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1. Introduction

One ultimate goals of algebraic geometry is to classify all the projective
varieties X ⊂ Pn over C up to isomophism. Rational curves play a very im-
portant role in the classification theory of algebraic varieties.Rational curves
are, by definition, images of the projective line P1 by non-constant mor-
phisms, thus very special objects in algebraic geometry. In fact, a “very
general algebraic variety”, called non-uniruled varieties, will not carry any
rational curve on it, while many varieties, called uniruled varieties, carry
sufficiently many rational curves. For those algebraic varieties which do not
carry much rational curves, one wishes to construct a “minimal model” by a
sequence of contractions analogous to the blow-downs. The study of ratio-
nal curves on algebraic varieties includes the following topics: techniques to
find rational curves on certain class of varieties; characterization of uniruled
varieties; generic semipositivity of the cotangent bundle of non-uniruled va-
rieties; decomposition of a given variety into the “non-uniruled part” and
the ”rationally connected part”; and their applications.

In 80’s, based on the understanding of the role of rational cuves on al-
gebraic varieties, Mori proposed his Minimal Model Program (MMP) for
birational classification of higher-dimensional algebraic varieties. Mori pro-
gram divides algebraic varieties into two categories: uniruled varieties and
non-uniruled varieties. The minimal model program was carried out to a
large extent in higher dimensions. See [BCHM, D, K1, KM, Mat1, Siu] for
more details. Roughly speaking, if we take MMP as a classification machine,
then we will obtain either a minimal model or a Mori fiber space when we
put an algebraic varieties into the machine, i.e.,

X
↓

MMP
↙ ↘

Xmin:a minimal model Xmori: a Mori fiber space

Among uniruled varieties, there is a special class consisting of rationally
connected varieties. Roughly speaking, a variety X is said to be uniruled if
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X contains a rational curve through every point. If two arbitrary points on
X can be joined by a rational curve on X, X is called rationally connect-
ed. Even for uniruled algebraic manifolds, the classification is also difficult.
Uniruled (or rationally connected) curves are nothing but rational curves.
In dimension two, a uniruled ( resp. rationally connected) surface is a ruled
(resp. rational ) surface.

In symplectic geometry category, symplectic geometers [Ltj1, Ltj2, M1,
M2, M3]was looking for a suitable classification theory for symplecitic man-
ifolds long since. In the early 90’s, Ruan [R1, R2] first speculated that
Mori’s MMP could be extend to symplectic geometry via the newly cre-
ated Gromov-Witten theory, this means that there should be a birational
symplectic geometric program. In particular, Ruan [R2] extended Mori’s
extremal rays to the symplectic category and used it to study the symplec-
tomorphism group. Similar to the role of rational curves in the classification
theory of algebraic varieties, one needs to find its corresponding in symplec-
tic category. Gromov [Gr] introduced the peudo-holomorphic curves into the
symplectic category. Ruan-Tian [R1, RT1, RT2] first established Gromov-
Witten theory for semi-positive symplectic manifolds. Later, semi-positivity
condition has been removed by many authors [B, FO, LT1, LT2, R3, S]. The
flexibility of symplectic geometry should give a better understanding of bira-
tional algebraic geometry in the same way that the Gromov-Witten theory
gave a much better understanding of the role rational curves in Mori theory.
Kollár [K2] and Ruan [R3] used Gromov-Witten invariants to characterize
the uniruledness of projective manifolds, and proved that a smooth projec-
tive uniruled manifold carries a nonzero genus zero Gromov-Witten invariant
with a point insertion. This result convinced symplectic geometers of the
existence of birational symplectic geometry.

To classify symplectic manifolds in birational way, one first needs to gen-
eralize the notion of birational equivalence in algebraic geometry to sym-
plectic geometry. Simple birational operations such as blow-up/blow-down
were known in symplectic geometry for a long time [GS, MS]. But there was
no direct generalizaiton of a general birational map in the flexible symplectic
category. Recall that two algebraic varieties are birational equivalent if and
only if there is an isomorphism between Zariski open sets, i. e., there is a
birational map between them, but not necessarily defined everywhere. If a
birational map is defined everywhere, it is called as a contraction. Since a
contraction changes a lower dimensional uniruled subvariety only, this en-
ables us to view it as a topological surgery. On the other hand, Abramovich-
Karu-Matsuki-Wlodarczyk [AKMW, Mat2] showed the weak factorization
theorem that any birational map between projective manifolds can be de-
composed as a sequence of blow-ups and blow-downs. This result matches
perfectly the picture of the wall crossing of symplectic reductions analyzed
by Guillemin and Sternberg in the 80’s [GS]. Therefore, together Tian-
Jun Li and Yongbin Ruan, the author [HLR] proposed to use their notion
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of cobordism in [GS] as the symplectic analogue of the birational equiv-
alence, called symplectic birational cobordism, see subsection 2.1. Based
on the theorem of Kollár-Ruans [K2, R3], we call a symplectic manifold
(X,ω) (symplectically or numerically) uniruled if there is a nonzero genus
zero Gromov-Witten invariant with a point insertion. Furthermore, we also
showed that symplectic uniruledness is a birational invariant. This result
took the decisive step toward the classification of symplectic manifolds, i.
e., birational symplectic geometry.

In Mori’s theory (dimension ≥ 3), if the fundamental birational invariant
– the Kodaira dimension κ ≥ 0, then in a birational equivalence class MMP
may produce many minimal models which are isomorphic in codimension
one. But when we look at the other end of MMP, i. e., the Mori fiber s-
pace which is uniruled, they may not even be isomorphic in codimension one
even in a fixed birational equivalence class. Therefore it is necessary to fur-
ther analyse the structure of uniruled varieties. Among uniruled varieties,
rationally connected variety is a class of varieties with stronger property,
on which a general pair of points can be connected by a rational curve. If
we hope to characterize the geometry and topology of rationally connected
varieties similar to the uniruled case as we do in [HLR], then we propose
to define symplectically (or numerically ) rationally connectedness via a
nonzero genus zero Gromov-Witten invariant with two point insertions. If
we choose this definition, then we need to ask the whether a rationally con-
nected projective variety is symplectically rationally connected or not, and
whether symplectically rationally connectedness is invariant under symplec-
tic birational cobordism. This expository paper will survey the development
along this direction.

Acknowledgements: The authors would like to thank the organizers for
inviting me attend this conference at Kioloa campus of Australian National
University.

2. Preliminaries

2.1. Birational Cobordism. In this subsection, we will introduce sym-
plectic biratonal cobordism. Readers may find all the details in [GS, HLR].
We start with the definition which is essentially contained in [GS].

