SUBELLIPTIC OPERATORS AND LIE GROUPS
AF.M. TER ELST AND DEREK W. ROBINSON

ABSTRACT. We review the theory of subelliptic operators on Lie
groups. The principal themes are subcoercivity, weighting and
Gaussian bounds.

1. INTRODUCTION

The book [Rob2] by the second author describes in detail the the-
ory of strongly elliptic operators on Lie groups and gives a partial
description of the theory of subelliptic operators. But since 1991 the
subelliptic theory has undergone major changes and the aim of this
note is to review these developments.

In order to place the subelliptic operators in perspective it is conve-
nient to reconsider the main definitions and results for strongly elliptic
operators.

Let G be a connected d-dimensional Lie group with Haar measure
dg and ay, ... ,aq a vector space basis of the Lie algebra g of G. If U is
a weakly, or weakly*, continuous representation of G in a Banach space
X then A; = dU(a;), fori € {1,...,d}, will denote the generator of the
one-parameter group t — U(exp(—ta;)). Thus U(exp(—ta;)) = e~t.
In general the operators Ay,...,A; do not commute and it is useful
to introduce a multi-index notation for their products. Let J(d) =
Uroo{1,...,d}" and for o = (41,... ,i,) set A* = A; o...0A4; and
la| = n. Next define X,(U) = (),<, D(A*) for each n € N and
Xoo(U) = N2, X (U). If U is the left regular representation in the
space L,(G) then we denote these spaces by Ly.,(G) and L,.(G).
A form of order m is defined as a function C: J(d) — C such that
C(a) = 0 for all |a| > m and, in addition, C(«) # 0 for an o € J(d)
with |«| = m. We write ¢, = C(«) and consider the operator

dU(C) = ) ca A |

la|<m
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with domain D(dU(C)) = &,,,(U), affiliated with the representation U.
The form is called strongly elliptic if there is a ¢ > 0 such that

(1) Re ) cq (i€)" > plg|™

|a|=m

for all £ € R% The corresponding operator dU(C') is then defined to
be strongly elliptic.

The main results about strongly elliptic operators are summarized
in the following theorem in which |g| denotes the Riemannian distance
of g € G to the identity element e of G.

Theorem 1.1. Let C' be a strongly elliptic form and U a continuous
representation. Set H = dU(C').

I. The operator H is closable and its closure generates a continuous
holomorphic semigroup S on X.

II.  If the leading coefficients are real then S is holomorphic in the
open right half plane.

III. Ift > 0 then S;X C X (U).

IV. IfU is unitary then ||S,|| < e“ for some w > 0, uniformly for
all z in a sector.

V.  The semigroup has a smooth representation independent kernel
K, € Li(G;dyg), i.e.,

Sz = /G dg Ki(g) Ug)a

forallt >0 and all x € X.
VI. There exist b,c > 0 and w > 0 such that

|Kt(g) | <c t_d/me""te_b(\g\mt*1)1/(m71)

for allt > 0 and g € G. Moreover, there exist b > 0, w > 0 and
for each a € J(d) a ¢ > 0 such that

[(A°Ky)(g)| < ¢ g—d/my=al/m jwt ,=b(|g|m e 1) (m =D

forallt >0 and g € G.
VII. If U is unitary then

(2) Re(z, Hr) > p_max [|A%[]* — v ||z|*

a; lajl=m/2
for some ;> 0 and v € R, uniformly for all x € D(H).

Statements [, IT, IIT and V were first proved by Langlands in his thesis
[Lan]. The Gaussian bounds for higher order operators, Statement, VI,
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were established by Robinson [Rob1] and the quasi-contractivity, State-
ment IV, and the Garding inequality, Statement VII, were proved in
[BGJR]. A relatively short proof of the theorem can be found in [EIR4].

The strong point of the theorem is that it is a generic result; it is
valid for all strongly elliptic operators on all Lie groups. The weak
point is that it is local, e.g., the estimates on the semigroup kernel
are imprecise for large values of ¢, the time variable. Nevertheless, the
estimates of the theorem have the correct local behaviour. In particular
the kernel has a singularity ¢t~ as t — 0. In 1991 local lower bounds
were, however, not well understood. One striking result (see [Rob2],
Section IIL.5) established that the kernel K is positive if, and only if]
C is a real second-order form and then the kernel is bounded below by
a second-order Gaussian. But the existence of local lower bounds for
higher order operators had not been established.

