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Recall question from part one
Question: Which linear differential operators onRn

preserve harmonic functions? Answer onR
3:–

Zeroth order f 7→ constant× f
First order
∇1 = ∂/∂x1 ∇2 = ∂/∂x2 ∇3 = ∂/∂x3

x1∇2 − x2∇1 &c.
x1∇1 + x2∇2 + x3∇3 +1/2

(x1
2 − x2

2 − x3
2)∇1 + 2x1x2∇2 + 2x1x3∇3 + x1

&c.
Dimensions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

3

3

1

3

10

1

[D1,D2] ≡ D1D2 −D2D1

Lie Algebra∼= so(4, 1) = conformal algebra← NB!
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Second order
Boyer-Kalnins-Miller (1976)
Extras: ∝ Laplacian (f 7→ h∆f for any smoothh)

plus a35-dimℓ family of new ones!

{D1,D2} ≡ D1D2 +D2D1

⊙2
so(4, 1) =? dim = 10× 11/2 = 55

⊙ =
◦
⊕ ◦⊕ R ⊕

55 = 35 + 14 + 1 + 5

Separation of variables (Bôcher, Bateman, . . . ).
Third order. . . ?
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Recall flat conformal geometry

Sn

R
n

S
S

S
S

S
S

S
S

SS•

•

�
�
�
��

B
B

B
BB

stereographic projection

Action of SO(n + 1, 1) onSn

by conformal transformations
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‘flat’ model

Beltrami modelof
hyperbolic space

Sn

CFT
bulk
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Conformal Laplacian Dirac 1935

r ≡ x1
2 + · · · xn

2 + xn+1
2 − xn+2

2

∆̃ ≡ ∂2

∂x1
2

+ · · ·+ ∂2

∂xn
2

+ ∂2

∂xn+1
2
− ∂2

∂xn+2
2

f on null cone⊂ R
n+2 homogeneous of degreew 

• ambiently extend tõf of degreew

• freedomf̃ 7→ f̃ + rg for g of degreew − 2

• calculate:∆̃(rg) = r∆̃g + 2(n + 2w − 2)g

w = 1− n/2⇒ f 7→ (∆̃f̃)|r=0 is invariantly defined.

OnR
n it’s ∆ OnSn it’s ∆− n−2

4(n−1)R

AdS/CFT Fefferman-Graham ‘ambient’ metric
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Symmetries of∆
D a symmetry⇐⇒ ∆D = δ∆ for someδ.
trivial example: D = P∆ for anyP
equivalence: D1 ≡ D2 ⇐⇒ D1 −D2 = P∆

R
n
 An ≡ algebraof symmetries

under composition
up to equivalence

6

WriteD = V bc···d∇b∇c · · · ∇d + lower order terms

symbol
��*

normalise w.l.g. to betrace-free
HHY
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Theorems
D a symmetry⇒ trace-free part of∇(aV bc···d) = 0
Easy,

-

OnR
n, such a conformal Killing tensorV bc···d

 DV

Not So Easy/
-

DV is a canonically associated symmetry of the form

DV = V bc···d∇b∇c · · ·∇d + lower order terms.

• E.g. First order
DV f = V a∇af + n−2

2n
(∇aV

a)f

• E.g. Second order
DV f = V ab∇a∇bf + n

n+2
(∇aV

ab)∇bf + n(n−2)
4(n+2)(n+1)

(∇a∇bV
ab)f
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Ingredients of proof
•We can solve the conformal Killing tensor equation

∇(aV bc···d) = g(abλc···d)

onR
n by prolongation(use Lie algebra cohomology):–

· · ·
· · ·

◦︸ ︷︷ ︸
# of columns= # of indices onV bc···d

w.r.t. so(n + 1, 1).

E.g.V b = sb + mbcxc + λxb + rcxcx
b − 1

2x
cxcr

b

= translation+ rotation+ dilation+ inversion.