Definition 2.1. Two symplectic manifolds (X,ω) and (X ′, ω′) are bira-
tional cobordant if there are a finite number of symplectic manifolds (Xi, ωi),
0 ≤ i ≤ k, with (X0, ω0) = (X,ω) and (Xk, ωk) = (X ′, ω′), and for each i,
(Xi, ωi) and (Xi+1, ωi+1) are symplectic reductions of a semi-free Hamilton-
ian S1-symplectic manifold Wi (of 2 more dimension).

Here an S1-action is called semi-free if it is free away from the fixed
point set. Before state the generalization of weak factorization theorem
to symplectic geometry, we first need to introduce Z-linear deformation of
symplectic structures.
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Definition 2.2. A Z-linear deformation is a path of symplectic form ω+tκ,
t ∈ I, where κ is a closed 2-form representing an integral class and I is an
interval. Two symplectic forms are Z-linear deformation equivalent if they
are joined by a finite number of Z-linear deformations.

According to [GS], we have the following basic factorization result:

Theorem 2.3. A birational cobordism can be decomposed as a sequence of
elementary ones, which are modeled on blow-up, blow-down and Z-linear
deformation of symplectic structure.

Comparing with the weak factorization theorem, we have

Theorem 2.4. Two birational projective manifolds with any polarizations
are birational as symplectic manifolds.

2.2. GW-invariants. As mentioned in the introduction, in this note, we
want to use Gromov-Witten invariant to characterize the property of ra-
tionally connectedness of symplectic manifolds. So in this subsection, we
introduce the Gromov-Witten invariant and its degeneration formula.

Suppose that (X,ω) is a compact symplectic manifold and J is a tamed
almost complex structure.

Definition 2.5. A stable J-holomorphic map is an equivalence class of pairs
(Σ, f). Here Σ is a connected nodal marked Riemann surface with arithmetic
genus g, k smooth marked points x1, ..., xk, and f : Σ −→ X is a continuous
map whose restriction to each component of Σ (called a component of f in
short) is J-holomorphic. Furthermore, it satisfies the stability condition: if
f |S2 is constant (called a ghost bubble) for some S2-component, then the S2-
component has at least three special points (marked points or nodal points).
(Σ, f), (Σ′, f ′) are equivalent, or (Σ, f) ∼ (Σ′, f ′), if there is a biholomorphic
map h : Σ′ −→ Σ such that f ′ = f ◦ h.

An essential feature of Definition 2.5 is that, for a stable J-holomorphic
map (Σ, f), the automorphism group

Aut(Σ, f) = {h | h ◦ (Σ, f) = (Σ, f)}

is finite. We define the moduli spaceMX
A (g, k, J) to be the set of equivalence

classes of stable J-holomorphic maps such that [f ] = f∗[Σ] = A ∈ H2(X,Z).
The virtual dimension of MX

A (g, k, J) is computed by index theory,

virdimRM
X
A (g, k, J) = 2c1(A) + 2(n− 3)(1− g) + 2k,

where n is the complex dimension of X.

Unfortunately, MX
A (g, k, J) is highly singular and may have larger di-

mension than the virtual dimension. Fortunately, MX
A (g, k, J) may carry

a virtual fundamental class [MX
A (g, k, J)]vir, and we still can extract the

Gromov-Witten invariant via the virtual integration against its virtual fun-
damental class, see [CLW, FO, R3, LT1, LT2, S] for the details.
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There are evaluation maps

evi : MA(g, k, J) −→ X, (Σ, f) → f(xi),

for 1 ≤ i ≤ k.

Definition 2.6. The (primary) Gromov-Witten invariant is defined as

⟨α1, · · · , αk⟩Xg,A =

∫
[Mg,n(X,β)]vir

∧i(ev
∗
i αi),

where αi ∈ H∗(X;R). For the genus zero case, we also write ⟨α1, · · · , αk⟩XA =

⟨α1, · · · , αk⟩X0,A.

Definition 2.7. For each marked point xi, we define an orbifold complex

line bundle Li over M
X
A (g, k, J) whose fiber is T ∗

xi
Σ at (Σ, f). Denote c1(Li),

the first Chern class of Li, by ψi.

Definition 2.8. The descendent Gromov-Witten invariant is defined as

⟨τd1α1, · · · , τdkαk⟩Xg,A =

∫
[Mg,n(X,β)]vir

∧i(ψ
di
i ∧ ev∗i αi),

where αi ∈ H∗(X;R).

Remark 2.9. In the stable range 2g + k ≥ 3, one can also define non-
primary GW invariants (See e.g. [R1]). Recall that there is a map π :

MX
A (g, k, J) → Mg,k contracting the unstable components of the source Rie-

mann surface. We can introduce a class κ from the Deligne-Mumford space
via π to define the ancestor GW invariants

⟨κ | Πiαi⟩Xg,A =

∫
[Mg,n(X,β)]vir

π∗κ ∧i (ev
∗
i αi).

The primary Gromov-Witten invariants are the special invariants with the
point class in M0,k.

Remark 2.10. For each ⟨τd1α1, · · · , τdkαk⟩Xg,A, we can conveniently asso-

ciate a simple graph Γ of one vertex decorated by (g,A) and a tail for each
marked point. We then further decorate each tail by (di, αi) and call the
resulting graph Γ({(di, αi)}) a weighted graph. Using the weighted graph
notation, we denote the above invariant by ⟨Γ({(di, αi)})⟩X . We can also
consider the disjoint union Γ• of several such graphs and use AΓ• , gΓ• to
denote the total homology class and total arithmetic genus. Here the total
arithmetic genus is 1+

∑
(gi − 1). Then, we define ⟨Γ•({(di, αi)})⟩X as the

product of Gromov-Witten invariants of the connected components.
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2.3. Relative GW-invariants. The degeneration formula [LR, IP, Li2]
provides a rigorous formulation about the change of Gromov-Witten invari-
ants under semi-stable degeneration, or symplectic cutting. The formula
relates the absolute Gromov-Witten invariant of X to the relative Gromov-
Witten invariants of two smooth pairs. In this subsection, we will review the
relative GW-invariants. The readers can find more details in the reference
[LR].

Let Z ⊂ X be a real codimension 2 symplectic submanifold. Suppose that
J is an ω-tamed almost complex structure on X preserving TZ, i.e. making
Z an almost complex submanifold. The relative Gromov-Witten invariants
are defined by counting the number of stable J-holomorphic maps intersect-
ing Z at finitely many points with prescribed tangency. More precisely, fix
a k-tuple Tk = (t1, · · · , tk) of positive integers, consider a marked pre-stable
curve

(C, x1, · · · , xm, y1, · · · , yk)

and stable J-holomorphic map f : C −→ X such that the divisor f∗Z is

f∗Z =
∑
i

tiyi.