Global estimates are, of course, sensitive to special features of the
group, such as volume growth, and to the specific form of the operator.
Therefore detailed global properties and asymptotic estimates require
restriction to specific types of group and specific classes of operators.
Much recent work has concentrated on global properties but these are
not the focus of the current review. Our aim is to describe the extension
of the local results to the case of subelliptic operators. A good starting
point to illustrate these developments is the Laplacian — 2?21 A2,

The Laplacian is a strongly elliptic operator which is known to be
hypoelliptic in the left regular representation of the group. But a 1967
result of Hormander for vector fields implied that hypoellipticity per-
sists under a weaker condition on the basis a,...,aq. If d < d then
ay, ... ,aq is called an algebraic basis for g if the aq,...,ay are inde-
pendent and the aq,... ,aqy together with all their multi-commutators
of some order n span g. The smallest number n is called the rank of
the algebraic basis. Given the algebraic basis and a continuous repre-
sentation U one can then define A7 (U) = (Nyes(ar); aj<n DP(A) for all
n € N. Note that in this definition only the A;,..., Ay occur. Now
define the sublaplacian A’ = — Z?lzl A? with domain D(A') = X(U).
Then Hormander’s theorem [Hor| established that A’ is hypoelliptic in
the left regular representation of G. On the other hand, A’ is a positive
symmetric operator, so one could hope that Theorem 1.1, with some
modifications, might extend to A’. The obvious necessary modification
is the use of the modulus |g|. The appropriate subelliptic version is

d/

9l = sup{v(g) = ¥(e) : ¥ € CF(G), ¢ real, Yy |dL(as)yl* < 1}
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for all g € G, where L is the left regular representation in L (G). If
V (s) denotes the volume (Haar measure) of the ball {g € G : |g|' < s}
then there is a D' € N such that V(s) < s for s < 1, i.e., there is a
¢ > 1 such that ¢ 's?" < V(s) < e¢s? for all s € (0,1].

The situation for the sublaplacian in 1990 was as follows.

Theorem 1.2. Let A’ be a sublaplacian associated with a continuous
representation U of the Lie group G in a Banach space X .

I. The operator A is closable and its closure generates a continuous
holomorphic semigroup S on X.

II. Ift >0 then S;X C X (U).

L (7, D(A)") = Xno(U),

IV. The semigroup has a smooth representation independent kernel
K, € Li(G;dyg), i.e.,

Stxz/GdgKt(g) Ulg)x

forallz € X.
V.  There exist b,c,b',c >0 and w,w' > 0 such that

Clt—D’/2e—w’te—b’(\g\’)Qt_l < Kt(g) < Ct—D’/Qewte—b(\g\’)zt_l

for allt >0 and g € G. More generally, ifi € {1,...,d'} then
there exist b,c > 0 and w > 0 such that

(A Ky (g)| < et=P' /2412wt ebllal)?t
forallt >0 and g € G.

Statements I-IV were proved by Jgrgensen [Jgr|, and Statement V
by Robinson [Rob2], Section IV.4. The presentation was, however, far
from complete. In Statement I one would expect that the semigroup is
holomorphic in the right half-plane, independent of the representation.
Moreover, since the kernel K is a smooth function one could well expect
Gaussian bounds for all higher order derivatives.

The most striking difference between Theorems 1.1 and 1.2 is that
the first deals with m-th order operators whilst the second is only for
particular real second-order operators. The principal barrier to the
derivation of a subelliptic analogue of Theorem 1.1 was the absence of
an appropriate definition of an m-th order subelliptic operator. More-
over, since the proof of Theorem 1.2 relied heavily on the maximum
principle it was far from evident how it could be extended to higher
order operators or even to second-order operators with complex coeffi-
cients. But the local aspects of these problems are now well understood
and progress is being made on the global aspects.
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There are two themes running through the review. The first is sub-
coercivity, a property phrased in terms of the Garding inequality. The
second is the notion of weights and weighted paths. Geometric as-
pects are computed by assigning different weights to different direc-
tions. The particular weighting is determined by such factors as the
algebraic structure or the asymptotic behaviour.

2. SUBCOERCIVITY, SUBELLIPTICITY AND WEIGHTS

The first clue to the correct definition of subellipticity for higher-
order operators is given by the observation that strong ellipticity is
equivalent to a type of Garding inequality, a property of subcoercivity.
This follows by application of Theorem 1.1 to the left regular represen-
tation of R? acting on Ly(RY), i.e., the representation with generators
A; = —0; = —0/0x;, the partial differential operators on R%. Then (2)
gives

Re >  (=1)ea(0,0%0) > > 0%l = vl

a; la|<m a; lal=m/2

for all ¢ € Ly, (RY). But replacing ¢ by its dilation ¢y, defined by
or(z) = A%p(A\z), and taking the limit A — 0 one readily deduces
that

(3) Re Y calp0®0)>p Y 0%l

s Jaf =m o [al=m/2

for all ¢ € Ly, (R%). Then, however, a Fourier transform argument
establishes that (3) implies (1). The conclusion is that the strong ellip-
ticity condition (1) for the form C' is equivalent to the strong Garding
inequality (3) on Ly(R?). This suggests that subellipticity of an oper-
ator should be characterized by a Garding inequality for the principal
part, i.e., the highest order term, acting on the Ls-space over an aux-
iliary group, i.e., the analogue of RY. This motivates the following
definition.

