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Shadowing and approximation in
dynamical systems®*

P.DiaMonD, ! P.KLOEDEN, *AND A.POKROVSKII }

1 Introduction

Smoothness and hyperbolicity of a mapping f : § — Q C R implies that a
C™ dynamical system, generated by f, preserves many of its structural prop-
erties under small smooth perturbations. For instance, structural stability is
present for large classes of smooth hyperbolic mappings, and the Shadowing
Lemma will hold.

However, complicated behaviour of the orbits of f is often investigated
computationally. Then f is replaced by a computer realization f. This
realization involves some or all of the effects of

e finite machine arithmetic;
e a computational method;

e approximate evaluation of f.

In such a situation, it is important that exact orbits can be closely mod-
elled during computation. That is, that the orbits of f and f are close in
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some sense. Shadowing means that each trajectory of f is close to some orbit
of f. An inverse of this would determine that a given orbit of f is close to
at least one orbit of f.

Computer modelling of f : R4 — R? involves a finite discretized space
L C ®¢ and a discretized mapping fL L — L which is close to the restriction
of f to L. Since C" approximation is not involved, it is not possible to use
standard forms of the shadowing lemma, nor structural stability theorems
for the analysis of computer models. On the other hand, for orbits of what
we call semi-hyperbolic mappings, the inverse shadowing property holds in
the C° sense. It is also possible to prove shadowing theorems for this class of
mappings. Moreover, the criterion of semi-hyperbolicity is computationally
simpler to treat than hyperbolicity itself.

2 Shadowing,‘Computer Robustness

A sequence {y;}r=t in " is a 6—pseudo—orbit of f : R™ — R" if
Hyk+1 Flyll < 6 forall a<k<b.

An orbit {f*(2)} e~ shadows the §—pseudo-orbit {yx} if
Hf (z)—wil| < € forall o < k <b.

Shadowing Lemma. Let A be a closed hyperbolic set. Then for every € > 0
there ezists § > 0 such that every é—pseudo—orbit in A 1s e—shadowed.

That is, each trajectory of a realization f is near to some orbit of f. Even
though computation does not produce the true orbit at the initial point, it
does approximate to some true orbit.

To closely model any given exact orbit «, we require that if f is sufficiently
close to f in some sense, then f has at least one orbit close to . Certainly,
if f is structurally stable and f is close in some C7, r > 1 topology, then
topological properties of trajectories of f are preserved by the realization f.
Various classes of hyperbolic mappings have this property. However, it is
very difficult to verify that a set is uniformly hyperbolic and it is convenient
to introduce another concept. _

A four—tuple of nonnegative real numbers

s = ()\,, )\u,#s;#u)) Aa .<_ Au:
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is called a split if the eigenvalues é; and &, of

v_ As s
b= ( u o )
are real and satisfy |6;] < 1 < |82]. Clearly, (A, Au, fs, piu) is a split if and

only if .
A<l<dy ' (1)

and
(1 - As)(Au - 1) > Hafbu. (2)

Given some split s and a positive real number A, the map f is called
(s, h)-hyperbolic on the set §1 if for any z € §) there exists a decomposition

T.%=E:® E*

with corresponding projectors P¢ and P which satisfy the following inequal-
ities:

[Py Dfeull < Aollull, e EZ; (3)
[Py D fevll < pallvll, v € EZ; (4)
[P Dfevll 2 Aulloll, v e B3 (5)
1Py Dfeull < pulull, we Eg; (6)

1Bzl B < R . (7)

If a map is (s, h)—hyperbolic for at least one split it will be called semi-
hyperbolic. This allows “leakage” rather than full invariance, and is on an
open set containing the attractor.

Let f: ™ — R"™ have a trajectory

X = Zo,T1, . .., 2N, zr = f(zk-1), k=1,...,N. (8)

Let [|f — Blle = supyepn ||F(t) — #(2)||. Let o be a positive real number.
The trajectory x will be called a-robust if there exists g5 > 0 such that any
continuous mapping ¢ satisfying

If = elleo < &0 (9)
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has at least one trajectory yo,¥s,-..,yn such that

lvn — zall < @|lf = ¢ll, n=0,1,...N. (10)

This is a form of inverse shadowing.

Any trajectory x is (1+L+. ..+ L¥)—robust if the mapping f is Lipschitz
with constant L in a neighbourhood of x. Semi-hyperbolicity allows the
robustness constant o to be independent of N uniformly throughout the
domain of semi-hyperbolicity Q.

Theorem 1. Let f : & — Q be semi-hyperbolic on an open set & C K",
Then there ezists o > 0 such that every finite trajectory xC § 1s a—robust.