To form a compact moduli space of such maps we thus must allow the
target X to degenerate as well (compare with [Li1]). For any non-negative
integer m, construct Ym by gluing together m copies of Y = P(NZ|X ⊕ C),
where the infinity section of the ith component is glued to the zero section
of the (i+ 1)st component for 1 ≤ i ≤ m. Denote the zero section of the ith

component by Zi−1, and the infinity section by Zi, so Sing Ym = ∪m−1
i=1 Zi.

We will also denote Zm by Z∞ if there is no possible confusion. Define
Xm by gluing X along Z to Ym along Z0. Thus the singular part of Xm

is S(Xm) = ∪m−1
i=0 Zi, and X0 = X. X0 = X will be referred to as the

root component and the other irreducible components will be called the
bubble components. Let AutZYm be the group of automorphisms of Ym
preserving Z0, Zm, and the morphism to Z. And let AutZXm be the group
of automorphisms of Xm preserving X (and Z) and with restriction to Ym
being contained in AutZYm (so AutZXm = AutZYm ∼= (C∗)m, where each
factor of (C∗)m dilates the fibers of the P1-bundle Yi −→ Zi). Denote by
π[m] : Xm −→ X the map which is the identity on the root component
X0 and contracts all the bubble components to Z0 via the fiber bundle
projections.

Now consider a nodal curve C mapped into Xm by f : C −→ Xm with
specified tangency to Z. There are two types of marked points:

(i) absolute marked points whose images under f lie outside Z, labeled
by xi,

(ii) relative marked points which are mapped into Z by f , labeled by yj .
A relative J-holomorphic map f : C −→ Xm is said to be pre-deformable

if f−1(Zi) consists of a union of nodes such that for each node p ∈ f−1(Zi), i =
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1, 2, · · · ,m, the two branches at the node are mapped to different irreducible
components of Xm and the orders of contact to Zi are equal.

An isomorphism of two such J-holomorphic maps f and f ′ to Xm consists
of a diagram

(C, x1, · · · , xl, y1, · · · , yk)
f−→ Xm

h ↓ ↓ t

(C ′, x′1, · · · , x′l, y′1, · · · , y′k)
f ′
−→ Xm

where h is an isomorphism of marked curves and t ∈ AutZ(Xm). With the
preceding understood, a relative J-holomorphic map to Xm is said to be
stable if it has only finitely many automorphisms.

We introduced the notion of a weighted graph for an absolute stable map
in Remark 2.10. We need to refine it for relative stable maps to (X,Z). A
(connected) relative graph Γ consists of the following data:

(1) a vertex decorated by A ∈ H2(X;Z) and genus g,
(2) a tail for each absolute marked point,
(3) a relative tail for each relative marked point.

Definition 2.11. Let Γ be a relative graph with k (ordered) relative tails
and Tk = (t1, · · · , tk), a k-tuple of positive integers forming a partition of
A · Z. A relative J-holomorphic map to (X,Z) with type (Γ, Tk) consists
of a marked curve (C, x1, · · · , xl, y1, · · · , yk) and a map f : C −→ Xm for
some non-negative integer m such that

(i) C is a connected curve (possibly reducible) of arithmetic genus g,
(ii) the map

πm ◦ f : C −→ Xm −→ X

satisfies (πm ◦ f)∗[C] = A,
(iii) the xi, 1 ≤ i ≤ l, are the absolute marked points,
(iv) the yi, 1 ≤ i ≤ k, are the relative marked points,

(v) f∗Zm =
∑k

i=1 tiyi.

Let MΓ,Tk
(X,Z, J) be the moduli space of pre-deformable relative stable

J-holomorphic maps with type (Γ, Tk). Notice that for an element f : C →
Xm in MΓ,Tk

(X,Z, J) the intersection pattern with Z0, ..., Zm−1 is only
constrained by the genus condition and the pre-deformability condition.

Similar to the absolute case, the moduli space MΓ,Tk
(X,Z, J) also carries

a virtual fundamental class [MΓ,Tk
(X,Z, J)]vir, see [LR] for the detail.

In addition to the evaluation maps on MΓ,Tk
(X,Z, J),

evXi : MΓ,Tk
(X,Z, J) −→ X, 1 ≤ i ≤ l,

(Σ, x1, · · · , xl, y1, · · · , yk, f) 7→ f(xi),
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there are also the evaluations maps

evZj : MΓ,Tk
(X,Z, J) −→ Z, 1 ≤ j ≤ k,

(Σ, x1, · · · , xl, y1, · · · , yk, f) 7→ f(yj),

where Z = Zm if the target of f is Xm.

Definition 2.12. Let αi ∈ H∗(X;R),1 ≤ i ≤ l, βj ∈ H∗(Z;R), 1 ≤ j ≤ k.
Define the relative Gromov-Witten invariant

⟨Πiτdiαi | Πjβj⟩X,Z
Γ,Tk

=
1

|Aut(Tk)|

∫ vir

Πiψ
di
i ∧ (evXi )∗αi ∧Πj(ev

Z
j )

∗βj ,

where the virtual integral is against [MΓ,Tk
(X,Z, J)]vir, and Aut(Tk) is the

symmetry group of the partition Tk. Denote by Tk = {(tj , βj) | j = 1, · · · , k}
the weighted partition of A · Z. If the vertex of Γ is decorated by (g,A), we
will sometimes write

⟨Πiτdiαi | Tk⟩X,Z
g,A

for ⟨Πiτdiαi | Πjβj⟩X,Z
Γ,Tk

.

Remark 2.13. In [LR] only invariants without descendent classes were con-
sidered. But it is straightforward to extend the definition of [LR] to include
descendent classes.

We can decorate the tail of a relative graph Γ by (di, αi) as in the absolute
case. We can further decorate the relative tails by the weighted partition
Tk. Denote the resulting weighted relative graph by Γ{(di, αi)}|Tk. In [LR]
the source curve is required to be connected. We will also need to use a
disconnected version. For a disjoint union Γ• of weighted relative graphs
and a corresponding disjoint union of partitions, still denoted by Tk, we use
⟨Γ•{(di, αi)}|Tk⟩X,Z to denote the corresponding relative invariants with a
disconnected domain, which is simply the product of the connected relative
invariants. Notice that although we use • in our notation following [MP],
our disconnected invariants are different. The disconnected invariants there
depend only on the genus, while ours depend on the finer graph data.

