WEIGHTED BMO SPACES ASSOCIATED TO OPERATORS

THE ANH BUI AND XUAN THINH DUONG

ABSTRACT. Let X be a metric space equipped with a metric d and a
nonnegative Borel measure u satisfying the doubling property and let
{At}+>0, be a generalized approximations to the identity, for example
{A:} is a holomorphic semigroup e ' with Gaussian upper bounds ge-
nerated by an operator L on L?*(X). In this paper, we introduce and
study the weighted BMO space BMO 4(X, w) associated to the the fa-
mily {A;}. We show that for these spaces, the weighted John-Nirenberg
inequality holds and we establish an interpolation theorem in scale of
weighted L? spaces. As applications, we prove the boundedness of some
singular integrals with non-smooth kernels on the weighted BMO space

BMO_4(X, w).
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1. INTRODUCTION

The BMO (bounded mean oscillation) function spaces introduced by John
and Nirenberg on Euclidean spaces and by Coifmann and Wiess on spaces of
homogeneous type played an important role in modern harmonic analysis,
see [13, 6]. It is known that the BMO spaces are good substitutions to
L™ spaces in studying the boundedness of Calderén-Zygmund operators
and in interpolation theory. Although Calderén-Zygmund operators are not
bounded on L°°, they map continuously from L*° to BMO. Moreover, it is
also known that if a linear operator 1" is bounded on I”,1 < p < oo and
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bounded from L* to BMO then by interpolation 7" is bounded on L? for all
p<q<oo.

In practical, there are large classes of operators which do not fall within
the scope of the Calderén-Zygmund theory of singular integral operators.
In these cases, the classical BMO space are no longer suitable spaces for
the study of the endpoint estimates at p = oo for such singular integral
operators. Note that the weighted estimates for singular integrals with non-
smooth kernels have been studied intensively by many authors, see for ex-
ample [3, 2, 7, 18, 19] and the references therein. Although the weighted
endpoint estimates at p = 1 have been investigated thoughtfully via the scale
of weighted Hardy spaces associated to operators, see for example [2, 18, 19],
the weighted endpoint estimates at p = co are less well-known and the aim
of this paper is to fill in this gap.

In this paper, given a family of operators {A4;};~¢ which is a generalized
approximations to the identity (See its definition in Section 2) and a suita-
ble weight w, we develop the theory of weighted BMO space BMO 4(X, w)
associated to A;. An important example of the family {A;} is when {A;} =
I — (I —e )M for some positive integer M in which e~** is a holomorphic
semigroup generated by an operator L on L?(X), assuming that L satis-
fies Gaussian heat kernel upper bounds and has a bounded L? holomorphic
functional calculus. We show that the new weighted spaces BMO 4(X, w)
retain some important properties, similarly to the classical weighted BMO
spaces. It turns out that the spaces BMO 4(X,w) play an essential role in
obtaining the weighted endpoint estimates at p = oo for singular integrals
such as the spectral multipliers and holomorphic functional calculi. While
it is not clear whether or not the weighted endpoint estimates at p = 1 in
[2, 18, 19] can interpolate to obtain the weighted LP estimates for singular
integrals, our interpolation theorem for the weighted spaces BMO 4(X, w)
implies the weighted LP norm inequalities for these operators, see Theorem
4.3. More precisely, the new results in this article are the following:

(i) The introduction of weighted BMO space associated to generalized
approximations of identity BMO 4(X,w) (Section 3.1);
(ii) The weighted John-Nirenberg inequality (Lemma 3.6), and the equi-
valence of BMOY (X, w) for 1 < p < co (Theorem 3.5);
(iii) An interpolation theorem concerning BMO 4(X,w) (Theorem 4.3);
(iv) Applications to some singular integrals with non-smooth kernels (Section
5).

We note that under suitable conditions on the operator L and the weight
w, the dual space of the weighted Hardy space Hi(X, w) associated to the
operator L introduced in [18] (see also [2, 19]) should be the weighted BMO
spaces BMOp+ (X, w) in this paper. However, we do not try to address this
issue in this article.

Throughout the paper, we shall write A < B if there is a universal con-
stant C' so that A < CB. Likewise, we shall write A ~ B if A < B and
B < A.
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2. PRELIMINARIES

We first recall the definition of the spaces of homogeneous type in [6]. Let
(X,d, 1) be a metric space with a metric d and a nonnegative Borel measure
u satisfying the doubling property

u(B(x,2r)) < Cu(B(x,r)) < o

for any x € X and r > 0, where the constant C' > 1 is independent of x and
r and B(z,r) = {y: d(z,y) <r}.

