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1. Introduction
The celebrated Strominger-Yau-Zaslow (SYZ) conjecture [42] asserts that mirror symmetry
is a T-duality, namely, a mirror pair of Calabi-Yau manifolds should admit fibre-wise dual
(special) Lagrangian torus fibrations to the same base. This suggests the following construction of a mirror (as a complex manifold): Given a Calabi-Yau manifold X (regarded as a
symplectic manifold) equipped with a Lagrangian torus fibration
s

{

(X, ω, J)

/B

p

that admits a Lagrangian section s. The base B is then an integral affine manifold with
singularities, meaning that the smooth locus B0 ⊂ B (whose complement B sing := B \ B0 ,
i.e. the singular locus, is of real codimension at least 1) carries an integral affine structure.
Restricting p to the smooth locus B0 = B \B sing , we obtain a semi-flat symplectic Calabi-Yau
manifold
X0 ,→ X
which, by Duistermaat’s action-angle coordinates [16], can be identified as
X0 ∼
= T ∗ B0 /Λ∗ ,
where Λ∗ ⊂ T ∗ B0 is the natural lattice (dual to Λ) locally generated by affine coordinate
1-forms. We can construct a pair of torus bundles over the same base which are fibre-wise
dual
X0
X̌0
p

B0

~

p̌

,

where X̌0 ∼
= T B0 /Λ can be equipped with a natural complex structure Jˇ0 called the semiflat complex structure. This, however, does not produce the correct mirror in general.1 The
problem is that Jˇ0 cannot be extended across the singular points B sing , so this does not give
a complex manifold which fibres over B. Here comes a key idea in the SYZ proposal – we
need to deform the complex structure using some specific information on the other side of the
mirror, namely, instanton corrections coming from holomorphic disks in X with boundary on
the Lagrangian torus fibers of p.
The precise mechanism of how such a procedure may work was first depicted by Fukaya in
his program [20]. He described how instanton corrections would arise near the large volume
limit given by scaling of a symplectic structure on X, which is mirrored to a scaling of
1Except

in the semi-flat case when B = B0 , i.e. when there are no singular fibers; see [38].
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the complex structure Jˇ0 on X̌0 . He conjectured that the desired deformations of Jˇ0 could
be described as a special type of solutions to the Maurer-Cartan equation in the KodairaSpencer deformation theory of complex structures on X̌0 , whose expansions into Fourier
modes along the torus fibers of p̌ would have semi-classical limits (i.e. leading order terms
in asymptotic expansions) concentrated along certain gradient flow trees of a multi-valued
Morse function on B0 . He also conjectured that holomorphic disks in X with boundary on
fibers of p would collapse to such gradient flow trees emanating from the singular points
B sing ⊂ B. Unfortunately, his arguments were only heuristical and the analysis involved to
make them precise seemed intractable at that time.
Fukaya’s ideas were later exploited in the works of Kontsevich-Soibelman [35] (for dimension 2) and Gross-Siebert [29] (for general dimensions), in which families of rigid analytic
spaces and formal schemes, respectively, are reconstructed from integral affine manifolds
with singularities; this solves the very important reconstruction problem in SYZ mirror symmetry. These authors cleverly got around the analytical difficulty, and instead of solving the
Maurer-Cartan equation, they used gradient flow trees [35] or tropical trees [29] to encode
modified gluing maps between charts in constructing the Calabi-Yau families. This leads to
the notion of scattering diagrams, which are combinatorial structures that encode possibly
very complicated gluing data for building mirrors, and it has since been understood (by works
of these authors and their collaborators, notably [27]) that the relevant scattering diagrams
encode Gromov-Witten data on the mirror side.
Remark 1.1. The idea that there should be Fourier-type transforms responsible for the interchange between symplectic-geometric data on one side and complex-geometric data on the
mirror side (T-duality) underlines the original SYZ proposal [42]. This has been applied successfully to the study of mirror symmetry for compact toric manifolds [1, 2, 9, 10, 14, 15, 17,
18, 21, 22, 23, 33, 34] and toric Calabi-Yau manifolds (and orbifolds) [3, 5, 6, 7, 8, 24, 25, 26,
28, 32, 37, 39]. Nevertheless, there is no scattering phenomenon in those cases.
In this paper, we will review the previous work in [12, 13] which carry out some of the key
steps in Fukaya’s program.
1.1. Witten deformation of wedge product. In [12], we prove Fukaya’s conjecture relatorse
ing Witten’s deformation of wedge product on Ω∗ (B0 ) with the Morse A∞ structure mM
’s
k
defined by counting gradient trees on B0 , when B0 is compact (i.e. Bsing = ∅). As proposed
in [20], we introduce λ > 0 and consider A∞ operations mk (λ)’s obtained from applying
homological perturbation to wedge product on Ω∗ (B0 ) using Witten twisted Green’s operator, acting on eigenforms of Witten Laplacian in Ω∗ (B0 ). Letting λ → ∞, we obtain an
semi-classical expansion relating two sets of operations.
More precisely, we consider the deRham dg-category DRλ (B0 ), whose objects are taken to
be smooth functions fi ’s on B0 . The corresponding morphism complex Hom(fi , fj ) is given
by the twisted complex Ω∗ij (M, λ) = (Ω∗ (M ), dij := e−λfij (d)eλfij ) where fij = fj − fi . The
product is taken to be the wedge product on differential forms. On the other hand, there is an
A∞ pre-category M orse(M ) with the same set of objects as DRλ (B0 ). The morphism from
fi to fj is the Morse complex M Cij∗ with respect to the function fj − fi . The A∞ structure
orse
map {mM
}k∈Z+ are defined by counting gradient flow trees which are described in [1, 19].
k
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Fixing two objects fi and fj , Witten’s observation in [43] suggests us to look at the Laplacian corresponds to dij , which is the Witten Laplacian ∆ij . The subcomplex formed by the
eigen-subspace Ω∗ij (M, λ)sm corresponding to small eigenvalues laying in [0, 1) is isomorphic
to the Morse complex M Cij∗ via the map
(1.1)