2.4. Partial orderings on relative GW invariants. In [MP], the au-
thors first introduced a partial order on the set of relative Gromov-Witten
invariants of a P1-bundle. The authors, [HLR], refined their partial order on
the set of relative Gromov-Witten invariants of a Blow-up manifold relative
to the exceptional divisor, and used this partial order to obtain a Blow-up
correspondence of absolute/relative Gromov-Witten theory. In this subsec-
tion, we will review the partial order on the set of relative Gromov-Witten
invariants.

First of all, all Gromov-Witten invariants vanish if A ∈ H2(X,Z) is not
an effective curve class. We define a partial ordering on H2(X,Z) as follows:

A′ < A
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if A−A′ is a nonzero effective curve class.
The set of pairs (m, δ) where m ∈ Z>0 and δ ∈ H∗(Z,Q) is partially

ordered by the following size relation

(1) (m, δ) > (m′, δ′)

if m > m′ or if m = m′ and deg(δ) > deg(δ′).
Let µ be a partition weighted by the cohomology of Z, i.e.,

µ = {(µ1, δr1), · · · , (µℓ(µ), δrℓ(µ))}.

We may place the pairs of µ in decreasing order by size (1). We define

deg(µ) =
∑

deg(δri).

A lexicographic ordering on weighted partitions is defined as follows:

µ
l
> µ′

if, after placing the pairs in µ and µ′ in decreasing order by size, the first
pair for which µ and µ′ differ in size is larger for µ.

For the nondescendent relative Gromov-Witten invariant

⟨ϖ | µ⟩X,Z
g,A ,

denote by ∥ϖ∥ the number of absolute insertions.

Definition 2.14. A partial ordering
◦
< on the set of nondescendent relative

Gromov-Witten invariants is defined as follows:

⟨ϖ′ | µ′⟩X,Z
g′,A′

◦
< ⟨ϖ | µ⟩X,Z

g,A

if one of the conditions below holds

(a) A′ < A,
(b) equality in (a) and g′ < g,
(c) equality in (a)-(b) and ∥ϖ′∥ < ∥ϖ∥,
(d) equality in (a)-(c) and deg(µ′) > deg(µ),

(e) equality in (a)-(d) and µ′
l
> µ.

2.5. Degeneration formula. Now we describe the degeneration formula
of GW-invariants under symplectic cutting.

As an operation on topological spaces, the symplectic cut is essentially
collapsing the circle orbits in the hypersurface H−1(0) to points in Z.

Suppose that X0 ⊂ X is an open codimension zero submanifold with a
Hamiltonian S1-action. Let H : X0 → R be a Hamiltonian function with 0
as a regular value. If H−1(0) is a separating hypersurface of X0, then we
obtain two connected manifolds X±

0 with boundary ∂X±
0 = H−1(0). Sup-

pose further that S1 acts freely on H−1(0). Then the symplectic reduction
Z = H−1(0)/S1 is canonically a symplectic manifold of dimension 2 less.
Collapsing the S1-action on ∂X± = H−1(0), we obtain closed smooth man-

ifolds X0
±
containing respectively real codimension 2 submanifolds Z± = Z
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with opposite normal bundles. Furthermore X0
±
admits a symplectic struc-

ture ω± which agrees with the restriction of ω away from Z, and whose
restriction to Z± agrees with the canonical symplectic structure ωZ on Z
from symplectic reduction.

This is neatly shown by considering X0 × C equipped with appropriate
product symplectic structures and the product S1-action on X0 ×C, where
S1 acts on C by complex multiplication. The extended action is Hamiltonian
if we use the standard symplectic structure

√
−1dw ∧ dw̄ or its negative on

the C factor.Then the moment map is

µ+(u,w) = H(u) + |w|2 : X0 × C → R,
and µ−1

+ (0) is the disjoint union of S1−invariant sets

{(u,w)|H(u) = −|w|2 < 0} and {(u, 0)|H(z) = 0}.

We define X0
+
to be the symplectic reduction µ−1

+ (0)/S1. Then X
+
0 is the

disjoint union of an open symplectic submanifold and a closed codimension
2 symplectic submanifold identified with (Z, ωZ). The open piece can be
identified symplectically with

X+
0 = {u ∈ X0|H(u) < 0} ⊂ X0

by the map u→ (u,
√

−H(u)).
Similarly, if we use −idw ∧ dw̄, then the moment map is

µ−(u,w) = H(u)− |w|2 : X0 × C → R

and the corresponding symplectic reduction µ−1
− (0)/S1, denoted by X

−
0 , is

the disjoint union of an open piece identified symplectically with

X−
0 = {u ∈ X0|H(u) > 0}

by the map ϕ−0 : u → (u,
√
H(u)), and a closed codimension 2 symplectic

submanifold identified with (Z, ωZ).

We finally define X
+
and X

−
. X

+
is simply X0

+
, while X

−
is obtained

from gluing symplectically X− and X
−
0 along X0 via ϕ−0 . Notice that X

−
=

(X− −X0) ∪X0
−
as a set.

The two symplectic manifolds (X
±
, ω±) are called the symplectic cuts of

X along H−1(0).
Thus we have a continuous map

π : X → X
+ ∪Z X

−
.

As for the symplectic forms, we have ω+|Z = ω−|Z . Hence, the pair (ω+, ω−)

defines a cohomology class of X
+ ∪Z X

−
, denoted by [ω+ ∪Z ω

−]. It is easy
to observe that

(2) π∗([ω+ ∪Z ω
−]) = [ω].

Let B ∈ H2(X;Z) be in the kernel of

π∗ : H2(X;Z) −→ H2(X
+ ∪Z X

−
;Z).
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By (2) we have ω(B) = 0. Such a class is called a vanishing cycle. For
A ∈ H2(X;Z) define [A] = A+Ker(π∗) and

(3) ⟨Πiτdiαi⟩Xg,[A] =
∑
B∈[A]

⟨Πiτdiαi⟩Xg,B.

Notice that ω has constant pairing with any element in [A]. It follows from
the Gromov compactness theorem that there are only finitely many such
elements in [A] represented by J-holomorphic stable maps. Therefore, the
summation in (3) is finite.

The degeneration formula expresses ⟨Πiτdiαi⟩Xg,[A] in terms of relative in-

variants of (X
+
, Z) and (X

−
, Z) possibly with disconnected domains.

To begin with, we need to assume that the cohomology class αi is of the
form

αi = π∗(α+ ∪Z α
−).

Here α±
i ∈ H∗(X

±
;R) are classes with α+

i |Z = α−
i |Z so that they give rise

to a class α+
i ∪Z α

−
i ∈ H∗(X

+ ∪Z X
−
;R).