Theorem 2. Let f, Q be as in Theorem 1 and suppose that D f is continuous
on Q1. Then for every sufficiently small € > 0 there exists § > 0 such that
every §—pseudo—orbit {y,} of f is e—shadowed by a true orbit {z,}. In fact,
each (s, h)-hyperbolic trajectory of f is a—robust for every

Au_ka'l'#'a'l"#u

a > h.
(1 - Ad)(’\u - 1) — HsHu

3 Proof of Theorem 1

Theorem 1 will follow from the following result:

Theorem la. Fach (s, h)-hyperbolic trajectory of a smooth mapping f is
a-robust for every

)‘u - >‘a + Hs + Hu
(1= 2) (u = 1) = prappa

> aus,h) = B (11)

Proor. Let x = o, z4,...,zn, be the given trajectory of the mapping f,
Tnt1 = f(zn), n=10,1,...,N.
Denote by B the space of N—sequences

Z=20,21,...,2N, 2zn € R9, (12)
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satisfying : :
P} 20 = P} zy = 0. (13)

The set B can be treated as a subspace of the Nd-dimensional vector space
Re x ... x R¢ (N times), with the norm

Il = s,

Let ¢ : ®2 — R be a given mapping. Define an operator W, : B — B, which
transforms every sequence (12) into a sequence W = wp, ws, ..., wy defined
by the initial conditions (13) and the relations

P w, = P;(p(Tn-1+ 2n-1)—Ta),
~(Uﬂ)~l(P:,‘zﬂ - P:anIn-x P;n—l Zp-1+
P:n(_(P(wn—l + zn—l) + To + l)fn;“'_1 zn—l)) 5

u
P-’L‘n-—1 Wn-1

where U, : E? = — E2 , defined by U,v = P2 Df.,_,v, is surjective. Note

that (U,)™? is well-defined by virtue of the inequality (5). The following
lemma is immediate.

Lemma 1 W, is continuous. For any fized point z* = 2§, 27, ..., 25 of W,
the sequence '
* % % -
Y =zo+ 25 z1+2{, ..., TN + 2

1s a trajectory of the mapping .

We require a few more notations and definitions. For any 8 > 0, denote by
6p(e) the largest positive value § such that, for any ||z|| < §, the following
inequality is valid:

20+ Dfensz — f(zn1 + 2)| < Be.

For each z € B define the pair of real numbers

V() = max 1Pzl (14)

<n<N

V*(z) = max, [Pz (15)
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and denote by V(z) the two-dimensional column vector with coordinates
V*(z), V¥(z). Define the matrix

= i) ¢

h=(hh/2)".

and the column vector

Lemma 2 Let 8 > 0. Then for each continuous mapping ¢ and each z from

the set Wyp = {z € B : ||z| < 8(IIf — ¢ll)},

V(We(2)) < MV(z) + (1 +B)IIf - ¢l - (17)

PROOF. First, estimate the value of V*(W,(z)). By definition

VA Wa(e)) = g, ol (18)
where
v = P (p(Zn1 + 201) — 20) - (19)
Rewrite (19) as
v,=hL+L+L+1, (20)

where
Il = P;,,szn—l. P;n-q. Zn-1 ,
12 P:anrn—1 P:,,_l Zn—-1 ,
I Pa:n((to(mn—l + Zn—l) - f(mn—l + Zn—l)) .
I4 = P;n(f(mn—l + zn—l) - (f(zn—-l) + Dfa:n_l zn—l)) .

From (3),

I

Il

14l < AP

n—1

Zn-all | (21)
and from (4),

(R2Y SR DAY (22)
The relations (7) imply that

5]l < BIlf = ¢lle - (23)
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Lastly, the relations (7) and the definition of 85(||f — ¢||e) imply that
1l < BB11S = ol (2
From (20) and (21)~(24) it follows that
loall < AdllPr,  znaall + pa 1P, 2aall + (L4 B) I = llech - (25)
By (18) we can rewrite (25) as
ViWe(2)) < A (V'(2) + 1V (2)+ (1 +B)If — el k) . (26)

Now estimate the value of V*(W,(z)). By definition,

VW, (2)) = max o] (27)
where
vaoy = (Un) ™ (Pozn— PoDfer i Py 2aa +

Po (—@(#n-1 + 2n-1) + f(Zn-1) + D fon_, Zn-1)) -
Rewrite this last equation as

Vner = (Un) 1+ (Un) " 4 (Un) o o+ (Un) s+ (Un) a5 (28)

with
Ji = P!z, (29)
Jo = =P Df., Pl 21, (30)
Js = P (—p(zn-1+ 2n-1) + f(@n-1 + 2n-1) , (31)
Jo = —f(@a-1+ za-1) + (f(@n-1) + Dfony 2n-1) - (32)