Let ay,...,aqs be an algebraic basis for g and C': J(d') — C a form
of order m. Further let g = g(d’, s) denote the nilpotent Lie algebra
with d' generators which is free of step s, i.e., the quotient of the free
Lie algebra with d' generators by the ideal generated by the commu-
tators of order at least s + 1, and G = G(d', s) the connected, simply
connected, Lie group with Lie algebra g. We denote the generators of
g by Gi1,...,aqs and their representatives in the left regular represen-

tation of G by Ay,...,Ay. Then C is defined to be subcoercive form
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of step s if

Re Y calp,A%)>p Y A%

a; la[=m a; la|=m/2

for some p > 0, uniformly for all ¢ € LQ;m(é; dg) where dg denotes
Haar measure on G. Now for a general representation (X, G,U) of a
Lie group G with the Lie algebra g we define the m-th order operators
dU(C) associated with subcoercive forms of step s to be subcoercive
of step s. This is a direct generalization of the previous definition of
strong ellipticity in which d’ = d, s = 1 since then G = R

Examples of subcoercive operators of step s, for any s € N, are
(—1)™2 "% A™ and (A')™2. The main theorem for subcoercive op-
erators of step s is as follows.

Theorem 2.1. Let C: J(d') — C be a subcoercive form of order m
and step s and U a continuous representation of G. Set H = dU(C).
If s is larger than or equal to the rank of the algebraic basis aq,... ,aq
in g then the following are valid.

I. The operator H s closable and its closure generates a continuous
holomorphic semigroup S on X.

II.  The semigroup S is holomorphic in a representation independent
sector.

III. Ift > 0 then S;X C X (U).

IV. IfU is unitary then ||S,|| < el for some w > 0, uniformly for
all z in a sector.

V.  The semigroup has a smooth representation independent kernel
K, € Li(G;dyg), i.e.,

Sy = /G dg K,(9) Ulg)a

forallz € X.
VI. There exist b,c > 0 and w > 0 such that
[Ki(9)] < et~ D /mewt o =b((lg/)m =) m D

forallt >0 and g € G. More generally, there exist b > 0, w > 0
and for each o € J(d') a ¢ > 0 such that

[(AK,) (g)| < ct=P/my=lal/mewte=b((lgl)me=1)!/tm =0

forallt >0 and g € G.
VII. If U is unitary then

Re(z, Hr) > p max ||[A%|* — v||z]|?
acJ(d)

|la[=m/2
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for some ;> 0 and v € R, uniformly for all x € D(H).

The proof [EIR1] [EIR3] involves parametrix arguments broadly anal-
ogous to those used by Langlands in his thesis [Lan] to prove the initial
statements of Theorem 1.1. Langlands realized that G could be locally
approximated by RY, through the exponential map, and hence the ker-
nel of the resolvent Ry(H) = (A + H)™" of H on G could be estimated
in terms of the corresponding kernel Ry(H) on R% 1In fact R\(H),
on (G, can be expressed as a series expansion in Ry(H), on R?, anal-
ogous to time-independent perturbation theory, i.e., the expansion of
the resolvent of a perturbed operator in terms of the resolvent of the
unperturbed operator. Subsequent arguments have expressed the semi-
group kernel on G in terms of the kernel on R? by an analogue of the
time-dependent perturbation expansion. The proof of Theorem 2.1 is
broadly similar but uses the Rothschild-Stein [ROS] extension method
to approximate G by G. Since the group G usually has dimension
strictly larger than d the local approximation is more complex. Never-
theless the semigroup kernel on G can be expressed as a series expansion
in the kernel on GG with the extra dimensions integrated out.

It is also worth noticing that the theorem immediately implies an
equivalence between properties of separate and joint differentiability.
Goodman [Gool, Theorem 1.1, established that one has the following
identity (s D(A%) = ﬂ?:1 N2, D(A?) for any representation U,
ifay,...,aqis a vector space basis for g, i.e., the subspaces of separate
and joint C'*°-vectors coincide. But as a corollary of Theorem 2.1 a
similar identity is valid for an algebraic basis.

Corollary 2.2. If ay,... ,aq is an algebraic basis for g and U a con-
tinuous representation of G' then

Xo(U)= (1) DA™ =) DA

acJ(d) i=1n=1

Further developments of the subelliptic theory have centred on var-
ious notions of weighting. The idea of assigning different weights to
different directions is very natural in the subelliptic setting as it un-

derlies the associated local geometry. To illustrate this let aq,... ,aq
be an algebraic basis and assign the directions aq, ... ,ay weight one.
Then the commutators [a;, a;] which are not in span{a;,...,as} are

assigned weight two, new directions obtained by triple commutators
la;, [aj, a;]] are assigned weight three, etc. Then it follows that the
local dimension D’ equals the sum of the weights assigned in this man-
ner, i.e., D' = 2?21 w;. Moreover, the subelliptic distance | - | can be
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interpreted as a minimum over paths whose lengths are calculated with
the appropriate weighting of the directions (see [NSW]).

Subsequent to the proof of Theorem 2.1 it was realized that a sim-
ilar result could be proved for strongly elliptic operators with fairly

arbitrary weightings. Let aq,...,aq of g be a full vector space basis
and wy, ... ,wy be a corresponding set of weights, i.e., positive integers,
associated with the directions ay, ... ,aq. If @ = (iy,... ,i,) € J(d) is

a multi-index set
|| = wiy, + ...+ w;,

Further set w = lem(wy, ... ,wy) and define a modulus || - || on R? by

d

REDI

=1

Then a form C': J(d) — C of order m is called a weighted strongly
elliptic form if there is a > 0 such that

Re ) ca ()" > pllé|™

llall=m

for all £ € RY.