Next, we proceed to write down the degeneration formula. We first specify
the relevant topological type of a marked Riemann surface mapped into

X
+ ∪Z X

−
with the following properties:

(i) Each connected component is mapped either into X
+

or X
−

and
carries a respective degree 2 homology class;

(ii) The images of two distinct connected components only intersect each
other along Z;

(iii) No two connected components which are both mapped into X
+

or

X
−
intersect each other;

(iv) The marked points are not mapped to Z;
(v) Each point in the domain mapped to Z carries a positive integer

(representing the order of tangency).

By abuse of language we call the above data a (X
+
, X

−
)−graph. Such

a graph gives rise to two relative graphs of (X
+
, Z) and X

−
, Z) from (i-

iv), each possibly being disconnected. We denote them by Γ•
+ and Γ•

−
respectively. From (v) we also get two partitions T+ and T−. We call a

(X
+
, X

−
)−graph a degenerate (g,A, l)−graph if the resulting pairs (Γ•

+, T+)
and (Γ•

−, T−) satisfy the following constraints: the total number of marked
points is l, the relative tails are the same, i.e. T+ = T−, and the identifica-
tion of relative tails produces a connected graph of X with total homology
class π∗[A] and arithmetic genus g.

Let {βa} be a self-dual basis of H∗(Z;R) and ηab =
∫
Z βa ∪ βb. Given

g,A and l, consider a degenerate (g,A, l)−graph. Let Tk = T+ = T− and Tk
be a weighted partition {tj , βaj}. Let T ′

k = {tj , βaj′} be the dual weighted
partition.

The degeneration formula for ⟨Πiτdiαi⟩Xg,[A] then reads as follows,
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⟨Πiτdiαi⟩Xg,[A](4)

=
∑

⟨Γ•{(di, α+
i )}|Tk⟩

X
+
,Z∆(Tk)⟨Γ•{(di, α−

i )}|T
′
k⟩X

−
,Z ,

where the summation is taken over all degenerate (g,A, l)−graphs, and

∆(Tk) =
∏
j

tj |Aut (Tk)|.

The advantage of the degeneration formula is to establish the connection-
s between the absolute and relative Gromov-Witten invariants, called the
comparison theorem. In [HR], we obtained such a comparison theorem.

Let X be a compact symplectic manifold and Z ⊂ X be a smooth sym-
plectic submanifold of codimension 2. ι : Z −→ X is the inclusion map.
The cohomological push-forward

ι! : H∗(Z,R) −→ H∗(X,R)
is determined by the pullback ι∗ and Poincaré duality.

Definition 2.15. A symplectic divisor Z is said to be positive if for some
tamed almost complex structure J , C1(NZ)(A) > 0 for any A represented by
a non-trivial J-sphere in Z.

This is a generalization of ample divisor from algebraic geometry. Define

(5) V := min{C1(NZ|X)(A) > 0 | A ∈ H2(Z,Z) is a stably effective class}.
Then we have

Theorem 2.16 (HR, Corollary 4.4). Suppose that Z is a positive divisor
and V ≥ l. Then for A ∈ H2(X,Z), αi ∈ H∗(X,R), 1 ≤ i ≤ µ, and
βj ∈ H∗(Z,R), 1 ≤ j ≤ l, we have

⟨α1, · · · , αµ, ι
!(β1), · · · , ι!(βl)⟩XA

=
∑
T

⟨α1, · · · , αµ | T ⟩X,Z
A ,

where the summation runs over all possible weighted partitions T = {(1, γ1),
· · · , (1, γq), (1, [Z]), · · · , (1, [Z])} where γi’s are the products of some βj class-
es.

3. Rationally connected manifolds

3.1. Rationally connectedness in algebraic geometry. The basic ref-
erence for this subsection is [A]. We refer to [C, D, K1, KMM1, KMM2, V]
for more details.

Let us recall the notion of rationally connectedness in algebraic geometry.

Definition 3.1. Let X be a smooth complex projective variety of positive
dimension. We say that X is rationally connected if one of the following
equivalent conditions holds.
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(1) Any two points of X can be connected by a rational curve (called as
rationally connected).

(2) Two general points of X can be connected by a chain of rational
curves (called as rationally chain-connected).

(3) Any finite set of points in X can be connected by a rational curve.
(4) Two general points of X can be connected by a very free rational

curve. Here we say that a rational curve C ⊂ X is a very free curve
if there is a surjective morphism f : P1 −→ C such that

f∗TX ∼= ⊕dimX
i=1 OP1(ai), with all ai ≥ 1.

Next let us look at some properties of rationally connected varieties.

Proposition 3.2. The following properties of rationally connected mani-
folds hold:

(1) Rationally connectedness is a birational invariant.
(2) Rationally connectedness is invariant under smooth deformation.
(3) If X is rationally connected, then H0(X, (Ω1

X)⊗m) = 0 for every
m ≥ 1.

(4) Fano varieties (i.e., smooth complex projective varieties X for which
−KX is ample) are rationally connected. In particular, smooth hy-
persurfaces of degree d in Pn are rationally connected for d ≤ n.

(5) Rationally connected varieties are well behaved under fibration, i.e.,
let X be a smooth complex projective variety. Assume that there
exists a surjective morphism f : X −→ Y with Y and the general
fiber of f rationally connected. Then X is rationally connected.

An important theorem connecting birational geometry to Gromov-Witten
theory is the result of Kollár and Ruan [K2], [R1]: a uniruled projective
manifold has a nonzero genus zero GW-invariant with a point insertion.
Similarly, we also hope to use the Gromov-Witten invariant to characterize
the rationally connected variety. Z. Tian [T1, T2] showed the following
result.

Proposition 3.3. (i) If a rationally connected 3-fold X is Fano or has
Picard number 2, then there is a nonzero Gromov-Witten invariant
with two point insertions.

(ii) If X is a smooth projective Fano 4-fold of pseudo-index at least 2,
then there is a nonzero Gromov-Witten invariant with two point in-
sertions.

These results give us some evidence for the following conjecture:

Conjecture 3.4. Any rationally connected projective manifolds carry a non-
zero genus zero Gromov-Witten invariant with two insertions.

3.2. Symplectically rationally connected manifolds. Inspired by Con-
jecture 3.4, we first introduce the notion of k-point rational connectedness.
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Definition 3.5. Let A ∈ H2(X,Z) be a nonzero class. A is said to be
a k-point rationally connected class if there is a nonzero Gromov-Witten
invariant

(6) ⟨τd1 [pt], · · · , τdk [pt], τdk+1
αk+1, · · · , τdlαl⟩XA ,

where αi ∈ H∗(X,R) and d1, · · · , dl are non-negative integers. We call a
class A ∈ H2(X,Z) a k-point strongly rationally connected class if di = 0,
1 ≤ i ≤ l, in (6).