It can be verified that the doubling property implies that there exist
c,n > 0 so that

(1) u(B(z, Ar)) < eX'u(B(x, 7))

for all A > 1 and = € X. The value of parameter n is a measure of the
dimension of the space. Moreover, there also exist ¢ and N,0 < N < n, so
that

d(z,y)\N

@) p(B(.) < e(1+ DY (B )

for all z,y € X and r > 0. For further details on the spaces of homogeneous
type, we refer to [6].

To simplify notation, for a measurable subset E in X, we write V(E)
instead of pu(E). We will often use B for B(xp,rg). Also given A > 0, we
will write AB for the A-dilated ball, which is the ball with the same center
as B and with radius ryp = Arp and denote V(x,r) = u(B(z,r)) for all
x € X and r > 0. For each ball B C X we set

So(B) = B and S;(B) = 2/B\27'B for j € N
Recall that the Hardy-Littlewood maximal operator M is defined by

M () = sup V(lB) /B (@) d(z).

B>x
We now give a simple covering lemma which states that we can cover a

given ball by a finite overlapping family of balls with smaller radii. This will
be used frequently in the sequel.

Lemma 2.1. For any ball B(zp,lr) in X, withl > 1 and r > 0, then there
exists a corresponding family of balls { B(x1,r),...,B(xk, )} such that

(a) B(xzj,r/3) C B(xp,lr), forall j=1,....k;

(b) B(zp,lr) C U;?:lB(xj,r);

(c) k< CI";

(d) Z?:l XB(z;r) < C, where C is independent of | and r.

The proof of this lemma is just a consequence of Vitali covering lemma
and doubling property (1). Hence we omit details here.
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2.1. Approximations to the identity. Let {A;};~¢ be a family of linear
operators. Suppose that for each ¢t > 0, the operator A; has an associated
kernel a;(z,y) in the sense that

Auf () = /X at(.9) f (0)dp(y)

for every function f € U,>1LP(X).

Assume that the kernel a;(z,y) of A; satisfies the Gaussian upper bound

C d(z,y)™/ "V
(3) |a¢(z, y)| < WGXP(_CMM>’

for all t > 0 and =,y € X where m is a positive constant, m > 2.
The decay of the kernel a;(x,y) guarantees that A; is bounded on LP(X)
for all p € (1,00). More precisely, we have the following proposition, see [9].

Proposition 2.2. For each p € [1,00], we have
[Aef ()] S Mf(x)
forallt >0 and f € LP(X), p-a.e.

2.2. Muckenhoupt weights. We recall the definition and basic properties

of Muckenhoupt weights in [17]. Throughout this article, we shall denote

w(E) := [pw(z)du(r) and V(E) = p(F) for any measurable set £ C X.

For 1 < p < oo let p’ be the conjugate exponent of p, i.e. 1/p+1/p' = 1.
We first introduce some notation. We use the notation

1
} 1aduta) = s [ naauta).

A weight w is a non-negative measurable and locally integrable function on
X. We say that w € Aj, 1 < p < o0, if there exists a constant C' such that
for every ball B C X,

(4) ( ]é w(m)du(x)) ( ]i wfl/(l’*l)(z:)d,u(x))p_l <.

When p = 1, (4) is understood that there is a constant C such that for every
ball B C X,

]iw(y)d,u(y) < Cw(x) for a.e. x € B.

We set Ao = Up>14,.

For 1 < ¢ < oo, we say that the weight w belongs to the reverse Holder
class RH, if there is a constant C' such that for any ball B C X,

o) (4 wwautn)" < ¢ f w@duta).

When ¢ = oo, (5) is understood that there is a constant C' such that for any
ball B C X,

w(z) < C’]iw(y)du(y) for a.e. z € B.
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Let w € Aw, for 1 < p < oo, the weighted spaces LL,(X) are defined by

,(x) = {7 /X F(@)Pw(a)dp(z) < oo}

and we set
» 1/p
£z = ([ W@Pu)nt)
We recall some of the standard properties of classes of Muckenhoupt weig-
hts in the following lemma, see for example [17].

Lemma 2.3. The following properties hold:
(i) Ay C A, C Ay forl <p<q<oo.
(1) RHoo C RHy C RH), for 1 <p < ¢ < oc.
(111) If w € Ap,1 < p < o0, then there exists 1 < r < p < oo such that
weE A,.
() If w € RHy,1 < q < oo, then there exists ¢ < p < oo such that
w € RHp.
(v) Aso = Ut<pcoodp C Urcg<ooRHy

Lemma 2.4. For any ball B, any measurable subset E of B andw € Ap,p >
1, there exists a constant Cy > 0 such that
Cl(V(E)>p < w(E)
V(B) w(B)
If we RH,.,r > 1. Then, there exists a constant Co > 0 such that

w(B) CQ(V(E))

w(B) V(B)

From the first inequality of Lemma 2.4, if w € A; then there exists a
constant C' > 0 so that for any ball B C X and A > 1, we have

w(AB) < CA"w(B).

