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Recall question from part one

Question Which linear differential operators dR"

preserve harmonic functions? AnswerRi—
Zeroth order f +— constantx f

First order
V,=0/0x, Vy=038/0zy V3=0/0x 3
r1Vo— 29V, &C. 3
r1V1+ x9Vo + 23V3 —|—1/2 1
(1% — 9% — 23°)V1 + 22122V s + 20123V3 + 21 3

&C. —
DIMENSIONS - - - - - - - - - oot 10
[Dl, DQ] — D1D2 — Dng

Lie Algebra= so(4, 1) =|conformal algebra— NB!

Second pedagoaical talk, Geometry and Physics in Cracewdabiellonian University — p. 2/16



Second order

Boyer-Kalnins-Miller (1976)
Extras: o« Laplacian ( +— hA f for any smooth)
plus a35-dim’ family of new ones!

{Dl, DQ} — DlDQ = D2D1

O’s0(4,1) =? dim =10 x 11/2 = 55

O = S oc® R D

b0=30+14+1+5

Separation of variables (Bocher, Bateman, ...).
Third order...?
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Recall flat conformal geometry
Sn

stereographic projection

Action of SO(n +1,1) on S
by conformal transformations

‘flat’” model

Sn
Beltrami modelof
hyperbolic space

CFT
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Conformal Laplacian birac 1935

_ 2 2 2 2
r = x _|_33n _I_xn—kl — Tn+2
A B 82 T 82 I 82 82
0112 0r,° O0Tpi1?2 Oxp49°

f on null conec R"** homogeneous of degree~~

. ambiently extend tg’ of degreew

. freedomf — f + rg for g of degreew — 2

- calculate:A(rg) = rAg + 2(n + 2w — 2)g
w=1-n/2= f— (Af)|,—o is invariantly defined.
OnR"it's A On S” it's A 4(7};_21)}%
AdS/CFT| |Fefferman-Graham ‘ambient’ metric
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Symmetries of A

D asymmetry<— AD = oA for somey.
trivial example D = PA for anyP
equivalenceD; =Dy <— D; — Dy =PA

R™ ~~ A, = algebraof symmetries

under composition
up to equivalence

Write D = V9V, V.- - -V, + lower order terms

/ \
symbol normalise w.l.g. to bé&ace-free

| >4
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Theorems

~D a symmetry= trace-free part o/ (@}/bed) — (
—Easy
+~OnR", such a conformal Killing tensdr® ¢ ~ Dy,
—Not So Easy

Dy, 1s a canonically associated symmetry of the form

Dy = V¥ iy, V.- -V, + lower order terms

e E.g. First order
Dyf=VVauf + 52V V) f

e E.g. Second order

Dy f = V®V Vo f+5(Va VOV, f + (V Vi,V f

4(n—i—2)(n—i—1
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Ingredients of proof

e We can solve the conformal Killing tensor equation

v(avbc---d) _ g(ab)\c---d)

onR" by prolongation(use Lie algebra cohomology).—

W.rt.so(n +1,1).

— X
%/_/

# of columns= # of indices on/ %4

E.g.V’ = ®+m"x. + X’ + rexoa® — Jawor’

— translation+ rotation—+ dilation -+ inversion.

e Use ‘ambient method$o constructDy,.
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Algebra structure

AS a vector space

o0 e o o
An:e 5

S

Question What about the algebra structure?
Theorem

X so(n+1,1)

(X@Y - X0V —3[X, Y]+ rh(X,Y))

Cartan Lie Killing

n

Equivalently,
A, = U(so(n+ 1,1))/Joseph Ideal
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Proof of algebra structure

Calculate by ambient means that

DxDy = Dxoy + 5Pxy] — mpnsn Dixy)

and use properties of Cartan product (due to Kogtant
Remark simple Lie algebra= g # s((2,C) =

X g _
(XY -XoY -3iX,Y]-\MX,Y))

dim
for precisely one value of (Braverman and Joseph

~ graded algebrzg} ©’g.
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Conformal Laplacian cont'd

Know: A — #=5 R is invariant undeBO(n + 1, 1).

Better A 4(7};_2 ;R is ‘conformally invariant

Meaning
Gab ™ gab — ngab Vo~ Vo Raped ~ Raped R~ R

EG R=Q72(R—(n—1)2VT,+ (n —2)TY,))
whereY, = V,log 2

(A - fR) @5 = 0778 (A - g 2yR) f

L=A-4=2R Lf=Lf [=Q"%f

L invariantly defined between suitable line bundles.
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Operators on the three-sphere

A complete list ofSO(4, 1)-invariantlinear differential
operators between irreducible tensor bundles

» Standardwith suitable conformal weights)

@’;Al v @Z+b+1A1 v ®g+b+1A1 v @’;Al
fora,b € Z~¢ (a = b= 0 ~» de Rham complex)

» Non-standard

O'AYa +20] Y OPA—a — 3

fora+1/2,b € Z~y (a = —1/2,b = 0 ~» Laplacian)
Proofis by algebra (Lie theory and Verma modules)

TheoremAll these operators have conformally
Invariant ‘curved analogueés
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Conformal-to-Einstein operator

Let Py = 15 (Ru — 555 g ). Then

o — trace-free part NV ,Vyo + Po)

Is conformally invariantvhens = Qo (a = 1,06 = 0)

Geometric meaningheres # 0 (LeBrun 1985)

Do =0 <= o “g, is an Einstein metric

Prolong V.o — iy
Do =0 <= V,up+ Puyo + gupp
vap — Pab,ub

~» Curved translation principle

0
0
0

Cartan
connection
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Beware the four-sphere

>k
VAN
Patternx — x ay * —>
[ 7

K cf. de Rham
W EVOYE

TheoremMost of these operators have conformally
Invariant ‘curved analogueés

Standard] Non-standard

JA [1 Bateman, Yamabe, et alia

A? [ Paneitz, Riegert, Eastwood & Singer
A? [1 Graham

A=A [1 Gover & Hirachi

general cf. Eastwood & Slovak

Second pedagoaqical talk, Geometry and Physics in Cracewdabiellonian University — p. 14/16



References

* A.Cap & J. Slovak, Parabolic Geometries 1, AMS 20009.

®* P.A.M. Dirac, The electron wave equation in de-Sitter spAca.
Math. 36 (1935) 657-669.

®* M.G. Eastwood, Higher symmetries of the Laplacian, Ann.iMa61
(2005) 1645-1665.

®* M.G. Eastwood & J.W. Rice, Conformally invariant differext
operators on Minkowski space and their curved analoguasnim.
Math. Phys109(1987) 207-228 & Erraturti44(1992) 213.

®* A.R. Gover & K. Hirachi, Conformally invariant powers of thaplacian
—a complete non-existence theorem, Jour. AM$2004) 389—405.

® C.L. Fefferman & C.R. Graham, Conformal invariants, The
Mathematical Heritage of Elie Cartan, Astérisque 1985 98p-116.

® C.R. Graham, Conformally invariant powers of the Laplaclan
nonexistence, Jour. LM&6 (1992) 566-576.

Second pedagoaqical talk, Geometry and Physics in Cracewdabiellonian University — p. 15/16



THANK YOU

THE END
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