One can again define a modulus |-|,, on G determined by the weighted
basis (see [NSW]). For all § > 0 let C'(§) be the set of all absolutely
continuous functions v: [0, 1] — G which satisfy the differential equa-
tion

v(s)

§(5) = Y s) di(a)

almost everywhere with |y;(s)| < 6% for all i € {1,...,d} and s €
[0,1]. Here L is the left regular representation on L (G). Then

9w = nf{d > 0: Jyec[7(0) = g and (1) = €]}
for all ¢ € G, and it follows that V(s), the volume of the ball {g €
G : |gls < s}, has the property V(s) < s” for s < 1 where again
D'=%1 w
=D i Wi
If w; =1forallie {1,...,d} then obviously
(4) la;, a;] € spanf{ay, : k€ {1,...,d}, wy < w; +w; — 1}

for all i,j € {1,...,d}, so in the unweighted case the condition (4) is
valid. Tt is at first somewhat surprising that Condition (4) is sufficient
(and in general also necessary) to prove generator theorems [EIR2].
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Theorem 2.3. Let C' be a weighted strongly elliptic form and U a
continuous representation of G. Set H = dU(C'). If Condition (4) is
valid then statements similar to Statements 1-VII of Theorem 2.1 are
valid with the new definition of D' and the replacements |g|" = |g|w,
la| = ||| and J(d') — J(d) in Statements VI and VII.

A typical example of a weighted strongly elliptic operator is the

operator

ot ox

ox*t oy
on L,(R?). If one gives the z-direction weight 3 and the y-direction
weight 2 then the operator has weighted order 12. But this operator
can also be viewed in a different manner due to Rockland [Roc].

Let G be a homogeneous (nilpotent) Lie group with the family of
dilations (¢ )¢>0, i.€., a one-parameter group of automorphisms with the
action vy;(a;) = t"a; for some basis ay, ... ,aq of g and some positive
wi, ... ,wy. Further let |- |, be a homogeneous modulus, i.e., |v(g)|w =
|glw for all g € G. Then C': J(d) — C is called a positive Rockland
form, and the operator dU(C') a positive Rockland operator, whenever
dL(C) is a homogeneous, hypoelliptic, symmetric, positive, operator
in Ly(G). Here L denotes the left regular representation. Again there
exists a D' > 0 such that Vol{g € G : |g|, < s} < s, for s < 1, again
one can define the weighted length of a multi-index o = (iy,... i)
with the i; € {1,...,d} by ||a| = w;, + ... + w;, and again there is a
theorem similar to Theorem 2.3.

Theorem 2.4. Let C' be a positive Rockland form and U a continuous
representation. Set H = dU(C'). Then statements similar to State-
ments 1-VII of Theorem 2.1 are valid with the new definition of D'
and the replacements |g|" — |g|w, |a] = ||a|| and J(d') — J(d). The
semigroup S is always holomorphic in the open right half plane.

Statements I-III, V and VI have been proved in [AER), Statement VII
with » = 0 in [EIR5] and Statement IV is a consequence of the Garding
inequality in Statement VII. Statement VI has been proved indepen-
dently in [DHZ].

The proof of Theorem 2.4 is different to the proof of Theorem 2.1
insofar it does not use parametrix arguments. The proof is based on
operator estimates of Helffer and Nourrigat [HeN], supplemented by
scaling arguments, and in this respect is closer to the reasoning used
to establish Theorem 1.2.

The above results were all known in 1994 and gave a rather diffuse
description of the theory of (sub)elliptic operators with good kernel
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properties. There was one common conclusion following from vari-
ous different assumptions. The only significant difference was in the
method of weighting. In the next section we introduce the concept of
weighted subcoercive operators and explain how this concept unifies all
these results.

3. WEIGHTED SUBCOERCIVE OPERATORS

Let G be a connected d-dimensional Lie group and aq,...,as an
algebraic basis of the Lie algebra g. Assign weights wy,... ,wgy € N
to the basis and again define the weighted length of a multi-index o =
(i1y...,in) € J(d') by ||a|| = wi, + ...+ w;,. Let m € N and suppose
that m € 2w;N for all i € {1,...,d'}. Then a form C: J(d') — C
of weighted order m is called a G-weighted subcoercive form if the
operator dL(C') satisfies a (weak) Garding inequality in the left regular
representation L on Ly(G), i.e.,

Re(p, dL(C)p) = pp max 1A%l — v [lll3
a2

for some p > 0 and v € R, uniformly for all p € C*°(G). It clearly fol-
lows from the last statement, Statement VII, in the previous theorems
that all operators considered in the previous sections are associated
with appropriate G-weighted subcoercive forms.

In the present situation one can associate a modulus |- |" on G with
the weighted algebraic basis. For all § > 0 let C'(§) be the set of all
absolutely continuous functions 7: [0,1] — G satisfying

Z % dL az

almost everywhere with |%(s)| < 0%, foralli € {1,...,d'} and s €
[0,1]. Then

g/ =inf{d > 0: yecs)[7(0) = g and (1) = e]}
for all ¢ € G. It again follows from [NSW] that there is a D' € N
such that the volume of the ball {g € G : |g| < s} has the property
V(s) < sP for s < 1.
The main theorem is also valid for G-weighted subcoercive forms
[EIR6].