3. WEIGHTED BMO SPACES ASSOCIATED TO OPERATORS

3.1. Definition of BMO 4(X,w). Throughout this paper, we assume that
the family of the operators {A;};>0 satisfies the Gaussian upper bounds (3)
and these operators commute, ie. AgA; = AiAs for all s,t > 0. Note
that we do not assume the semigroup property AsA; = Ag1¢ on the family

{At}i>o.

Following [11], we now define the class of functions that the operators
{A¢}+>0 act upon. A function f € L} (X) is said to be a function of type

(xo, B) if f satisfies loc
|f(@)]? 1/2
(6) (/X (1 + d(zo, )PV (20,1 + d(zo0, :C))du(x)) << oo

We denote M(,, 5 the collection of all functions of type (zo,8). If f €
M), the norm of f is defined by

1 flla,, 5 = inf{c: (6) holds}.
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For a fixed o € X, one can check that M, 5 is a Banach space under the
norm || f||a,, .. For any x1 € X, My, g) = M(4, ) With equivalent norms.
Denote by

M = Uzpex Uo<p<oco M(z,8)-

Definition 3.1. A function f € M is said to be in BMO 4(w) withw € Ao,
the space of functions of bounded mean oscillation associated to {As}t>0 and
w, if there exists some constant ¢ such that for any ball B,

(7) / (1 = Ay f ()l dp() <

where tp = 1% (m is a constant in (3)) and rp is the radius of B.
The smallest bound ¢ for which (7) is satisfied is then taken to be the norm
of f in this space and is denoted by || f||Brro 4 (x,w)-

Remark: The space (BMO4(X,w), |- [lBmo_,(x,w)) IS @ seminormed vec-
tor space, with the seminorm vanishing on the space K 4, defined by

Ka={feM:Af(x) = f(x) for almost all z and for all ¢ > 0}.

In this paper, BMO 4(X, w) space is understood to be modulo K4.

The following result gives a sufficient condition for the BMO(X, w) to be
contained in BMO 4(X,w). The proof for the unweighted case was given in
[15] (see also [11]).

Proposition 3.2. Suppose that w € Ay and Ai(1) =1 for all t > 0, i.e.,
Jx at(z,y)du(y) = 1 for almost allx € X. Then the inclusion BMO(X,w) C
BMO 4 (X, w) holds where

1
BMO(X,w) := {f € Li.. : w) ‘= Su / — fBldp < oo}.
(X w) = A{f € Lioo | flBvocxw) = sup s [ 1f = faldpe < oo}

Proof. Let f € BMO(X,w). For any ball B, due to A:(1) = 1, we have

/ () — Auy f(2)ldu(z)

1
w(B

[ 1@ = [ e swants|int)
= L] [ a0 0@ - syt n)
5l

@) |n)x ats(x,y)<f($)—f(y))‘dp,(y)du(x)_
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This, along with (3), gives
/ [7(@) ~ Ay £ (2) du(z)
(2, )™/ (m=D)
/ / eXp t1/< 0 )
fly )Idu( )dp(x)
/ / i ),
]>2 (B)W(B) B JS;(B)
=1+ Z I;.

j22

Let us estimate [ first. We have

I5 g // ~ falduy)du(z)
// — fopldp(y)dp(z)

+ e || 1 = selduty)auta)

S fllBmocx w)-

For the term Ij,j > 2, we have
1;

S v [ L e ) @) - )| dut)dnte)
exp( c23m/m )
S ([ [ 1560 = Saldutuynto

//ZJ £ (y) = fai pldp(y)dp(z)
+/B/2jB|f21'BfB‘du(y)d'u(x))

S llBMoxw)-

These estimates on [ and I;,j > 2 give || fllBmo 4 (x,0) < Il fllBMO(X,w)- This
completes our proof. O

Proposition 3.3. Fort > 0,K > 1 and w € Ay we have for a.e. x € X

w(B(z, /™))

[(Auf (@) = Aref()] S (L+log K) =7 =

I flBMO 4 (X,0)-

Before coming to the proof, we would like to mention that the same esti-
mates as in Proposition 3.3 was obtained in [11] under the extra assumption
of semigroup property on the family {A;}. While the argument in [11] relies
on Christ’s covering lemma, our argument uses Lemma 2.1.

