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Let = be a root system of type A2 in a real two dimensional Euclidean
space a. Let W denote the Weyl group of I and DW(Q) the space of W-
invariant C”-functions on a with compact support. Choose a positive Weyl
chamber o*. For f e DW(Q) and a complex parameter m with positive real
part we define (as in [2]) an integral transform on uf which coincides,
for certain values of the parameter m, with the Abel transform on some
symmetric spaces of the noncompact type. An important property of the Abel
transform is that it intertwines the radial part of the Laplace-Beltrami
operator on these symmetric spaces with the ordinary Laplacian on a. In
this note we state the result that the generalized Abel transform as
introduced in [2] also satisfies this transmutation property. Detailed
proofs will appear elsewhere.

In R3 we have the standard basis (e e3} and inner product <-,->

e
1, 2’
for which this basis is orthonormal. Let & denote the hyperplane in R3

. 3.
orthogonal to the vector . The inmer product on R™ induces an

e te,tey
inner product on a which we shall also denote by <-,->. We identify the

dual of R3 with R3 and the dual a* with a by means of this inner product.

The root system of type A4, can be identified with the set X = (i(el-ez),

2
+(e. - +(e,. - i i = - -

_(e1 e3), _(e2+e3)) in a. For = we take as basis A (e1 ) e3) and
we denote by % the set of positive roots with respect to A. The positive
Weyl chamber will be denoted by a'. Let W denote the Weyl group of X. For
m € C we define L(m), the so-called radial part of the Laplace-Beltrami

operator associated with A2, by

3 32 ) . 3 3
(1) L(m) = —p tm Y coth(xi-x,) ( . 3% )
i=1 ox; 1<i<j<3 J i %%
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Here L(m) is considered as differential operator on o' and we used

coordinates (Xl’ X, x3) ona (i.e. x,+x,+x, = 0). If m = 1,2,4 or 8 then

L(m) is the radialzpart of the Laplact-Biltzami operator associated with
the symmetric spaces of the noncompact type SL(3,R)/S0(3), SL(3,C)/SU(3),
SU*(6)/Sp(3) and E6(-26)/F4 respectively (see e.g. [3, Ch.II, prop. 3.9]).
We will say that m corresponds to a group-case if m = 1,2,4 or 8. Note
that L(0) is the ordinary Laplacian on a which we shall denote by lh'

Let DW(Q) denote the space of W-invariant ¢”-functions on a with
compact support. For f € DW(u) and me€ C, Re m > 0 the Abel transform
Fﬁm) of f is the function on

+

o' = ((£),t,,t)) €0 | £>E,>E,)
defined by:
(m) -
Ff (tl,tz,t3) =
t
3m/2 m+4 3
2 ~(m-2 Y(m-2
T2 | T ah(r,yy) PP (eh(yyyg)-chit,y-£0) M P ay,
T (*sm) o
73
(2) f(x,,x,,%,)- || sh(x.-x.)
123 ggicjes 1
xl>y2>x2>y3>x3 ‘
3 ) (m-2)
. -igl (ch(2xi-t2—t3)-ch(yz-y3)) dxzdx3

In the inner integral X is such that XKyt = 0 and in the outer

integral ¥y is such that Yoty3= tytty. Note that since yq<ty we have

yz-y3> tz-t3> 0 . Also

3
3
1(ch(2xi-t2-t3)-ch(yz-y3)) = -2 igl sh(xi-yz) sh(xi-y3) >0 .
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In [1] Aomoto obtained Fﬁl) and F(z) as integral representation for

£
the Abel transform for SL(3,R) and SL(3,C). In [2, section 6] we showed
*
that this is also the case for SU (6) and E6(-26) where m = 4 and 8

respectively. For other values of the parameter m there is no
interpretation of Fém) as the Abel transform on some noncompact
semisimple Lie group. We also showed in [2] that there exists a

differential operator D(m) on o' such that



(m) _ (m-2) +
FD(m)f = const. Ff ,ona, Rem>2 ,
and
2y _ +
FD(Z)f = const. £ , ona

(m)

In particular the transform f — Ff can be inverted on the right by a
differential operator if m is even. If moreover m corresponds to a group
case then this differential operator is also a left-inverse.

An important property of the Abel transform in the group-cases is the
transmutation property with respect to the operator L(m) in (1). Using the
explicit expression (2) for the generalized Abel transform one can show

that this transmutation property also holds for general m.

Theorem. For f € Dw(u) and meC, Rem>0 Ilet F;m) be defined
by (2). Then

(m  _ 2, (m) +
FL(m)f = (Lu - 2m7) Ff on Q

Here L(m) is defined by (1) and Lu= L(0) is the ordinary Laplacian on a.

Note that Lu is precisely the highest order term in L(m). The number 2m2

is equal to <p(m),p(m)> where p(m) = ¥m ) .
o €3
group cases the theorem follows from general theory (see e.g. [3, Ch. II,

a = m(el—e3). In the

(39)]. The proof of the theorem for general m is a direct calculation

(which we shall not present here).
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