(s)

Theorem 3.1. Let C' be a G-weighted subcoercive form of weighted
order m and U a continuous representation of G. Set H = dU(C).
Then statements similar to Statements I-VII of Theorem 2.1, are valid
with the new definitions of D' and |g|" and the replacement |o| — ||c|].
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The proof of the general theorem again relies on parametrix argu-
ments but now the local approximation to G is a group Gy of the same
dimensions which is defined by a contraction process. The idea behind
the construction of Gy, due to Kashiwara and Vergne [KaV], is to de-
fine a group of maps ¢ — 7, where for all ¢ > 0 the map v: g — g is
such that v;(a;) = t""a;. Subsequently one constructs the Lie bracket

(5) a,8lo = lim " ([a(@), 7 (0)])

for a,b € g. Then Gy is the connected, simply connected, Lie group
with Lie algebra (g,[-,]o). The group Gy is homogeneous with dila-
tions v. Although the limiting process (5) is called a contraction in
Lie theory the group Gq corresponds to a ‘blow-up’ of G in the terms
of differential geometry, i.e., a local magnification with respect to the
dilations ~. It is for this reason that it is particularly appropriate for
parametrix approximations.

The group Gy has several interesting features. First Gy = R? if, and
only if, d = d, i.e., ay,... ,aq is a vector space basis, and the weights
satisfy (4). Secondly, C' is G-weighted subcoercive if, and only if, it is
Go-weighted subcoercive. This is a far-reaching generalization of the
earlier observation that an operator is strongly elliptic if, and only if,
it satisfies the Garding inequality (3). Thirdly, there is an example
that shows the assumptions of Theorem 2.1 are strictly stronger than
those of Theorem 3.1. These properties, among others, can be found
in [EIR6].

Note that the Gaussian bounds on the kernel and its derivatives
given by the theorem imply that for all « € J(d') there are ¢ > 0 and
w > 0 such that [|A%S,||xox < ct7l10l/mewt for all ¢ > 0. Surprisingly,
a converse of the above theorem is valid.

Theorem 3.2. Let C be a form of weighted order m and L the left
regular representation of G in Ly(G). Set H = dL(C). Suppose the
following three conditions are valid.

I. The operator H is closable and its closure generates a continuous
holomorphic semigroup S on Ly(G).
II.  ||S.]| < e“Fl for some w > 0, uniformly for all z in a sector.

III. There evist ¢ > 0 and w > 0 such that || A;Sy||oe < ct™vi/mext
forallt>0andic€{1,...,d}.

Then the form C' is G-weighted subcoercive.
There are examples of a G-weighted subcoercive operators which

do not belong to any of the classes of elliptic operators described in
the earlier sections. Therefore Theorem 3.1 is not only a unification
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of the earlier results but also a genuine extension. A simple example
of an operator which fits the present setting but is not covered by the
previous results can be constructed for G = SO(3), the rotations in R3.
If a1, aq, a3 is a basis of so(3) satisfying [a1, as] = as, [as, as] = a; and
[as, a1] = as then aq,ay is an algebraic basis. If one specifies weights
wy; = 3 and wy = 2 then the operator

H= A" — AS — 4243

has (weighted) order 12 and satisfies the Garding inequality because a
straightforward calculation gives
Re(p, Hy) 2 27" (|43l + | 430[3) > 27" ma |43

Hence H generates a holomorphic semigroup with a smooth kernel
satisfying Gaussian bounds in each continuous representation of the
group.

Finally each weighted subcoercive operator satisfies good regular-
ity properties if the representation is either unitary, or a left regular
representation in L,(G).

Theorem 3.3. Let C: J(d') — C be a G-weighted subcoercive form

and U a unitary representation of G or the left reqular representation

in L,(GQ) for some p € (1,00). Set H=dU(C). Then

I. H s closed

IL jajenw D(A%) = D((M + H)™/™) for all n € N and all large
A > 0, where w = lem(wy, ..., wg).

IIL (0o D(A%) = O D(AT™).

IV. If A > 0 is large enough then the operator \I + H has a bounded
H . -functional calculus.

Recently Smulders [Smu], Theorem 5.1.2, proved that the statements
of the previous theorem are also valid if U is a continuous representation
of G in a space L,(M ; u), where (M ; p1) is a o-finite measure space and
p € (1, 00).

4. MISCELLANI

We conclude with three remarks. The first considers two open prob-
lems, the second comments on recent results on asymptotic behaviour
and the third deals with lower bounds on the semigroup kernel.

4.1. Two open problems.

4.1.1. Choice of bases. Although Theorems 3.1 and 3.2 state that Gauss-
ian kernel bounds are equivalent with G-weighted subcoercivity, the
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result is only with respect to a fixed weighted algebraic basis. If one
starts with a differential operator with constant coefficients on Lo(G)
then it might be G-weighted subcoercive with respect to one weighted
algebraic basis, but not with respect to another. For example, the

operator
%, o\’ %, o \*
H=— | — 4+ — -
<8x1 + 8x2> + <8x1 al’g)

on Ly(R?) is weighted subcoercive with respect to a suitable basis,
but if one expands the brackets, then it is not evident how one would
recognize the weighted algebraic basis.