Proof. For any s,t > 0 such that t < s < 2¢, we have
[Aef (@) = Asf(2)] < A = As) f(2)| + [As((I = Ag) f(@))] := T1 + L.
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We first estimate I;. The Gaussian upper bound (3) of A; and the fact that
t =~ s gives that

1 d(z, )™/
< —e—1Z7 —
1 % g o (= M)~ AWl
! d(z,y)™/ Y
< —e—2Z7 —
ST Sl/m) /B(“Um)exp( T = A)F()ldily)
d(z,y)™ "
e o) /gj(B@,sl/m))eXP(‘c =)0~ A0 1)

= I + lej-

Jj>2
For the term I71, since t ~ s and w € A1, we have

w(B(z,s™))

w(B(z,t'™))
V(. s1/m) < CllfllBMoaxw) 77—

V (x, t1/m)
For j > 2, using Lemma 2.1 we can cover the annulus S;(B(z, s'/™)) by a
)

(
finite overlapping family of at most C2/" balls B (mfc, s1/m) . Using w € Ay,
we can dominate the term I; as follows.

Ly < [ FllBMO 4 (xw)

1 d(l‘, y)m/(mfl)
I < —— —c————— | |(I — A, d
g V(l‘, sl/m) /Sj(B(z,sl/m)) P ( ‘ st/(m=1) ) |( )f(y)| M(y)

1 / 2/ (m=1)
—_— e ¢ I — Ag)f(y)ldu(y
Vi) s (7 = A) £ (3) dn(y)

eV (T = A F(y)|dp(y)

wM

V(z, sl/m /B(xiysl/m)

2

w( )) _¢2i/(m=1)
< c
Zk: V (z, Sl/m e £ lBMO 4 (X 0)

w(B(J:’QJS/ )) _ 23/ (m—1)
S Viz,st/m)  © 1/ 1BMO A (3 0)

w(B(xz,275Y™))  oi/m-1)
< gin > c
< Vi sUm) ¢ | fllBMO 4 (3 0)

w(x, t/™)

L 9j/(m—1)
S 2neme¥ HfHBMOA(Xw)m

This implies
w(B(x,t"™))
L < C||f||BMoA(X,w)W
A similar argument also gives

w(B(z, t"/™))
I < CIIfIIBMoA(X,wW
Therefore, we have

w(B(z,t"™))

(8) [(Af(z) — Arrs f(2)| S N fllBMO A (X 0 Va, (/M)
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for all t < s < 2¢.
In general case, taking I € N such that 2! < K < 2+, we can write

(9)
l
(Acf () = A f(@)] < [Agn @) = Ay f(@)] + Ay f () = Ao f ()]
1

I w(Blz,2710m))

Since w € Ay, we have
w(B(z, 26¢1/™))
V(z,2k¢1/m)

w(B(z, /™))
V(x, tt/m)

<C

for all £ > 0.
This together with (9) gives

B 1/m
(At ) = At (@] 5 (14 o Bl lntocxn s

This completes the proof. O

3.2. John-Nirenberg inequality on BMO 4(X,w). In this section, we
will show that functions in the new class of weighted BMO spaces BMO 4 (X, w)
satisfy the John-Nirenberg inequality. The unweighted version was obtai-
ned in [11]. Here, we extend to the weighted BMO spaces associated to the
family of operators {A;}~o.

Definition 3.4. For w € A; and p € [1,00), the function f € M is said to
be in BMO’;‘(X, w), if there exists some constant ¢ such that for any ball B,

(10) <w(13) /B (I — AtB)f(:E)|pw1_P(x)du(x)) Vp <ec.

where tp = and rp is the radius of B.
The smallest bound ¢ for which (10) holds is then taken to be the norm of f
in this space and is denoted by ||f”BMOf4(X,w)'

Similar to the classical case, it turns out that the spaces BMOZ(X ,w) are
equivalent for all 1 < p < co. More precisely, we have the following result.

Theorem 3.5. For w € Ay and p € [1,00), the spaces BMO® (X, w) coin-
cide and their norms are equivalent.

Before coming to the proof Theorem 3.5 we need the following result.

Theorem 3.6. For w € Ay and f € BMO4(X,w), there exist positive
constants c1 and co such that for any ball B and A > 0 we have

(11)

w{z € B: |(f(z)—=Ass f(x))w™ (2)] > A} < crw(B) exp (_Hf!mi?(m>

Proof. Let us recall that if w € A, there exist C' > 0 and § > 0 such that
for any ball B and any measurable subset £ C B we have
4
w(E) _ ()Y
w(B) 1(B)
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So, to prove (11), it suffices to show that
(12)

ple € B (@)~ A F(@)w (@)] > A} < er(B) exp (— 2

- HfHBMOA(X,w)).