Definition 3.6. X is said to be (symplectic) k-point (strongly ) rationally
connected if there is a k-point (strongly) rationally connected class. We
simply call a 2-point (strongly) rationally connected symplectic manifold as
(strongly) rationally connected symplectic manifold.

Remark 3.7. From the definition of uniruledness of [HLR], a 1-point ra-
tionally connected symplectic manifold is equivalent to a uniruled symplectic
manifold. From the definitions, we know that a k-point (strongly) rational
connected symplectic manifold must be uniruled.

Remark 3.8. It is possible that k-point rational connectedness is equivalent
to k-point strongly rational connectedness. We do not know how to prove
this.

Example 3.9. It is well-known that for any positive integer k, the projective
space Pn is k-point strongly rationally connected.

Example 3.10. Let G(k, n) be the Grassmannian manifold of k-planes in
Cn. It is well-known that the classical cohomology of Gr(k, n) has a basis
of Schubert classes σλ, as λ varies over partitions whose Young diagram
fits in a k by n − k rectangle. The (complex) codimension of σλ is |λ| =∑
λi, the number of boxes in the Young diagram. The quantum cohomology

of the Grassmannian is a free module over the polynomial ring Z[q], with
a basis of Schubert classes; the variable q has (complex) degree n. The
quantum product σλ ⋆ σµ is a finite sum of terms qdσν , the sum over d ≥ 0
and |ν| = |λ| + |µ| − dn, each occurring with a nonnegative coefficient (a
Gromov-Witten invariant). Denote by ρ = σ((n−k)k) the class of a point.

In [BCF], the authors proved that σρ ⋆ σρ = qkσ((n−2k)k) if k ≤ n − k, and

σρ ⋆ σρ = qn−kσ((n−k)2k−n) if n− k ≤ k. This means that the Grassmannian

Gr(k, n) is symplectic rationally connected.

Example 3.11. For any integer d ≥ 0, Consider the Grassmannian G(d, 2d).
Buch-Kresch-Tamvakis [BKT] proved that for three points U, V,W ∈ G(d, 2d)
pairwise in general position, there is a unique morphism f : P1 −→ G(d, 2d)
of degree d such that f(0) = U , f(1) = V and f(∞) =W . This implies that

the Gromov-Witten invariant ⟨[pt], [pt], [pt]⟩G(d,2d)
d = 1. Therefore, G(d, 2d)

are 3-point strongly rationally connected.

Example 3.12. Let H = Hilb2(P1 × P1) the Hilbert scheme of points on
P1 × P1. In [P], the author gave a Q-basis for A ∗ (H) as follows: T0 = [H],
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T1, T2, T3, T4, T5 = T1T2, T6 = T 2
1 , T7 = T 2

2 , T8 = T1T3, T9 = T2T3,
T10 = C2+F , T11 = C1+F , T12 = C1+C2+F and T13 the class of a point.
The author also computed the quantum product T4 ⋆ T4 = T13 + 2q1q2q

2
3T0

and T4 ⋆T4 ⋆T4 = 2q1q2q
2
3T4. So we have T13 ⋆T13 = −2q1q2q

2
3T13 ̸= 0. This

implies that H is symplectic rationally connected. From the computation of
[G], it is easy to know that Hilb2(P2) also is symplectic rationally connected.

Since Gromov-Witten invariants are invariant under smooth symplectic
deformations, k-point rational connectedness is invariant under smooth sym-
plectic deformations. Conjecture 3.4 means that it is not yet known whether
a projective rationally connected manifold is symplectic rationally connect-
ed. Moreover, so far, we could not show that this notion is invariant under
symplectic birational cobordisms defined in subsection 2.1 or [HLR]. Howev-
er, we would like to mention some partial results along this direction. From
the blowup formula of Gromov-Witten invariants in [H1, H2, H3, HZ, La],
we have

Proposition 3.13. Suppose that X is a k-point strongly rationally connect-
ed symplectic manifold. Let X̃ be the blowup of X along a finite number of
points or some special submanifolds with convex normal bundles. Then X̃
is k-point strongly rationally connected.

As we saw in Proposition 3.2, rationally connectedness is a birational-
ly invariant property of projective manifolds. Proposition 3.13 gives some
evidence for the following conjecture:

Conjecture 3.14. Symplectic rationally connectedness is invariant under
symplectic birational cobordism.

If two complex projective or compact Kähler manifoldsX and Y belong to
the same class for the equivalence relation generated by Kähler deformations
and symplectomorphism, then they are said to be symplectically equivalent.
Along this direction, Voisin [V] proved

Theorem 3.15 (V, Theorem 0.10). Let X,Y be compact Kähler 3-folds.
Suppose that X and Y are symplectically equivalent. Then

(i) If X is Fano, then Y is rationally connected.
(ii) If X is rationally connected and b2(X) ≤ 2, then Y is rationally

connected.

Z. Tian [T1, T2] also studied the symplectic geometry of rationally con-
nected 3-folds and 4-folds. He proved

Theorem 3.16 (T1, Theorem 1.6). Rational connectedness is a symplectic
deformation invariant in complex dimension 3.

4. Rationally connected symplectic divisors

In this section, we want to apply degeneration technique to study the
k-point rationally connectedness properties. We will show that a symplectic
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manifold is k-point strongly rationally connected if it contains a k-point
strongly rationally connected symplecitc divisor with sufficiently positive
normal bundle.

4.1. Relative Gromov-Witten invariants of P1-bundle. When we ap-
ply the degeneration formula, we often need to compute some special terms
where the degeneration graph completely lies on the side of the P1-bundle.
Before we prove our main result of this section, we first recall some results
of [HR] about the relative Gromov-Witten invariants of P1-bundles.

Suppose that L is a line bundle over Z and Y = P(L⊕C). Let D, Z be the
infinity section and zero section of Y respectively. Let β1, · · · , βmZ be a self-
dual basis of H∗(Z,Q) containing the identity element. We will often denote
the identity by βid. The degree of βi is the real grading inH

∗(Z,Q). We view
βi as an element of H∗(Y,Q) via the pull-back by π : Y = P(L⊕ C) −→ Z.
Let [Z], [D] ∈ H2(Y,Q) denote the cohomology classes associated to the
divisors. Denote by F the homology class of the fiber of Y . Then we have

Proposition 4.1 (HR, Proposition 3.5). Let s > 0, αi ∈ H∗(Z,R), 1 ≤ i ≤
q.

(i) Let Tk = {(ti, βi)} be a cohomology weighted partition of s. Then

⟨π∗α1, · · · , π∗αq, β1 · [Z], · · · , βl · [Z] | Tk⟩Y,DsF = 0

except for s = k = 1 and q = 0.
(ii) For s > 0, we have the two-point relative invariant

⟨τd−1(β0 · [Z]) | (s, β∞)⟩Y,DsF =


1
s!