• Use ‘ambient methods’ to constructDV .
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Algebra structure
As a vector space

An =
∞⊕

s=0

· · ·
· · ·

◦︸ ︷︷ ︸
s

Question: What about the algebra structure?
Theorem

An =

⊗
so(n + 1, 1)

(X ⊗ Y −X ⊚ Y − 1
2 [X,Y ] + n−2

4n(n+1)〈X,Y 〉)

Lie KillingCartan
Equivalently,

An = U(so(n + 1, 1))/Joseph Ideal.
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Proof of algebra structure
Calculate by ambient means that

DXDY = DX⊚Y + 1
2D[X,Y ] −

n−2
4n(n+1)D〈X,Y 〉

and use properties of Cartan product (due to Kostant).
Remark: simple Lie algebra= g 6= sl(2, C)⇒

dim

⊗
g

(X ⊗ Y −X ⊚ Y − 1
2[X,Y ]− λ〈X,Y 〉)

=∞

for precisely one value ofλ (Braverman and Joseph)

 graded algebra
∞⊕

s=0

⊚
s
g.
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Conformal Laplacian cont’d
Know: ∆− n−2

4(n−1)R is invariant underSO(n + 1, 1).

Better: ∆− n−2
4(n−1)R is ‘conformally invariant’.

Meaning:
gab  ĝab = Ω2gab ∇a  ∇̂a Rabcd  R̂abcd R R̂

EG: R̂ = Ω−2 (R− (n− 1)(2∇aΥa + (n− 2)ΥaΥa))
whereΥa ≡ ∇a log Ω

(
∆̂− n−2

4(n−1)R̂
)

Ω1−n

2 f = Ω−1−n

2

(
∆− n−2

4(n−1)R
)

f

L ≡ ∆− n−2
4(n−1)R L̂f̂ = L̂f f̂ = Ω1−n

2 f

L invariantly defined between suitable line bundles.
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Operators on the three-sphere
A complete list ofSO(4, 1)-invariantlinear differential
operators between irreducible tensor bundles

• Standard(with suitable conformal weights)
⊙b
◦Λ

1 ∇
a+1

−−→
⊙a+b+1
◦ Λ1 ∇

2b+1

−−→
⊙a+b+1
◦ Λ1 ∇

a+1

−−→
⊙b
◦Λ

1

for a, b ∈ Z≥0 (a = b = 0 de Rham complex)

• Non-standard
⊙b
◦Λ

1[a + 2b]
∇2a+2b+3

−−−→
⊙b
◦Λ

1[−a− 3]

for a + 1/2, b ∈ Z≥0 (a = −1/2, b = 0 Laplacian)

Proofis by algebra (Lie theory and Verma modules)

TheoremAll these operators have conformally
invariant ‘curved analogues.’
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Conformal-to-Einstein operator

Let Pab ≡
1

n−2

(
Rab −

1
2(n−1)Rgab

)
. Then

σ
D
7−→ trace-free part of(∇a∇bσ + Pabσ)

is conformally invariantwhenσ̂ = Ωσ (a = 1, b = 0)

Geometric meaningwhereσ 6= 0 (LeBrun 1985)

Dσ = 0 ⇐⇒ σ−2gab is an Einstein metric

Prolong

Dσ = 0 ⇐⇒

∇aσ − µa = 0

∇aµb + Pabσ + gabρ = 0

∇aρ− Pa
bµb = 0

Cartan
connection

 Curved translation principle
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Beware the four-sphere

Pattern∗ → ∗
ր

ց

∗

⊕

∗

ց

ր
∗ → ∗
6 6

cf. de Rham
Maxwell

TheoremMost of these operators have conformally
invariant ‘curved analogues.’

Standard✓ Non-standard/

∆ ✓ Bateman, Yamabe, et alia
∆2 ✓ Paneitz, Riegert, Eastwood & Singer
∆3 ✗ Graham
∆≥4 ✗ Gover & Hirachi
general / cf. Eastwood & Slovák
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THANK YOU

THE END
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