The proof of (12) is similar to that of Theorem 3.1 in [11] in which Propo-
sition 2.6 in [11] is replaced by Proposition 3.3. However, for the sake of
completeness, we sketch out the proof here.

Without the loss of generality, we may assume that || f||gmo 4 (x,w) = 1-
Then we need to claim that for all balls B, we have

(13)  ple € B:|(f(x) — Apf@)w (@) > A} < cre A u(B).

If < 1, (13) holds for ¢; = e and ¢ = 1. Hence, we consider the case
a>1.
For any ball B C X, we set

fo=[(f(x) = Ae, f(2))w™ (2)]x108-
Then, using the fact that w € A;, we have
[ foll 1 S/ (1 = Au) f (@) |w™ (2)dp()
10B

V(10B) - N
< om0 = A @)
< V(B fllmsiocem = V(B).

Taking 5 > 1, we set
F={x:M(fo)(x) <p} and Q=X \F.
Then we can pick a family of balls {B; ;}:°, so that
(1) UiBl,i = Q;
(ii) there exists x > 0 so that ) ; xB,;, < K;
(ili) there exists ¢ such that coBy; N F # () for all 4.

See [6, Chaptier].
For z € B\ [U;B1], by (i), we have

(I = A f(2)[w ™ (2) = |fo(@)xr(z) < M(fo)()xr(z) < B.

Moreover, from (ii)-(iii) and the fact that the Hardy-Littlewood maximal
function M is of weak type (1, 1), we have

S uBa) S wl@) S ol

e
< SV(B).

By using argument as in [11, pp. 24-25], we can prove that for By ;N B # 0,
we have

|(Atg, , — Aep) f()|w ™ () < eaff
for all x € By ;.
On each B, repeat the argument above with the function

Jri=11- AtBl,i)f(‘r)w_l(x)]X1OBl,i
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and the same value §. Then we can pick the family of balls { By, }2°_; such

that

(a) for any @ € By \ [UnBam], [(I — Awp ) f(2)lw™ () < B;

(b) 2o 1(Bom) < GV (Bu,);

(c) for any Bom 0 Bis £ 0, [(As, — Auy @)\ (2) < es6, for al
T € Bg’m.

We now abuse the notation {Bs,,} for the family of all families {B2,,}
corresponding to different Bi’is. Then, for all z € B\ [Uy, Ba,,] we have

(1 = Asp) f (@)™ (2) ST = A, ) f(z)|w™" ()
+ [(Atg, , — Atp) f (@) Jw ™" ()
<2¢4f3

and
> n(Bam) < (3) V(B

In the consequence, for each K € N we can find a family of balls { B, } 5°_;
so that

(I — Aip)f(2)|[w™(x) < Keyf for all @ € B\ [Up, By

and

> uBrn) < () V()

If Keaf < a< (K +1)eyp for all K € Ny, we have

pla € B (@) = A @) (@) > A < 3 n(Brn) < () V()

I
< Vesp (- 0‘45335 )V (B)

provided 8 > c%.
If a < ¢4, then

ple € B [(f(2) = A f@) [ (2) > \} S ¢ W7V (B).
Hence, this completes our proof. O
Proof of Theorem 3.5: For f € BMO® (X, w), using Holder’s inequality,
We have for all balls B,

/|I Aip) f(@)]dp(z)
s (L1 = as@pet @) " (L [ w@du)

Hf”BMOp (X,w)*

This implies that BMOY, (X, w) € BMO4(X, w).

IN
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Conversely, by Lemma 3.6, we have for any f € BMO 4(X, w), the ball B
and p € [1,00)

/ (I = Auy) () Pt () dp(x)

= =7 |10 = A @ @) u(@)dua)

= w(pB)/O N lw{z € B |(I — Ay) f(x)w™H(x)] > A\}dA

1 > A
<cp——— N lw(B)e —cg— )dA
B pw(B>/o (B) Xp( 2HfHBMoA(X,w)>

< &l f 1 Baoax )

The proof is complete.

4. AN INTERPOLATION T'HEOREM

In this section, we study the interpolation of the weighted BMO space
BMO 4 (X, w) in general setting of spaces of homogeneous type. Firstly, We
review the concept of the sharp maximal operator Mﬁl associated to the
family {A;}i>0 defined on LP(X),p > 0 as well as its basic properties in
[15],

M @) = sup (s [ 10 = Ay f(o)lauta)),
zeB
where tp = .
We recall the following results in [15].

Theorem 4.1. Let 0 < p < 00 and w € As. For every f € L}(X) with
Mf e LE,(X), we have

(i) MY f(z) < ch(sc)-
(i) [[M fllrz,x) < CHMAf”Lp(X) if u(X) = oo.
(i1i) || M fl| e (x <C(HMAfHLp y L) if p(X) < oo.