∫
Z β0 ∧ β∞, d = s

0, d ̸= s
,

where β0 ∈ H∗(Z,Q) and β∞ ∈ H∗(D,Q).
(iii) For s = k = 1, we have

⟨ι!(β1), · · · , ι!(βl) | (1, γ)⟩Y,DF =

∫
Z
β1 ∧ · · · ∧ βl ∧ γ.

Let Γ0 be a relative graph with the following data:

(i) a vertex decorated by a homology class A ∈ H2(Y,Q) and genus
zero,

(ii) l + q tails associated to l + q absolute marked points,
(iii) k relative tails associated to k relative marked points.

Denote by A the homology class of the relative stable map (Σ, f) to (Y,D).
Let Tk = {t1, · · · , tk} be a partition of D · A and di, 1 ≤ i ≤ l, be positive

integers. Denote d =
∑l

i=1 di. Denote by ι : Z −→ Y the inclusion of Z
into Y via the zero section of Y . Then for any β ∈ H∗(Z,R), the inclusion
map ι pushes forward the class β to a cohomology class ι!(β) ∈ H∗(Y,Q),
determined by the pull-back map ι∗ and Poincaré duality.
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Proposition 4.2 (HR, Proposition 3.1). Suppose A ̸= sF or k+ l+ q ≥ 3.
Assume that Z∗(A) ≥

∑
di and c1(L)(C) ≥ 0 for any J-holomorphic curve

C into Z. Then for any βi ∈ H∗(Z,Q), 1 ≤ i ≤ l, and any weighted partition
Tk = {(ti, δi)} of D ·A, we have

⟨ϖ, τd1−1ι
!(β1), · · · , τdl−1ι

!(βl) | Tk⟩Y,DΓ0,Tk
= 0,

where ϖ consists of insertions of the form π∗α1, · · · , π∗αq, and αi ∈ H∗(Z,R),
1 ≤ i ≤ q.

Next, we will consider the case where the relative invariants of (Y,D) with
empty relative insertion on D are no longer zero and the invariant of Z will
contribute in a nontrivial way.

Suppose that A ∈ H2(Z,Z). Denote by ι : Z −→ Y the embedding of Z
into Y as the zero section. Consider the relative invariant of (Y,D)

⟨τi1(β1[Z]), τi2(β2[Z]), · · · , τik(βk[Z]), ϖ | ∅⟩Y,D0,A ,

where ϖ consists of insertions of the form π∗α1, · · · , π∗αq. The dimension
condition is

2
∑

(it + 1) +
∑

deg βt + degϖ = 2(CY
1 (A) + n− 3 + k + q).

The dimension condition of the divisor invariant ⟨τi1(β1), · · · , τik(βk), i∗ϖ⟩Z0,A
is

2(CZ
1 (A) + n− 1− 3 + k + q) = 2

∑
it +

∑
deg βt + degϖ.

Since CY
1 (A) = CZ

1 (A)+Z ·A, so both invariants are well-defined only when
k = Z ·A+ 1.

Theorem 4.3. Let A ∈ H2(Z,Z). Suppose that k = Z·A+1 and C1(L)(C) ≥
0 for any holomorphic curve C into Z. Then

⟨ϖ,β1 · [Z], β2 · [Z], · · · , βk · [Z] | ∅⟩Y,D0,A

= ⟨ι∗ϖ,β1, · · · , βk⟩Z0,A,

where ϖ consists of insertions of the form π∗α1, · · · , π∗αl and αi ∈ H∗(Z,R),
1 ≤ i ≤ q.

Proof. Choose a Hermitian metric and a unitary connection on L such that
they induce a splitting

0 −→ V −→ TY −→ π∗TZ −→ 0,

where V is the vertical tangent bundle. We choose a metric of TY as the
direct sum of a metric on V and π∗TZ, where the second one is induced
from a metric on Z. The Levi-Civita connection is a direct sum. Therefore,
we may choose almost complex structures JZ on TZ and JV on V such that
we may choose the direct sum JZ ⊕ JV as an almost complex structure JY
on TY . It is easy to see that ∂̄ commutes with π.
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From Lemma 3.2 in [HR], we know that the projection π : Y −→ Z
induces a map πSe between the virtual fundamental classes and an isomor-
phism between obstruction bundles. Therefore, by the definition of Gromov-
Witten invariants, we have

⟨ϖ,β1 · [Z], β2 · [Z], · · · , βk · [Z] | ∅⟩Y,D0,A

= deg(πSe)⟨i∗ϖ,β1, · · · , βk⟩Z0,A.(7)

We claim that deg(πSe) = 1.
In fact, by the construction of virtual neighborhoods, we know that for

every generic element (P1, x1, · · · , xk+q, f̃) in the top strata of the moduli

space MZ
A(0, JZ), there is a section ν of the obstruction bundle EZ such

that ∂̄JZ f̃ = ν.
Suppose that a generic element (P1, x1, · · · , xk+q, f) in the top strata of

the moduli space MY,D
A (0, JY ) is a preimage of (P1, x1, · · · , xk+q, f̃) un-

der πSe . That is, f is a lifting of f̃ to Y vanishing at the marked points
x1, · · · , xk. Therefore, from the fact that ∂̄ commutes with π, we have that
(P1, x1, · · · , xk+q, f) satisfies

(8) ∂̄JY f = π∗Se
ν.

If we choose a local coordinate (z, s) on Y , where s is the Euclidean coordi-

nate on the fiber P1, then locally we may write f = (f̃ , fV ). Therefore (8)
locally can be written as

(9)

 ∂̄JZ f̃ = ν,

∂̄JV f
V = 0

Since ∂̄2 = 0 always holds on P1, it follows from a well-known fact of
complex geometry that f∗L is a holomorphic line bundle over P1. Moreover,
(9) shows that fV gives rise to a holomorphic section of the bundle f∗L, up to
C∗, which vanishes at the marked points x1, · · · , xk. Since deg(f∗L) = Z ·A,
therefore, from our assumption that k = Z ·A+1, we know that f∗L⊗(−x1−
· · ·−xk) has no nonzero holomorphic sections. Therefore, fV ≡ 0. This says

that the only preimage of a generic element (P1, x1, · · · , xk+q, f̃) in the top

strata of the moduli space MZ
A(0, JZ) is itself. This implies deg(πSe) = 1.

