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A TRANSMUTATION PROPERTY OF THE GENERALIZED ABEL TRANSFORM 

ASSOCIATED WITH ROOT SYSTEl-1 A2 

'* R. J. Beerends 

Let h be a root system of type A2 in a real two dimensional Euclidean 

space n. Let W denote the Weyl group of ~ and VW(n) the space of W

invariant COO-functions on n with compact support. Choose a positive Weyl 

chamber QT. For f E VW(n) and a complex parameter m with positive real 

part we define (as in [2]) an integral transform on n+ which coincides, 

for certain values of the parameter m, with the Abel transform on some 

symmetric spaces of the noncompact type. An important property of the Abel 

transform is that it intertwines the radial part of the Laplace-Beltrami 

operator on these symmetric spaces with the ordinary Laplacian on n. In 

this note we state the result that the generalized Abel transform as 

introduced iIl [2] also satisfies this transmutation property. Detailed 

proofs will appear elsewhere. 

In ~3 we have the standard basis (61 , e2 , 6 31 and inner product <','> 

for which this basis is orthonormal. Let n denote the hyperplane in ~3 
orthogonal to the vector 6 l +e2+e3 . The inner product on ~3 induces an 

inner product on Q which we shall also denote by <','>' We identify the 

dual of ~3 with ~3 and the dual Q* with U by means of this inner product. 

The root system of t}~e A2 can be identified with the set ~ = (±(e1 -e2), 

±(el -e3), ±(8Z-e3») in u. For h we take as basis 8 = (el -e2 , 8 2 -83 ) and 

we denote by ~+ the set of positive roots with respect to 11. The positive 

Weyl chamber will be denoted by u+. Let W denote the Weyl group of h. For 

m E ~ we define L(m) , the so-called radial part of the Laplace-Beltrami 

operator associated with A2 , by 
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Here L(m) is considered as differential operator on a+ and we used 

coordinates (xl' x z' x 3 ) on a (i.e. x l +xZ+x3 = 0). If m = 1,2,4 or 8 then 

L(m) is the radial part of the Laplace-Beltrami operator associated with 

the symmetric spaces of the noncompact type SL(3,~)/SO(3), SL(3,~)/SU(3), 

* SU (6)/Sp(3) and E6(_Z6)/F4 respectively (see e.g. [3, Ch.II, prop. 3.9]). 

We will say that m corresponds to a group-case if m = 1,2,4 or 8. Note 

that L(O) is the ordinary Laplacian on a which we shall denote by La' 
00 

Let VWCa) denote the space of W-invariant C -functions on a with 

compact support. For f E DW(a) and m E ~, Re m > 0 the Abel transform 

F~m) of f is the function on 

+ 
Q (t l ,tz,t3) E a I tl>tZ>t3l 

defined by: 

(m) . ) _ Ff (t l ,tZ ,t3 _. 
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In the inner integral Xl is such that x l +xZ+x3= 0 and in the outer 

integral Y2 is such that Y2+Y3= t 2+t3 . Note that since y_<t_ ',18 have 

YZ-Y3> t 2 -t3> 0 . Also 

3 - n (ch(Zx.-
i=l ~ 
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In [1] Aomoto obtained F~l) and F~2) as integral representation for 

the Abel transform for SL(3,~) and SL(3,~). In [2, section 6] we showed 

* that this is also the case for SU (6) and E6(_26) where m = 4 and 8 

respectively. For other values of the parameter m there is no 

interpretation of Fjm) as the Abel transform on some noncompact 

semisimple Lie group. We also showed in [2] that there exists a 

differential operator D(ro) on Q+ such that 
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FD(m)f const. 
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F(m-2) 
f 

+ 
~ on Q. , Rem>2, 

(2) 
FD(2)f const. f , on 0.+ 

In particular the transform f ---.. F(m) 
f 

can be inverted on the right by a 

differential operator if m is even. If moreover m corresponds to a group 

case then this differential operator is also a left-inverse. 

An important property of the Abel transform in the group-cases is the 

transmutation property with respect to the operator LCm) in (1). Using the 

explicit expression (2) for the generalized Abel transform one can show 

that this transmutation property also holds for general m. 

Theorem.. For f E :OW(o.) and m E Ie, Re m > 0 

by (2). Then 

F(m) L(m)f ~ (La. - 2m2) F(m) f 

let Fjm) be defined 

+ on a. 

Here L(m) is defined by (1) and Lo.~ L(O) is the ordinary Laplacian on 0.. 

Note that La. is precisely the highest order term in L(m). The number 2m2 

is equal to <p(m),p(m» where p(m) ~;,z,71 L + a ~ m(el -e3). In the 
O! E :E 

group cases the theorem follows from general theory (see e.g. [3, Ch. II, 

(39»). The proof of the theorem for general m is a direct calculation 

(which we shall not present here). 

References 

[1] Aomoto, K.- Sur les transformations d'horispbere et les equations 
integra1es qui s'y rattachent, J. Fac. Sci. Univ. Tokyo 14 
(1967), 1-23. 

[2J Beerends, R. J.- The Abel transform and shift operators, Compositio 
Math., to appear. 

[3] Helgason, S.- Groups and geometric analysis, Academic Press, Orlando, 
1984. 

Centre for Mathematical Analysis 

The Australian National University 

G.P.O. Box 4 Canberra 

ACT 2601 Australia 