In what follows, the operator T is said to be bounded from wIL* to
BMO 4(X,w) if there exists ¢ such that for all f € L*>°(X),

HT(fw)HBMOA(X,w) S fllzee-

We recall an interpolation theorem for the classical weighted BMO in [5].

Theorem 4.2. Let T be a linear operator which is bounded on L?*(R™).
Assume that T and T* are bounded from wL> to BMO(X, w) for allw € A;.
Then T is bounded on LY, (R™) for all 1 < p < 0o and w € A,,.

It is interesting that our weighted BMO 4(X,w) can be considered as a
good substitution the classical weighted BMO in the sense of interpolation.
By adapting the arguments in [5] to our situation, we will establish an in-
terpolation theorem concerning the our weighted BMO spaces BMO 4 (X, w)
which generalizes Theorem 4.2 to the range of weights and to the weighted
BMO spaces associated to the family {A;}~0.
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Theorem 4.3. Assume that T is a linear operator which is bounded on
L*(X). Assume also that T is bounded from wL>® to BMO4(X,w) and
T* is bounded from wL> to BMO4+«(X,w) for all w € A; N RH with

1 <s <oo. Then T is bounded on Liy(X) for all s < p < 0o, w € Ayq.

Proof. For the sake of simplicity we assume that p(X) = oo, the case that
1(X) < oo can be treated in the same way. When w = 1, the operator T is
bounded from L* to BMO 4(X,w). Due to [11, Theorem 5.2], T is bounded
on LP(X) for p € (2,00). By duality, one gets that 7" is bounded on LP(X)
for p € (1, 00).

Now for w € A1 N RH; and f € L*™°(X), we have

W @M wh)a) = sup gz [ 1= AT )l @)

B>z
1 *
< sp s /B (T = Ay )T (wf) ()l dp(y)

< [T (wf)llsmo 4 (xw) < cllf| Lo
for all x € X. This implies that the operator w_lMﬁLT* » 1s bounded on
L®(X), where MY ;. is defined by M 7., f = M%(T*(wf)). On the
other hand due to Proposition 4.1 and the L?-boundedness of T*, M,ﬁa\,T* is
bounded on L?(X). This together with the interpolation, see for example
[4], gives
wPME (T ) L L9 — L9,
where 1 +1 =1,
Thispir—:lpqlies
M e L(w?* ™) — L(w? ),
Using Theorem 4.1, we have
T* : LY(w?™9) — LY (w?™9).
Let g € LY(w?79) and f € LP(w?P). We have

/X (T f)gldu = /X Fut (T g5V dps < TG Lo fl| Lo wzn).

By duality, T : LP(w? P) — LP(w?*P), or, w?P~1Tw!=2/P . [P — [P,
On the other hand, for f € LP and g € L9, we have

/X T(f?/ Yyt~ ag|dy = /X )T (w0 2g) (da < o Lol oo,

and hence w!'~2/9Tw?/a=1 . [P — [P
Since we can interchange T and T*, we can show that for % + % =1,p
near 1, and w,v € Ay,

w2 9T/ [P s [P and ¥/ T e L1 LA,
By interpolation, we obtain

wa(t)vﬁ(t)T(w*a(t)v*B(t)) CLYE S YV for <t <

for all v,w € A; N RH,, where a(t) =t — % and B(t) =t —
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This gives T': LP°(u) — LP°(u) whenever

(15) U= wpoa(l/pO)UPOB(l/po), w,v € Ay N RH; and p < pg < q.

Take po = (¢ + s) — gs/p and rg = %. For any u € A, /s, by Jones
Factorization, there exist ui,us € Ap such that v = ulu;po/s, see [14].
Setting u; = w] and ugp = w3, then wy,ws € A; N RH,. Hence, we can
pick § > 0 so that u}+5,u§+5 € A;. For p close enough to 1, rg < 1+ 6
and hence u}® = w(°®, uy’ = wy"® € A;. This implies w°, wy’ € Ay N RH,.
Due to (15), T is bounded on LP°(v), here v = (w})Poe(1/Po) (470 )PoS(1/po) —
wfwg(lfpo) = u. Applying Theorem 4.9 in [3], T is bounded on L%,(X) for
all s <p < oo and w € A,/s. This completes our proof. O

5. APPLICATIONS TO BOUNDEDNESS OF SINGULAR INTEGRALS

Let X be a space of homogeneous type (X,d,u). Let T be a bounded
linear operator from L?(X) to L?(X) with kernel k such that for every f in
L*>°(X) with bounded support,

Tf(z) = /X k(e 9) f (v)duly),

for p-almost all x ¢ suppf. We will consider the following conditions:

(H1) There exists a class of approximation to the identity {A;}¢~0 sa-
tisfying (3) such that the operators (T'—.A,T") and (T'—T'A;) have associated
kernels K} (z,y) and K?(x,y) respectively and there exist positive constants
a and cq, ¢ such that

1 to/m
V(z,d(z,y)) d(z,y)*

max{| K7 (z,y)|, |K; (2, y)[} < e

when d(z,y) > ¢t'/™.