In general, let H be a differential operator with constant coefficients
on Ly(G). Suppose the following conditions are valid.

I. The closure H generates a continuous holomorphic semigroup S.

II.  ||S.| < e“"l for some w > 0, uniformly for all z in a sector.

III. S;Ly(G) C Lo.oo(G) for all £ > 0.

IV. Foralla € g\{0} there exist ¢,,w, > 0 such that ||dL(a)S||2—2 <
¢, ™M evat for all t > 0.

Is it true that H is a weighted subcoercive operator with respect to a
suitable algebraic basis and suitable weights? Is Condition II neces-
sary?

4.1.2. Steps. The second problem concerns the step in Theorem 2.1.
Let d € N, m € N and let C: J(d') — C be a form of (unweighted)
order m. If s € N and C' is subcoercive of step s then it is not hard to
prove that C' is also subcoercive of step s’ for all s € N with s’ < s.
On the other hand, if m = 2 and C is subcoercive of step 2 then C'is
also subcoercive of step s for all s > 2 (see [EIR3], Corollary 3.8). It is
an open problem whether for a general m and subcoercive form C' of
order m and step m the form is also subcoercive of step s for all s > m.

4.2. Large time behaviour. The kernel bounds in Statements VI of
the previous theorems have the optimal form for small time ¢. But for
large time the bounds contain a factor e which is a reflection of the
semigroup property but does not usually give an accurate estimate of
the asymptotic behaviour. Expressed in terms of the volume function
the kernel bounds read

(6) 1Ki(g)| < ¢V (t) /mewtetlllsl)memhom=n

forall t > 0 and g € G. If G is a homogeneous group then the volume
has a simple scaling relation. If, in addition, the operator H transforms
in a simple way, e.g., if H = dU(C') with C a positive Rockland form,
then large ¢ bounds can be obtained from small ¢ bounds by scaling. In
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particular one may choose w = 0 and deduce that || K||o < cV/()~1/™

for all ¢ > 0. The inhomogeneous operator —d?/dz* + d/dz on Ly(R)
shows, however, that w > 0 in general. The kernel of this latter opera-
tor is a non-centred Gaussian which can only be bounded by a multiple
of a centred Gaussian at the cost of an additional exponential factor
et

Even for homogeneous operators on a homogeneous Lie group it is
not always possible to choose w = 0. An example is on the connected,
simply connected, Heisenberg group. If aq,as, a3 is a basis for its Lie
algebra such that [a;, as] = a3 then for all A € R the operator

H=—A - A2 — A2 +i)\[A}, A,

is strongly elliptic, but if A is suitably large then the kernel K associated
to H does not satisfy Gaussian bounds (6) with w = 0. If one would
have Gaussian bounds with w = 0, then the semigroup S would be
uniformly bounded in each unitary representation. But with respect
to the standard infinite dimensional representation of the Heisenberg
group one easily sees that this is not possible.

Despite this counterexample, there is a positive result on nilpotent
Lie groups. The Heisenberg group has rank 2, whilst the above operator
is subcoercive of step 1 with respect to the (algebraic) basis a;, as, as.
If the step is large enough then the following theorem is valid by [ERS1]
(a different proof under weaker assumptions is given in [DERS]).

Theorem 4.1. Let ay,...,aqy be an (unweighted) algebraic basis for
the Lie algebra g of a connected nilpotent Lie group and C': J(d') — C a
homogeneous form which is subcoercive of step r, where r is the rank of
the Lie algebra g. Then the bounds (6) are valid with w = 0. Moreover,

() NAK(g)] < V()7 mirlellmestemtlanme D
for all € J(d'), allt >0 and all g € G.

If H is a sublaplacian on a connected group with polynomial growth,
i.e., a group such that V(s) < s for s > 1 for some D € N, then the
bounds (6) and (7) for the kernel K and its first derivatives A;K,
i€ {1,...,d}, are valid with w = 0 (see [Rob2], Subsection IV.4b).
The situation for higher derivatives and large ¢ is, however, more com-
plicated since the structure relations

d
AZA]Kt == A]AZKt + Z ijAth
k=1
show that there are algebraic obstructions to the extra derivatives al-
ways contributing an extra ¢~ /2 decay. Good bounds for the second
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derivatives are nevertheless valid on nilpotent groups by Theorem 4.1
and on compact groups by a spectral gap argument. Basically, these
are the only two cases on which second-order derivatives behave well.

Theorem 4.2. Let aq,...,aqy be an algebraic basis and K the kernel
assoctated to the corresponding sublaplacian on a connected Lie group
with polynomial growth. If there is a ¢ > 0 such that

(A4 K (9)] < eV ()t

uniformly for all i,j € {1,...,d'}, t >0 and g € G then G is the local
direct product K x; N of a compact Lie group K and a nilpotent Lie
group N.

This theorem has been proved in [ERS2], together with good Gauss-
ian bounds for all higher derivatives on groups K x; N.

