_matrices with the Lie algebra ~, and NC, PC, B, Kc' TC Ehe subgroups of 

± 
GC corresponding to ~, 

± Ec• £, ~, Ec respectively. Then it is well 

known that BG is open in· GC and there exists a. bounded open set n in P+ 

such that BG = P KeG= P-Kcn. Moreover G acts transitively on n asan holo

morphic automorphism on n and G n P-KC = K is the subgroup fixing 1 in n. 

This gives the identification: n = K '\G. 

Let A e (Ec)*, the set of complex linear functionals on Ec' and 

suppose that A is an integral form onEc, dominant with respect to ~- Let 

(o:A,VA) bean irreducible finite dimensional representation of K with 

highest weight A. Let ~A be the normalized highest weight vector in VA 

and xA the associated character. For a complex valued function f on GC 

we define 

EA (f) (x) 
-1 

f XA(k )f(kx) dk 
K 

- + 
Moreover, we shall define a function on P KCP which plays an important 

role in the following arguments as follows. 

ljJA(x) 

- + 
where ].t(x) refers.to the KC-component of x in P KCP. 

Now we shall define the holomorphic discrete series of G. Let A be 

as above and suppose that <A+p ,a>< 0 for every non compact positive root 

a, where 2p is the sum of all positive roots. We define 
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{f :BG -+ C (i) f is holomorphic on BG 

(ii) f(bx)=~A (b)f(x) forb c B, x c BG 

(iii) II til P= I lt<g>lp dg < oo} 
p G 

and UA (g)f(x) f(xg) 
p 

(f £ HA, g £ G and x c BG), 

where ~A (nh)=expA(log(hn for nh £ B=NcTc. 
- 2 

Then HA of {0}, since 

of 0; (Ul\,H~) is a continuous irreducible unitary representation of G so 

called the holomorphic discrete series of G. As a representation of K, 

H~ is decomposed in·to irreducible components denoted by VA (i £ N). 
. i 

Then we choose a complete orthonormal system¢~ (l;;j:£dimVA.) of H~ such 

1 -1 l 
that "~ £ V 

'I' J fl. ; we may assume that 1\1 =1\ and ¢1 =II 'f 1\ II 2 'fA. We denote the 
l 

matrix coefficients of Ul\ as 

j i ~ . 
c-:-, (x) 

JJ 

follows. 

(x £ G). 

1 1 f ll d f · l · · we p'·lt f" 2J·.=f·11 lJ· •• C ear y, 1p A= 11 , an or Slmp_lc:t ty " 

In what follows we assRme that 

Assumption. Q is one of the classical bounded sy~metric domains listed 

below and dim Tl\ = 1. 

Type G K Q 

I SU(m,n) S(U(m)xU(n)) {z EM (C) I -zz' > o} 
mn m 

![ Sp(n,R) U(n) {z s M 
nn 

(C) I -zz > 0, z=z'} 
n 

m S0*(2n) sp(nJnso(2nl {zt:M (C) 
nn 

I +zz 
n 

> 0, z=-z'} 

N SO(n,2) SO(n) X 80(2) {z E C11 ; lzz' l2+1-2zz' > 0 

I zz' I < 1 }. 



85 

3. MAIN RESULT 

First we shall define weighted Bergman spaces on Q. Let w(z) be a, 

positive function on Q. Then the w-weighted Lp (O<p<oo) Bergman space on 

Q is defined as follows. 

{F:Q + C (i) F is holomorphic on Q 

(ii) II Fll p p,w f IF<z>lpw(z) dz < oo }, 

Q 

where dz is a Euclidean measure on Q. Let B(z,~) be the Bergman kernel. 

on Q (cf. [Hu]). Then a G~invariant measure on Q is given by B (z,z)dz· •.. 

For simplicity we put 

A 
w (z) 
p,a 

(z=l·x) 

and 

2 
Next we shall consider a realization of U A on H J\ (Q) • For a complex. 

valued function f on BG satisfying EAf=f we define 

IA (f) (z) 
-1 

ljiA (g) f(g) (z=l·g), 

and for a complex valued function F on Q we put 

TA(g)F(z) (g e: G, z=l·x). 

Under the assumption that dim TA 1 these definitions are well-defined 

and moreover, we see that 
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Lemma 

valent and In is the norm-preserving intertwining operator of H~ onto H~(~). 

In particular, if we put ~~ 
J 

2 

i i 
IA (¢j)' {tjJj} is a complete orthonormal 

system of HA (~);we note that w~ = II'¥ n II ;1 , a constant function on ~. 

Now we shall define the Fourier transform associated with the holo-

morphic discrete series TA as follows. For a complex valued function f 

in Lp(G) (l~p~2) we put 

f 
G 

-1 
f(g)TA(g )l(z) dg 

(z E ~). 

Before st.ating the main theorem we shall give two more definitions 

(the definition of HPJ\. (~),which appears in the theorem, will be given 
,a 

after the statement). Let 1\. be a dominant integral form on.~ and l~p~2. 

Defini·tion. a!\ is the least number satisfying 

! , 11+a 1 
I~A' E L (G) for all a> a!\. 

Definition. We say (A,p) is regular if ~A 
D 

E L~ (G) • 

Then the main theorem can be stated as follows. 

Theor·em Let A be the parameter of the discrete series of G and 1~p~2. 

If (1\~p) is regular, then FA(LP(G)) = H~(~). 

If (A,p) is not regular, then FA(Lp(G)) = Hp (~) for a> aA. 
A, a 
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p 
In the rest we shall give the definition of H, (Q). First we 

n,ct 

shall define the fractional derivative F[ct] of a holomprphic function F 

on n as follows. 

F [ct] (z) 

where 
Q, 

c 
ct llw/\.11 ~( I,..lf!(x) 12 11/J/\. (x) ladx)-1 • 

"' 

We easily see that this last integral does not depend on m. Then the 

space Hp (Q) is given by 
1\.,ct 

{F:Q + C 

Obviously, Hto (Q) = ~ (Q). 

(i) F is holomorphic on Q 

(ii) F(ct] belongs to HPJ\. (Q) }. 
w 
p,a 

The proof of Theorem is carried out as in the case of Q=D stated in 

the first section, and the generalization of the theorem of [DRS] ;3.lso 

holds on n. To the detail see [K2]. 
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