(H2) There exists a class of approximation to the identity {A;}i~0 sa-
tisfying (3) such that the operators (7'—.A;T") and (T'—T'A;) have associated
kernels K/ (z,y) and K?(x,y) so that there exist 1 < py < oo and § > 0
such that for any ball B C X we have

(16) (/S(

J
forall ze€ B,all j >2andi=1,2.

It was proven in [7] that if 7" is an operator satisfying (H1) or (H2) above,
then 7" bounded on LP(X) for 1 < p < 2. Note that condition (H2) does
not require the regularity assumption on space variables. This allows us to
obtain LP-boundedness of certain singular integrals with nonsmooth kernels
such as the holomorphic functional calculi and spectral multipliers of L, see
Subsections 5.1 and 5.2.

We now prove the following theorems:

. 1 ] )
Kl GopPan(y)) " < 2790 (@9B) !
B °

Theorem 5.1. Let T be an operator satisfying (H1). Then for any w € Ay,
T and T* are bounded from wL>(X) to BMO4(X,w) and from wL*>®(X)
to BMO4+(X). Then, by interpolation, T is bounded on LL,(X) for all
p € (1,00) and w € A,,.
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Proof. For f € L*°, we claim that

1
5 /B (I = A T(fw) (@)ldp(z) < C| |1

for any ball B C X.
Set f = fi1 + f2 where f1 = fx.p with ¢ = max{ci,4}. We have

5 [0 = AT () @)ldn(e) s(B/u Aug YT (fuw) () ()

1 /u Auy )T fow) ()| dp()
—11—1—12.

Let us estimate I; first. Since w € A; then there exists r > 1 such that w €
RH,. Using the LP boundedness of T" and the Hardy-Littlewood maximal
function, we have

n<e s /M (frw))(z)dp(z)

< C@HT(flw)HLT'V(B)l/T
< CHfHwa(lB)UB @) VB
< el i VD VB =l

For the second term, by (b) we have

L < —= //X\ ; (@, y) (faw) (y)ldp(y)dp(z)
/. /X \dew»d( B ()0 () )
<elfle gy [, o Vo g )

Since ¢ > 4, we have

,rOé
el w5 Byl du(x)
2w W) d(@,y)°
B) w(29 B)
< || fllzee 2 J / .
22" 0B |, Vo)
< || fllzes-
The boundedness of T* can be treated similarly. This completes our proof.
O

Theorem 5.2. Let T be an operator satisfying (H2). Then for any w €
A1NRHy, T and T* are bounded from wL>®(X) to BMO4(X,w) and from
wL>®(X) to BMO4«(X). Then, by interpolation, T is bounded on L, (X)
for all p € (py,00) and w € Ay
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Proof. For f € L>® and w € A1 N RHy , we will claim that

1
B)/B (I — AT (fw)(@)|dp(z) < C| fllpee

for balls B C X.

Using the decomposition f = Ej22 fj + fo where fo = fx2p and f; =

fXS- (B), We have

/ (I = AT (fw) (@) d(z)

<

+
Jj=

=1Ip+

/ (I = Auy)T(fow) (@) du(x)

ZI

7j>2

Since w € RH,, , using the L” boundedness of T and the Hardy-Littlewood

maximal function, we have

1
o /B M (T (fow))(x)dp(x)

o
w(B)

S Il

<

~

w(B)
w(B)

S W~ 25775

()l v
1 wPo (1 T /v 1/po
(] whadu) "vis)

(B)l/po

V(B)!/7V (B)#6 = ¢ f| o

For j > 2, by (H2) and Hélder’s inequality, we have

I; <

.T)

w(lB// =

'Y (f] )y

) du(y

)dp(x)

1 . 1/po o . 1/p
=W B)/ (/S,(B K (@) dn()) (/Sj(B) ) Phduy))
V(B) o . 1/}
S w(B)z 1y (27 B)\/P 1”fHL°°</2jB) lw(y)[P d,u(y))
S flye Y ()
< o-jsV(B) ( )
Since w € Ay,
V(B) w(2/B)
wB) V@B =
Therefore,
YL S 27PN e SIF Iz
j>2 j

provided § > 0.