This proves the theorem.
�

4.2. From divisor to ambient space. In 1991, McDuff [M3] first observed
that a semi-positive symplectic 4-manifold, which contains a submanifold
P symplectomorphic to P1 whose normal Chern number is non-negative,
must be uniruled. In [LtjR], the authors generalize McDuff’s result to more
general situations. More importantly, they gave a rather general from divisor
to ambient space inductive construction of uniruled symplectic manifolds. In
this subsection, we will generalize their inductive construction to the case
of rationally connected symplectic manifolds.
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Suppose that X is a compact symplectic manifold and Z ⊂ X is a sym-
plectic submanifold of codimension 2. Denote by NZ|X the normal bundle
of Z in X. Denote by ι : Z ⊂ X the inclusion of Z into X. Let V be the
minimal normal Chern number defined in (5). We call a class A ∈ H2(Z,R)
a minimal class if Z ·A = V .

Theorem 4.4. Suppose that X is a compact symplectic manifold and Z ⊂
X is a symplectic submanifold of codimension 2. If Z is k-point strongly
rationally connected and A ∈ H2(Z,Z) is a minimal class such that

(10) ⟨ι∗α1, · · · , ι∗αl, [pt], · · · , [pt], βk+1, · · · , βr⟩ZA ̸= 0

for some r ≤ V + 1, βi ∈ H∗(Z,R) and αj ∈ H∗(X,R), then X is k-point
strongly rationally connected. In particular, if ι : Z → X is homologically
injective, then X is k-point strongly symplectic rational connected if k ≤
V + 1.

Proof. Since we can always increase the number of Z-insertions by adding
divisor insertions in (10), therefore, without loss of generality, we may as-
sume that r = Z · A + 1. Consider the following Gromov-Witten invariant
of X:

(11) ⟨α1, · · · , αl, [pt], · · · , [pt], βk+1 · [Z], · · · , βr · [Z]⟩XA .

If the invariant (11) is nonzero, then we are done. So in the following we
assume that the invariant (11) equals zero.

To find a nonzero Gromov-Witten invariant of X with at least k point
insertions, we first apply the degeneration formula to the invariant (11) to
obtain a nonzero relative Gromov-Witten invariant of (X,Z) with at least
k point insertions, then use our comparison theorem to obtain a nonzero
Gromov-Witten invariant of X.

We perform the symplectic cutting along the boundary of a tubular neigh-

borhood of Z. Then we have X
−

= X, X
+

= Y = P(NZ|X ⊕ C). Since

βi ∈ H∗(Z,R), we choose the support of [pt], βi ·Z near Z. Then,([pt])− = 0,
(βi·Z)− = 0, ([pt])+ = [pt], (βi·Z)+ = ι!(βi). Here ι in the second term is un-
derstood as the inclusion map of Z via the zero section into Y = P(NZ|X⊕C).
Up to a rational multiple, each αi is Poincaré dual to an immersed subman-
ifoldWi. We can perturbWi to be transverse to Z. In a neighborhood of Z,
Wi is π

−1(Wi ∩ Z), where π : NZ|X −→ Z is the projection. Clearly, π in-
duces the projection P(NZ|X ⊕C) −→ Z, still denoted by π. The symplectic

cutting naturally decomposes Wi into W
−
i = Wi, W

+
i = h∗(αi|Z) = h∗α̃i.

In other words, we can choose α−
i = αi, α

+
i = h∗(αi|Z).

Now we apply the degeneration formula for the invariant

⟨α1, · · · , αl, [pt], · · · , [pt], βk+1 · [Z], · · · , βr · [Z]⟩XA .

and express it as a summation of products of relative invariants of (X,Z) and
(Y,D). Moreover, from the degeneration formula, each summand ΨC may
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consist of a product of relative Gromov-Witten invariants with disconnected
domain curves of both (X,Z) and (Y,D).

On the side of Y , there may be several disjoint components. We claim that
every component on the side of Y is a multiple of the fiber class. Suppose
that there is a component on the side of Y which has a homology class
A′ + µF where A′ ∈ H2(Z,Z) and F is the fiber class. Then we have
Z · (A′+µF ) = Z ·A′+µ. Since every component must intersect the infinity
section of Y , µ > 0. Therefore, we have Z · (A′ + µF ) ≥ V + 1. From
Proposition 4.2, we know that the contribution of this component to the
corresponding relative Gromov-Witten invariants of (Y,D) must be zero.
So the corresponding summand in the degeneration formula must be zero.
From Proposition 4.1 and the same argument as in the proof of Theorem
2.16 , we have

0 = ⟨α1, · · · , αl, [pt], · · · , [pt], βk+1 · [Z], · · · , βr · [Z]⟩XA
=

∑
µ

Cµ⟨α1, · · · , αl | µ⟩X,Z
A

+⟨ι∗α1, · · · , ι∗αl, [pt], · · · , [pt], βk+1 · [Z], · · · , βr · [Z] | ∅⟩Y,DA

=
∑
µ

Cµ⟨α1, · · · , αl | µ⟩X,Z
A

+⟨ι∗α1, · · · , ι∗αl, [pt], · · · , [pt], βk+1, · · · , βr⟩ZA,

where we used Theorem 4.3 in the last equality and the summation runs over
the possible partitions µ = {(1, [pt]), · · · , (1, [pt]), (1, γ1), · · · , (1, γq), (1, [Z]),
· · · , (1, [Z])} where γi are the product of some βi classes.. From our assump-
tion (10), we have

(12)
∑
µ

Cµ⟨α1, · · · , αl | µ⟩X,Z
A ̸= 0.

Denote by ⟨α1, · · · , αl | µ0⟩X,Z
A the minimal nonzero relative invariant in

the summand (12)in the sense of Definition 2.14. Write µ0 = {(1, [pt]), · · · ,
(1, [pt]), (1, γ1), · · · , (1, γq), (1, [Z]), · · · , (1, [Z])}. Then it is easy know that
the product of any two γi and γj vanishes.

Now we consider the following absolute Gromov-Witten invariant

⟨α1, · · · , αl, [pt], · · · , [pt], γ1 · [Z], · · · , γl · [Z], [Z], · · · , [Z]⟩XA .

Applying the degeneration formula and always distribute the point insertions
to the side of (Y,D). Therefore, from Theorem 2.16, we have

⟨α1, · · · , αl, [pt], · · · , [pt], γ1 · [Z], · · · , γq · [Z]⟩XA
= ⟨α1, · · · , αl | µ0⟩X,Z

A ̸= 0.

This implies that X is k-point strongly rationally connected. This proves
our theorem.

�
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It is well-known that Pn−1 is strongly rationally connected. Therefore,
from Theorem 4.4, we have

Corollary 4.5. Let (X,ω) be a compact 2n-dimensional symplectic manifold
which contains a submanifold P symplectomorphic to Pn−1 whose normal
Chern number m ≥ 2. Then X is strongly rationally connected.
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