The relations (5) and (29) imply that

I(Un) " hl < AT IRzl (33)
while the relations (5), (6) and (30) imply that

I(UR) 2l < A7 palIPy, 20al - (34)
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The relations (5), (7), (31) give

(U sl < AR = lleo - (35)
Finally, the relations (5), (7), (32) and the definition of §5(||f — ¢||e) imply

[CARSARE SR (36)
From (28) and (33)—(36) it follows that

lonall < AP zall + pu P, 2eall + L+ B If = wlleo B) - (37)

51—

By (27) we can rewrite (37) as

ViWe(2)) < 20 (V¥(2) + iV (2) + L+ B)IIf — el k) . (38)
Inequalities (26) and (38) are equivalent to the assertion of the lemma. B

Let us return to and complete the proof of Theorem la. The spectral radius

o(M) of the matrix
/ s
we (1
Ay

O'(M)=%((;;+A,>+\/(—§Z—A,)2+%%"ﬁ).

The entries of the matrix M are positive. Therefore by the Perron-Frobenius
theorem the spectral radius o(M) is the maximal eigenvalue and the cor-
responding eigenvector has positive coordinates. Without loss of generality,
assume that this eigenvector takes the form (1,7)*, where

1 1 1 2 Apgp,
A (R T R )

It follows that
A e
(& 2] (2)=wn(2)
SV v v

U

&IF

is just
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In R? introduce the auxiliary norm || - ||« by ||(y1,v2)!|l« = max{y|yil,|v2|}-
Clearly, the corresponding norm || M||. of the linear operator with the matrix
(16) coincides with the spectral radius of M. Therefore, ||My||. < o(M)||y]|«
for all y € R2. Hence, by Lemma 2, for any positive 8 we have

IV(Wy(2)ll« < o(M)[[V(2)|ls+(L+B)IIf = ¢lle l[blls , 2€ Wep . (39)
Choose a fixed real number o > a.(s, h), where a.(s, k) is defined by (11),
and write f = a/a.(s,h) — 1. Note that by (1) and (2)

o(M) < 1. (40)
Clearly there exists g9 > 0 such that for

If —¢lle < o (41)

we have the inclusion

fo: V@l < 22 ml (17 - oll)} € W

By (39) and (40), for any f satisfying (41), the set

Via={z: V@I < P22l - olle)}

is invariant for the operator W,. Then, because of the continuity of W, (see
Lemma 1), there exists a point z* satisfying W,z* = z*, such that

2" € Wep - (42)
From (42) and (17) it follows that
V(Wy(z")) < MV(z")+(1+8)[lf —¢ellxh
and moreover that

V(z") <

In particular, V*(z*) + V¥(z*) < aHf — ¢||eo. Further,
ax ||zl < allf —ell . (43)

By (43) and Lemma 1, for any continuous mapping ¢ satisfying (9) the
sequence Zo + 23, 1 + 23, ..., Ty + 2} is a trajectory of ¢ and satisfies (10).
That is, the trajectory (8) is a—robust and the theorem is proved. &

0< <N
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4 Proof of Theorem 2

Let (s,h), s = (As, Au, fs, pbu) denote a split and associated projection norm
bound. Denote by ¥(s, h) the largest constant ¥ satisfying
9 < h?min{l— A, —1},

§ < k= h-z(l_ )\-’)(Au—l)_p’a/uu )
- Ao+ Au A+ s + fa

Denote by £%(R?) the space of all bounded sequences of vectors z, € B¢
with norm |[{z.}H|e= = sup, ||zal]-

We need two results to prove the theorem.

Inversion Lemma. Let A, be a sequence of dx d, (s, h)-hyperbolic matrices.
Let p = max{ s+ pspiu/(Mi—As); [P — papru/ (P — A,)}—l}. Then the bounded
linear operator L : £°(R*) — £=°(R?) defined by

(L2)n = Tny1 — Ann
has a bounded right inverse L™ satisfying
147
1—p’
where 7 = max{ g,/ (A — As), s/ (Au — As)}.

Fixed Point Lemma. Let F be o Banach space and F : E — E be a
C' map. let y € E be a point such that DF(y)™" is a bounded linear right
inverse of DF(y) and let 9 > 0 be chosen so that

l<7)- <

1
DF(z)— DF o Lo
17(e) = DF Wl < gz
for |l —y|| < e&. f0 <& <éggand
€
F o < D S e
WPl = 3107 e

then the equation F(z) =0 has a unique solution z such that ||z — y|| < €.

