The Wave Equation
Robert Bartnik

February 1995

This lecture introduces some of the basic properties of hyperbolic
equations, illustrated by the specific example of the wave equation
in R®. Emphasis is placed on the geometric nature of many of
the constructions, and on describing different approaches to the
existence problem.
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1 The Wave Equation

The prototypical hyperbolic equation, and the object of study in this lecture, is the
wave equation '

Oy = Ut — Au = f . (1)
We shall consider mainly the case where u and f are defined on R® x R, as this
simple case suffices to illustrate most of the basic properties of general linear hyperbolic

equations.
Solutions of (1) satisfy the energy estimate,

d
EEE(t) = /R3 fugdz (2)
where .
_ 2 2
B(t) =5 [ (@} +|Dul)ds,
(Du = (Dyu, Dyu, Dyu)). In particular, if f = 0 then E(t) = E(0) (energy conserva-

tion) and in general, we may estimate

lfm fu dxl < RE®£1)lz2

and thereby control E(7).
From (2) we immediately deduce uniqueness for the Cauchy problem

g —Au = f
uw(0) = up € HY(R?) (3)
u(0) = u; € L*(R3)

since if u,v € CY(RT, H'(R?)) satisfy (3) then w = u — v satisfies (3) with f = 0 and
up = uy = 0, and hence E,,(0) =0 and by (2), E,(t) =0Vt > 0.

More detailed information about (1) may be obtained by exploiting the geometry
underlying the energy estimate. Multiplying (1) by u; leads to the divergence identity

Di(3(ui + | Dul®)) = Dy(ueui) = uDu, (4)
(uy = Dyu = Ou/dt,u; = Dyu = Ou/dz"), which we may rewrite as
d(exp) = wOup, (5)
where p = dt A dz' A dz? Adz® and X is the vector field

X = L(u? +|Dul?) 0; — usu; 6. (6)

1
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Integrating (4) over a lens—shaped region
V={(z,1): ¢(z) <t <9(x), €2 C R}

where ¢ = ¢ on 02 and 2 is bounded, leads by Stokes’ theorem to

Lt — ixp = [ vw,Oudtdz 7
/S(zp)XM fs@s)X“ /Vt (7)

where S(v) = {(z,t),t = ¢(z),z € Q} = graph(¢)) and both S(¢), S(¢)) are oriented
by dz' A dz? A dz®. Since the tangent 3-plane to S(¢) is

vo= (81 + ¢1at) A (82 + ¢26t) A (83 + ¢38t),
Q1N Oy NO3+ Oy N (¢1 0y AN O3+ ¢p2 03 N Oy + ¢301 A Dy),

Il

where ¢; = 0;¢, it follows that

(xm)(v) = X°—X'¢;
= 3(u} + | Dul’) + wuig; (8)

and hence

= 3(uf + | Duf? i Us
/S(@LX/J /9(2(ut+l u|)+ut¢u)

Now setting vy = |D¢|™1Dé¢ if D¢ # 0 we have

—(e) dz. (9)
u? + | Dul? 4+ 2uu; s = (1—|Dg|)ui+(|Dul* - |D¢|(v1- Du)?)+|D|(us+v; - Du)?, (10)

and this is positive semidefinite for any function u whenever |D¢| < 1. A surface
S = S(¢) satisfying |D¢| < 1 is said to be (strictly) spacelike; if |D¢| < 1 then S(¢) is
weakly spacelike. From (7) and (10) we may derive the fundamental uniqueness result.

Proposition 1 Suppose u,v satisfy Ou = Ov in R® x R, and

u(z,0) = v(z,0)
v(z,0)

} Vz e QRS (11)
ug(z, 0

then u(z,t) = v(z,t) for all (z,t) € D*(Q), where DT(Q) is the future domain of
dependence of €2,

DY(Q) ={(z,t) : 0 <t < dist(z,00), = € Q}. (12)
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Proof : Suppose (zo,t) € DT(Q2) and evaluate the energy integrals for the function
w = u — v over the region bounded by the past light cone Cy ; = {(z,t) : t =
to — |z — zo|} and the initial surface ¢t = 0. Since Byy(zo) = {z : |z — zo] < to} C L,
(7) gives

2 2 . 2 2
(w? + |DwP) do = /C z_mm{tzo}(|p(,w| +|Dw?)dz (13)

Bty (z0)
where

Dyw = 8w + |z — 3|}z — zo) - Dw

is the radial null derivative along the light-like lines generating Cy
the remaining non-radial spatial derivatives. The integral over By, (zo) vanishes by
(10), thus D,w =0 and w = 0 on £ x {0} and it follows that w(zo, o) = 0. =

and Dyw denotes

This says the initial values of u outside {2 do not affect the solution inside D*(Q),
or equivalently, the solution propagates at speed 1.