)/ (I — Ay ) T(fw) ()| dps(x)
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This yields that 7" is bounded from wL>(X) to BMO 4(X,w). The boun-
dedness of T™ can be treated similarly. This completes our proof. O

5.1. Holomorphic functional calculi. We now give some preliminary de-
finitions of holomorphic functional calculi as introduced by A. McIntosh [16].
Let 0 < v < m. We define the closed sector in the complex plane C

Sy, ={z€C:|argz| <v}
and denote the interior of S, by S9.

Let H(SY) be the space of all holomorphic functions on SO. We define
the following subspaces of H(SY):

Hoo(Sy) = {b € H(S)) : [|bl| < 00},
where ||b||oo = sup{|b(z)| : z € S}, and
V(Sy) = {¢ € H(S)) : 3s > 0, ()] < el2*(1+ [>T~}

Let L be a linear operator of type w on L?(X) with w < 7/2; hence L
generates a holomorphic semigroup e **,0 < |Arg(z)| < /2 — w. Assume
the following two conditions.

Assumption (a): The holomorphic semigroup e *%,0 < |Arg(2)| < /2 —
w, is represented by the kernel p,(z,y) which satisfies the Gaussian upper
bound

1 d(z,y)™/ (m=1)
(17) pz(z,y)| < O (o[ m) P < - (C|Z’1)/(7n—1)>

for z,y € X, |Arg(z)| < w/2 — 6 for 6 > w.
Assumption (b): The operator L has a bounded H,-calculus on L?(X).
That is, there exists ¢,2 > 0 such that b(L) € L£(L? L?), and for b €
Hoo(S5),

[1b(L) fll2 < cvllbllol[ f]l2
for any f € L*(X).

We have the following result.

Theorem 5.3. Let L satisfy conditions (a) and (b) and let f € Hyo(SY).
Then for any w € A1, f(L) and [f(L)|* are bounded from wL*(X) to
BMO4(X,w) and from wL®(X) to BMO 4+ (X) where Ay = e~'X. Then,
by interpolation, g(L) is bounded on LY, (X) for all p € (1,00) and w € A,,.

Note that in the similar condition, it was proved in [7] that the functional
calculus f(L) is of weak type (1,1) and hence bounded on LP(X) for all 1 <
p < oo. Moreover, the weighted estimates for the functional calculus f(L)
were investigated in [15] in which the author proved that f(L) is bounded
on L,(X) for all 1 < p < oo and w € A,. Here, in Theorem 5.3, we prove
the weighted endpoint estimates for the functional calculus f(L) and then
by the interpolation theorem we regain the weighted estimates for f(L).

Proof. By the convergence lemma in [16], we can assume that f € ¥(SY).
Then, it was proved in [7] that g(L) and [g(L)]* satisfy (H1) with A; = e~*~.
Hence, the desired result follows directly from Theorem 5.1. (]
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5.2. Spectral multipliers. Let L be a non-negative self-adjoint operator
on L?(X) and the operator L generates an analytic semigroup {e~**};~¢
whose kernels p;(x,y) satisfies Gaussian upper bound:

¢ d(z,y)™ "1
(18) e, y)| < W exp < - Cw)

for all z,y € X and t > 0.
By the spectral theorem, for any bounded Borel function F' : [0,00) — C,
one can define the operator

(19) F(L) = /0 T FOAE(O)

which is bounded on L?(X). We have the following result.

Theorem 5.4. Let L be a non-negative self-adjoint operator satisfying (GE).
Suppose that n > s > n/2 and for any R > 0 and all Borel functions F such
that suppF' C [0, R],

(20) J k) Pane) < 5

for some q € [2,00]. Then for any Borel function F such that

10RF |74

sup ||nd¢ F||ya < oo,
>0

where 6tF(A) = F(tA\), |Fllye = [[(I — d?/dz?)*/?F||pa, the operator F(L)
and F(L)* = F(L) is bounded from wL>® to BMO(X,w) for all w €
AN RH,,, where Ay =1 — (I — e YM for M > = and ro = n/s. Hence

by interpolation, F (L) is bounded on Liy(X) for w € Ay, and p € (rq,00).

Note that under the condition as in Theorem 5.4, it was proved in [§]
that the spectral multiplier F'(L) is of weak type (1,1) and hence bounded
on L, (X). The weighted estimates for F(L) was studied in [1, 10]. The
main contribution in Theorem 5.4 is the weighted endpoint estimates for
the spectral multipliers F'(L).

Proof. From the proof of Theorem 4.5 in [1], we get that (H2) holds for
T := F(L) and the family A; :=1— (I — _tL)M for M > = and all pg < r{).
Hence, using Theorem 5.2 and letting py — r{, , we get the desmed result. O
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