Higher order operators on Lie groups with polynomial growth which
are not a local direct product of a compact and a nilpotent Lie group
are subject to current research. The behaviour is still not fully clear
but it is evident that the asymptotics are not totally determined by
geometric factors such as the volume growth. In fact there are many
cases where the asymptotics involve a different form of weighting which
is related to the algebraic properties of the basis but in a more com-
plicated manner than that occurring in Section 2. Even if the m-th
order operator H is defined by a basis with all weights equal to one the
kernel K can behave asymptotically like a Gaussian in which different
directions are given different weights; some directions have weight one
and others have weight m/2. This is the generic situation for operators
H = (—1)™/? Z?;l A on groups of polynomial growth which have an
abelian nilshadow [DER]. Only very special choices of the basis give
kernels satisfying m-th order Gaussian bounds. Generally the kernel
behaves like a convolution of an m-th order Gaussian and a second-
order Gaussian over a nilpotent subgroup. The simplest example of
this behaviour is given on the three-dimensional group of Euclidean
motions in the plane [EIR8]. The anomalous second-order behaviour
occurs for the two directions corresponding to the translations.

4.3. Lower bounds. The foregoing results establish criteria for the
kernel K associated with a weighted subcoercive operator H = dU(C')
to satisfy Gaussian upper bounds. But characterization of the sin-
gularity structure requires complementary lower bounds. The kernel,
however, is positive if, and only if, the operator is second-order with
real coefficients (see [Rob2]). Hence in the general case one can at
best hope for local lower bounds. The simplest problem is to bound
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t — || Ki||o from below and this is straightforward for small ¢ by an
argument of Varopoulos [Var| (see also [EIRT]).

If H = dL(C) is the operator in the left regular representation on
Loo(G) then H1 = ¢yl where 1 € Ly (G) is the identity function and
¢ = ¢q if |a] = 0. Therefore Sy1 = e "1 and [, K; = e “'. Then
since || K| > |Ki(g)| forall g € B, ={g € G : |g|' < r} one has

Kill > V) (e = [ dglEil)])

G\B.
for all 7 > 0, where V(r) is the volume of B/. Thus setting r = ot'/™
and using the Gaussian bounds (6) on the kernel one finds

||Kt||00 Z CtrtiD,/m (67 Reeot _ & GWt 6*2711)07"/(7”—1))

for all ¢ € (0,1]. Choosing o sufficiently large one concludes that
| Klloe > t=P/™ for all t € (0,1]. Therefore ||K;||o =< t=2'/™ for
t<1.

Similar arguments under more stringent assumptions allow one to
characterize the asymptotic behaviour of ¢ — ||K|| or to bound
|K,(g)| below in a set {g : |g|' < kt'/™} (see [Dav] [EIR7]). A typ-
ical a result is the following.

Theorem 4.3. Let G be a connected Lie group with polynomial growth.
Nezt let ay, ... ,aq be a weighted algebraic basis of g and C': J(d') — C
an m-th order weighted form with C(«) = 0 if |a] = 0. Assume the
kernel K associated with H = dU(C') satisfies the Gaussian bounds

|Ki(g)| < c V(t)71/m6*b((|g|’)mt*1)1/(m71)

forallt >0 and g € G.
It follows that | Ky||ee < V (t)~™ for all t > 0.

Proof. Since there is no constant term one deduces that f K, =1 and
hence the previous argument gives

1Kil|oo > V(r) ™! (1 — Ce*Q_Ib(rmt—l)l/(m—1)>

for all t > 0. It is important that G’ has polynomial growth for this
estimate to be true for all large ¢ . Now if 7 = ot'/™ and one chooses
o sufficiently large then

1K ||lso > 27V (ot ™)~ > ¢, V(1) Y™

for all £ > 0, again because of the polynomial growth of G. Since
1K |loo < eV (t)Y™ for all t > 0, by the Gaussian bounds, one has
| Killoo < V()™ for all ¢ > 0. O
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This result is applicable if GG is nilpotent, all weights equal one and
C' is homogeneous and subcoercive of step r, with r the rank of the Lie
algebra of G. A similar result would be valid for weighted operators if
one assumed appropriately weighted Gaussian bounds.

ACKNOWLEDGEMENTS

This paper is an expanded version of the talk presented by the
first named author at the National Research Symposium on Geometric
Analysis and Applications at the ANU in June 2000. He wishes to
thank the organizers for the invitation and their financial support.

[AER]

[BGJR]

[Dav]

[DER]

[DERS]

[DHZ]

[EIR1]

[EIR2]
[EIR3]
[EIRA]

[EIR5]

[EIR6]

[EIR7]

REFERENCES

AUSCHER, P., ELsT, A.F.M. TER and ROBINSON, D.W., On positive
Rockland operators. Coll. Math. 67 (1994), 197-216.

BraTTELIL, O., GOODMAN, F.M., JORGENSEN, P.E.T. and ROBINSON,
D.W., Unitary representations of Lie groups and Garding’s inequality.
Proc. Amer. Math. Soc. 107 (1989), 627-632.

Davies, E.B., Pointwise lower bounds on the heat kernels of higher order
elliptic operators. Math. Proc. Cambridge Philos. Soc. 125 (1999), 105—
111.