φij (λ) : M Cij∗ → Ω∗ij (M, λ)sm

defined in [31]. We learn from [31, 43] that φij (λ)(q) will be an eigenform concentrating at
critical point q as λ → ∞. We first observe that Ω∗ij (M, λ)sm is a homotopy retract of the
full complex Ω∗ij (M, λ) under explicit homotopy involving Green’s operator. This allows us
to pull back the wedge product in DRλ (B0 ) via the homotopy, making use of homological
perturbation lemma in [34], to give a deformed A∞ category DRλ (B0 )sm with A∞ structure
{mk (λ)}k∈Z+ . Then we have the theorem.
Theorem 1.2 ([12] Chan, Leung and Ma). For generic sequence of functions f~ = (f0 , . . . , fk ),
with corresponding sequence of critical points ~q = (q01 , q12 , . . . , q(k−1)k ), we have
(1.2)

orse
mk (λ)(φ(~q)) = e−λA(~q) (φ(mM
(~q)) + O(λ−1/2 )),
k

where A(~q) = f0k (q0k ) − f01 (q01 ) − · · · − f(k−1)k (q(k−1)k ).
When k = 1, it is Witten’s observation proven in [31], involving detail estimate of operator
dij along flow lines. For k ≥ 3, it involves the study for ”inverse” of dij , which is the local
behaviour of the inhomogeneous Witten Laplacian equation of the form
(1.3)

ψS

∆ij ζE = d∗ij (I − Pij )(e− λ−1 ν)