Corollary 2 Suppose u satisfies (3) in R® x Ry with f = 0. If spt(uo) Uspt(u;) C £,
then u(z,t) =0 for (z,t) & IT(Q), where IT(Q) is the domain of influence of 2,

I+(Q) = {(, 1) : dist(z, Q) < t}. (14)

The argument of Proposition 1 extends readily to show the uniqueness of the initial
value problem (IVP) posed on a strictly spacelike surface S(¢),

Uy —Au = f
u(z,¢(z)) = uo() (15)
u(z,9(z)) = wi(z), VreR3

since the energy integral over S(¢) given by (9), (10) vanishes if u = 0. A similar result
holds then for the uniqueness in the domain of dependence over a subset of S(¢).

Note that it is essential here that S(¢) be strictly spacelike, |D¢| < 1, since if
|D¢| = 1 on an open set X, then there are nontrivial data (u,u:) along S(¢) for which
the density (10) vanishes, and then the above argument would fail. If |D¢| = 1,
then the vanishing of (10) constrains only the derivatives of u tangential to S(¢), and
does not otherwise restrict the transverse derivative u_t. This is very different from
the strictly spacelike case |D¢| < 1. The set & C S(¢) where |Dg| = 1 is called a
characteristic surface, and this remark indicates that the initial value problem posed on
a characteristic surface will have a significantly different nature from the usual Cauchy
IVP.
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The energy identity also implies stability in the energy norm: if Ou = Ov and u
and v are initially close in energy norm, then they remain close in the energy norm.
Again this argument applies not only to (3), but also to the Cauchy problem with
initial data posed on any strictly spacelike surface S. A precise formulation of the
stability property is left as an exercise; suffice only to note that this stability justifies
the emphasis placed on the Cauchy problem, and on spacelike surfaces.

The stress—energy tensor of a solution of Ou = 0 is

Taﬁ = UgUg — % (7776'[1/7”6) Tap (16)

where u, = Dou, o = 0,---,3,(Dy = &), and 7),p is the Lorentz metric, 7,5 =
diag(—1,1,1,1). It follows from Ou = 0 that Tys satisfies the conservation law

77ﬂ7D7Ta;3 = DﬁTaﬂ =0, (17)

and the energy identity (4) corresponds to the special case & = 0. Comparing with the
vector field X of (6) we find that

L(u} + | Dul?) 8, — uyu; ; = Toan 0,

and the energy density (8) may be rewritten as

(%(uf + |Dul?) + Utui¢i> dz = Toan® /1 — |Dg|? dz,

where n = (n®) = (1 — |D@|*)~V/2(0; + ¢;0;) is the future timelike unit normal vector
to S(¢) and (1 — |D$|?)Y/2dx is the metric volume measure on S(¢4) induced by the
spacetime metric 744.

It is clear that the energy identities above are associated with the vector field
0y = 0g. More general energy identities may be obtained by replacing d; by K, where
K = K%9, is any conformal Killing vector in Minkowski space R%! i.e.

1
DoKp+ DgKy = §(D7K~/)7laﬁ (18)

where K, = 1,3K”. The conformal Killing equation (18) in Minkowski space is satisfied
by the following vector fields:

(a) translations
Oy, a=0,---,3 (19)

(b) rotations
Qij = xiaj — xj(?i, 1 S ’L,] S 3 (20)
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(c) boosts (Lorentz rotations)

Bi=1;0,+1t9, i=1---,3 (21)
(d) dilation
S =10+ 2'0; = %0, _ (22)
(e) conformal translations
Cly= ((n.,ga:"’a:‘;)ég - maxﬂ) 9, a=0,---,3. (23)

The rotations and boosts may be grouped into the Lorentz rotations Log = 2,0 —
Zp0a, 0 < a < f < 3 (where 2 = 14,27), which generate the Lorentz group SO(3, 1);
the 15 vector fields (8a, Lag, S, C(a)) generate the Lorentz conformal group C(3,1).
Since n*fT,5 = —u,u®, by combining (17) and (18) we have
DP(TosK®) = —1D*K, ugu®

for any conformal Killing vector K. Equivalently

d(K°Top0Pra,1) = —1 DK, ugu®
and we may apply Stokes’ theorem to obtain generalised energy estimates. The usual
energy identity (4) follows from K = 8;; if we choose K = Co) = (r? — t?) 8, + 2¢t(t8, +

. \1/2
°0;) = (r* +12) 8, + 2rtd,, r = |z| = (Z?{(x’)z) / , then we obtain the Morawetz
identity

= / (r + )(u? + | Duf?) + 2ta*u, Dou) da = /R 2t(~ + |Dul)dz,  (24)

which is valid for any solution of Ou = 0 with sufficiently rapid decay. This may
be used to obtain more detailed information about decay of a solution; another more
useful trick is to exploit the commutation relations