The proof of the Fixed Point result can be found in [4]. It remains to
prove the Inversion Lemma, before proceeding to the proof of Theorem 2.
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Proor oF INVERSION LEMMA. We may suppose that s is minimal, that
is, As, [s, pu are the least possible and A, the greatest possible for the split
inequalities to work. Let the splitting associated with A, be ®¢ = TR? =
E: @ E®, with projection @, :  — Ef. The inequalities (3)—(7) become

[|@n+14n@nz|| < As|Qnzl| ,
[1@nt14n(I = Qn)zll < pall(I — Qn)zl],
(I = Qu1)An@nz|| < pull@nzll, (44)
(I = Q@ui1)An(I = @n)zll 2 AJI(T = Qn)=l]
@all < A, [II=@Qnll < B,

and hold for all n = 0,1,... . We show that £ is surjecfive. Let z = {z,} €
£°(R9) and define {z,} by

Tni1 = Anwn + 2z, .

It is sufficient to show that z € Z°°(§Rd). Put ¢, = Qnzn and 9, = (11— Qn)zn.
Then

€n+1 = Qn+1 Anfﬂ. + Qn+1An77n + Qn+1zn 3
NMnt1 = (I - Qn+1)AnEn + (I - Qn+1 )Annn + (I - Qn+1)zn .

Writing U, = ||€nl, ¥n = ||7a]| 2and using (44), obtain

Un+1 S Aaun + HsUn + CQp , Qp = ||Qn+1zﬁ|| ) (45)
Unt1 2 —HulUn + Au'Un - ﬂn ) ﬂﬂ = Il(I - Qﬂ+1)zﬂ” . (46)

Clearly, z € £2°(R?) if and only if {(un,va)T} € £°(R*?) (here T denotes the
transpose). First, suppose that p,pu, = 0. Then, if p, = 0, (3) becomes

Unp1 < AsUn + Qp )

which gives

n )
k k
Unt1 < A?+1u0 + § :A,an-—k =Tn < E :Agan-—k < .
k=0 k=0

Hence, (4) may be rewritten as

1
v, < 'A_ ('Un+1 + fuYn + ,Bn) )
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giving v < T2 0 A2% (luVnsk + Bask) < 00. So z € £2°(RY). If pu =0, the
argument is very much the same. So, suppose that p,p, # 0. Let A,, A, be
the eigenvalues of the 2 x 2 matrix

[ A s
A1—<”‘#u Au>,

and note that

Bsphu (1 - A,)()\u - 1)
As < At SN < )"+_——_/\u—>\,
B (1—2,)2

Similarly, Ay > A — fafin/(Mu — A,) > 1. Consequently, there exists an
invertible matrix C' diagonalising A; and

_ 1 C12
o= )
c12 > ps/(Au —As) and 0 < car < pu/(Au — As) - (47)
This last may be seen by computing the eigenvectors of A; and using the in-

equalities for A,, Au. Writing (un, va)T = C(@n, 9a)7, (an, Bn)F = C(&n)gn)Ty
from (3) and (4) we obtain

with

a‘n-!—l S X.s'il'\‘n + an S X?+1 + z ’)‘\I:aﬂ'—k ) (48)
k=0

ﬁn‘ S X',__,,1'1/)\714-1 +X;1ﬁn S Z}‘\n_k_lﬁk . (49)
k=n

Here we have taken cognisance of the inequalities (47), which preserve the ap-
propriate direction of the inequalities (3) and (4). Consequently, {(4n,9.)T} €
£2°(R?**) and hence so also is {(un,v,)T}. That is, {z,} € £°(R?). The in-
equality for the norm of £7! now follows immediately from the relations (6)

and (7). B

PROOF OF SHADOWING THEOREM. The proof adapts and slightly sim-
plifies those of [4], [5]. Define the nonlinear mapping F : £=°(R?) — £=°(R9)
by

(F(2))p = Znt1 — fla) -
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Then F is C* with derivative
(DF(z)u), = tns1 — D fe,tn .
For ¢t > 0, define
w(t) = sup {|IDf(y) = DfG@) : =,y €T, lly—all <t} .
Now w(t) — 0+ as t — 0+4. Define ¢ to be the largest positive number
satisfying

1 147
ﬁ-,where Lzl——p’

and p, 7 are the constants appearing in the Inversion Lemma. From that
lemma, DF(y) thus has a right inverse DF(y)~! and

w(e) <

1+7

=1L.
l1—0p

[p7w).. <

Choose § = ¢/(2L). Now, if y is the pseudo-orbit sequence and x is any
£°(R?) sequence satisfying ||z — y||= < g, then

|DF(z) = DF(y)|ljeo < sup |Dfe. — Dfy.ll
1 1
< < - <
< wle) < 57 < SDFe) .

Hence, by the Fixed Point Lemma, F(z) = 0 has a unique solution satisfying
||z — y|| < e. That is, the pseudo-orbit {y,} is e—shadowed by the actual
trajectory {z,}. ®&
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