DuncEY, N., ELsT, A.F.M. TER and ROBINSON, D.W., On anoma-
lous asymptotics of heat kernels on groups of polynomial growth, 2000. In
preparation.

DuncEy, N., ELsT, A.F.M. TER, ROBINSON, D.W. and SIKORA, A.,
Asymptotics of subcoercive semigroups on nilpotent Lie groups. J. Oper-
ator Theory 45 (2001). To appear.

Dz1uBANsSKI, J., HEBISCH, W. and ZIENKIEWICZ, J., Note on semigroups
generated by positive Rockland operators on graded homogeneous groups.
Studia Math. 110 (1994), 115-126.

ErsT, A.F.M. TER and ROBINSON, D.W., Subcoercivity and subelliptic
operators on Lie groups I: Free nilpotent groups. Potential Anal. 3 (1994),
283-337.

——, Weighted strongly elliptic operators on Lie groups. J. Funct. Anal.
125 (1994), 548-603.

——, Subcoercivity and subelliptic operators on Lie groups II: The general
case. Potential Anal. 4 (1995), 205-243.

—, Elliptic operators on Lie groups. Acta Appl. Math. 44 (1996), 133~
150.

, Spectral estimates for positive Rockland operators. In LEHRER, G.I.
ET AL, eds., Algebraic Groups and Lie groups; a volume of papers in honour
of the late R.W. Richardson, vol. 9 of Australian Mathematical Society
Lecture Series. Cambridge University Press, 1997.

—, Weighted subcoercive operators on Lie groups. J. Funct. Anal. 157
(1998), 88-163.

——, Local lower bounds on heat kernels. Positivity 2 (1998), 123-151.



84

[EIRS]

[ERS1]
[ERS2]
[Goo]

[HeN]

[Hor]
[Jor]
[KaV]
[Lan]
[NSW]
[Rob1]
[Rob2]
[Roc]
[RoS]
[Smmu]

[Var]

A.F.M. TER ELST AND DEREK W. ROBINSON

, On anomalous asymptotics of heat kernels. In LUMER, G. and
WEIs, L., eds., Evolution equations and their applications in physical and
life sciences, vol. 215 of Lecture Notes in Pure and Applied Mathematics,
2000, 83-97. To appear.

ELsT, A.F.M. TER, ROBINSON, D.W. and SIKORA, A., Heat kernels and
Riesz transforms on nilpotent Lie groups. Coll. Math. 74 (1997), 191-218.
—, Riesz transforms and Lie groups of polynomial growth. J. Funct.
Anal. 162 (1999), 14-51.

GoobpMAN, R., Analytic and entire vectors for representations of Lie
groups. Trans. Amer. Math. Soc. 143 (1969), 55-76.

HELFFER, B. and NOURRIGAT, J., Caractérisation des opérateurs hypoel-
liptiques homogenes invariants a gauche sur un groupe de Lie nilpotent
gradué. Comm. Part. Diff. Eq. 4 (1979), 899-958.

HORMANDER, L., Hypoelliptic second order differential equations. Acta
Math. 119 (1967), 147-171.

JORCGENSEN, P.E.T., Representations of differential operators on a Lie
group. J. Funct. Anal. 20 (1975), 105-135.

KAsHIWARA, M. and VERGNE, M., The Campbell-Hausdorff formula and
invariant hyperfunctions. Invent. Math. (1978), 249-272.

LaNGLANDS, R.P., Semi-groups and representations of Lie groups. PhD
thesis, Yale University, 1960. (Unpublished).

NacEeL, A., STEIN, E.M. and WAINGER, S., Balls and metrics defined
by vector fields I: basic properties. Acta Math. 155 (1985), 103-147.
RoBiNsoN, D.W., Elliptic differential operators on Lie groups. J. Funct.
Anal. 97 (1991), 373-402.

——, FElliptic operators and Lie groups. Oxford Mathematical Mono-
graphs. Oxford University Press, Oxford etc., 1991.

RocKLAND, C., Hypoellipticity for the Heisenberg group. Trans. Amer.
Math. Soc. 240 (1978), 1-52.

RoTHSCHILD, L.P. and STEIN, E.M., Hypoelliptic differential operators
and nilpotent groups. Acta Math. 137 (1976), 247-320.

SMULDERS, C.M.P.A., Reduced heat kernels on homogeneous spaces. PhD
thesis, Eindhoven University of Technology, The Netherlands, 2000.
VAROPOULOS, N.T., Analysis on Lie groups. J. Funct. Anal. 76 (1988),
346-410.

A.F.M. TER ELST, DEPARTMENT OF MATHEMATICS AND COMPUTING SCI-
ENCE, EINDHOVEN UNIVERSITY OF TECHNOLOGY, P.O. Box 513, 5600 MB
EINDHOVEN, THE NETHERLANDS

DEREK W. ROBINSON CENTRE FOR MATHEMATICS AND ITS APPLICATIONS,
SCHOOL OF MATHEMATICAL SCIENCES, AUSTRALIAN NATIONAL UNIVERSITY,
CANBERRA, ACT 0200, AUSTRALIA