0,0, = 0
[O,Leg] = 0
[O0,8] = 20O
[0, Cw] = —4(0u+2a0) (25)

to derive energy estimates for derivatives of solutions. For example, if u is a (smooth)
solution of (3) with f = 0 then D(aku) = 0 and it follows that the higher order energies

/ S |Duf? dz (26)

|Al=k
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where A = (a1, -+, ) is a multi-index of length k, are all conserved,

CB)=0 = E()=E0) (27)

This gives

Proposition 3 Suppose u satisfies (8), with f =0, uo € H*'(R?) and u; € H*(R?),
k>0, then u(t) € H**1(R3).

More detailed information (about the t—differentiability of u(¢)) may also be deter-
mined from the higher order energies (26), and further energy-type estimates for the
angular and dilation derivatives (Lag)*fu, S*u are possible. If Ei(u) < oo for suffi-
ciently large k, then the Sobolev embedding may be used to infer continuity of u and
its derivatives.

We now turn briefly to the problem of establishing ezistence of solutions to the
Cauchy IVP.

First, we observe that it suffices to treat the case where f = 0, for if we let d(z,t,7)
denote the solution of

O¢(z,t;7) = 0, t>7
¢lz,7;7) = 0
¢t($77-; T) f(x)T)7

then ,
uz,t) = [ ¢z, tr)ar

satisfies Ou = f, u(0) = u,(0) = 0. This trick is known as Duhamel’s principle, and
reduces the existence question to the homogeneous equation Ou = 0.

One method of showing existence is to exhibit an explicit formula. This technique is
however limiting, in that it will not extend simply to more general hyperbolic equations.
For example, taking the Fourier transform in the spatial variables only and solving the
resulting ordinary differential equations gives the expression

(€, ) = to(€) cos(|&]t) + [¢]7 i (€) sin([¢]e)- (28)

If ug, u; are sufficiently smooth (for example, in the Schwartz class S) then this formula
may be inverted to give a formula for u(z,t) satisfying the wave equation. Using the
energy estimates and the fact that the Schwartz class is dense in H¥(R3),k > 0, we
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may then use an approximating sequence to construct solutions with less smooth initial
data.

Another interesting explicit formula is based on the method of spherical means. If
we denote the average over spheres by

My(z,7) = % /52 Y(z +rw) dw ' (29)

where w € S? and dw denotes the usual surface measure over S2, then it is straightfor-
ward to show that v(z,r) = My(z, ) satisfies the Darbouz equation

Upr + %UT - AU = 0 (30)
with initial conditions v(z,0) = ¢ (z), v.(z,0) = 0. It follows that
d
u(z,t) = tMy, (z,t) + s (tMyy (2, 1)) (31)

satisfies the Cauchy problem (3) with f = 0. Huygen’s Principle follows directly from
(31), since the right hand side depends only on the values of ug,u; on the sphere
ly — z| = t. Thus, for example, initial data with support concentrated near z =
0 will give a solution with support concentrated near the outgoing light cone Cio-
This phenomenon persists in all odd spatial dimensions; however solutions of the wave
equation in even spatial dimension exhibit “tails” to the outgoing radiation. This effect
is easily observed, in ripples on a pond for example.

The operator-theoretic approach to existence starts by setting v = u; and rewriting
the wave equation as the first order system

st - [3e]1)

[ o ] € H(R?) x L}(R?). (32)
U1

Let B denote the right hand operator and let U = [u, v]*; we may then view the equation
U; = BU as an evolution equation on the Hilbert space F' = Hj(R?) x L?2(R?). Note
that H}(R?) is the completion of C>°(R3) by the norm

Il = [, IDfPda (33)

—
SENSS

[ R
—
(e

SN
Il

and is thus not equal to H'(R?®), since it contains functions which are not in L2
because they do not decay fast enough near infinity. However by the Sobolev inequality,
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f € H}(R?) implies f € L°(R?). The advantage in using H{ is that then the operator
B becomes skew-symmetric under the norm on F, (W = [w, z]*)

(W,BU)p = /R (D@ - D+ zAu)
= /Rs(Dw-Du—Dz.Du)
= —(BW,U)p. (34)

Since B is densely defined in F, and since B is closed (this follows from elliptic regu-
larity, for example), it follows from the general theory of abstract evolution equations,
as described in Derek Robinson’s lectures, that B generates a unitary group exp(tB)
on F. Then U(t) = exp(tB)U, satisfies the evolution equation U; = BU, and thus
solves the Cauchy problem for the wave equation. This approach has the advantage
that it automatically gives existence for solutions with initial data satisfying only the
regularity required to have bounded energy norm.
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