along a flow line γ of fj − fi , where d∗ij is the adjoint to dij and Pij is the projection to
Ω∗ij (B0 , λ)sm . The difficulties come from guessing the precise exponential decay for the solution ζE along γ.
1.2. Scattering diagram from Maurer-Cartan equation. With the hint from the above
orse
result relating differential geometric operations mk (λ)’s and Morse theoretic operations mM
’s
k
through semi-classical analysis, we study the relation between scattering diagram (which
records the data of gradient flow trees on B0 using combinatorics) and the differential geometric equation governing deformation of complex structure, namely the Maurer-Cartan equation
(abbrev. MC equation)
1
(1.4)
∂¯ϕ̌ + [ϕ̌, ϕ̌] = 0,
2
using semi-classical analysis.
Remark 1.3. It is related to the previous section in the following way as suggested by Fukaya
[20]. First, we shall look at the Fourier expansion of the Kodaira-Spencer differential graded
¯ [·, ·]) of X̌0 which leads to a dgLa defined as follows. First of
Lie algebra (dgLa) (KSX̌0 , ∂,
all, let LX0 be the space of fiberwise geodesic loops of the torus bundle p : X0 → B0 , which
can be identified with the space X0 ×B0 Λ∗ . We consider the complex
LX0 = Ω∗cf (LX0 )
where the subscript cf refers to differential forms which constant along the fiber of p ×B0 id :
LX0 → Λ∗ . It is equipped with the Witten differential locally defined by dW = e−f def , where
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f is the symplectic area function on LX0 (or, as in [20], can be treated as a multi-valued
function on B0 ) whose gradient flow records the loops that may shrink to a singular point
in B and hence bound a holomorphic disk in X. Together with a natural Lie bracket {·, ·}
(defined by taking Fourier transform) the triple (LX0 , dW , {·, ·}) defines a dgLa. Since Fourier
transform is an isomorphism, the MC equation in LX0 is equivalent to the MC equation in
KSX̌0 , while working in LX0 will give us clearer picture relating to Morse theory.
We are going to work locally away from the singular locus, so we will assume that B0 = Rn
in the rest of this introduction. In this case, a scattering diagram can be viewed schematically
as the process of how new walls are being created from two non-parallel walls supported on
tropical hypersurface in B0 which intersect transversally. The combinatorics of this process
is controlled by the algebra of the tropical vertex group [35, 27].
We first deal with a single wall and see how the associated wall-crossing factor is related
to solutions of the Maurer-Cartan equation. Suppose that we are given a wall w supported
on a tropical hypersurface P ⊂ B0 and equipped with a wall-crossing factor Θ (which is an
element in the tropical vertex group). In view of Witten-Morse theory described in [12, 31, 43],
the shrinking of a fibre-wise loop m ∈ π1 (p−1 (x), s(x)) towards a singular fibre indicates the
presence of a critical point of f in the singular locus (in B), and the union of gradient flow lines
emanating from the singular locus should be interpreted as a stable submanifold associated to
the critical point. Furthermore, this codimension one stable submanifold should correspond
to a differential 1-form concentrating on w (see [12]). Inspired by this, associated to the wall
w = (P, Θ), we write down an ansatz
1
Π̌w ∈ KSX̌
[[t]]
0

solving Equation (1.4); see Section 5.2.1 for the precise formula.2
Since X̌0 ∼
= (C∗ )n does not admit any non-trivial deformations, the Maurer-Cartan solution
0
Π̌w is gauge equivalent to 0, i.e. there exists ϕ̌ ∈ KSX̌
[[t]] such that
0
eϕ̌ ∗ 0 = Π̌w ;
we further use a gauge fixing condition (P̌ ϕ̌ = 0) to uniquely determine ϕ̌. By applying
asymptotic analysis, we then show how the semi-classical limit (as λ−1 → 0) of this gauge
ϕ̌ recovers the wall-crossing factor Θ (or more precisely, Log(Θ)) in Proposition 5.22; the
details can be found in Section 5.2.
The heart of the work in [13] will be the situation when two non-parallel walls w1 , w2 ,
equipped with wall crossing factors Θ1 , Θ2 and supported on tropical hypersurface P1 , P2 ⊂
B0 = Rn respectively, intersect transversally.3 In this case, the sum
1
Π̌ := Π̌w1 + Π̌w2 ∈ KSX̌
[[t]]
0
2In

fact, both terms on the left-hand side of the Maurer-Cartan equation (1.4) are zero for this solution.
suffices to consider only two walls intersecting because consistency of a scattering diagram is a codimension 2 phenomenon and generic intersection of more than two walls will be of higher codimension. Non generic
intersection of walls can be avoided by choosing a generic metric on the base B0 because walls which should
be regarded as stable submanifolds emanating from critical points of the area functional fm , as suggested in
Fukaya’s original proposal [20].
3It
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does not solve the Maurer-Cartan equation (1.4). But a method of Kuranishi [36] allows us
to, after fixing the gauge using an explicit homotopy operator (introduced in Definition 5.19),
write down a Maurer-Cartan solution
Φ = Π̌ + · · ·
as a sum over directed trivalent planar trees (see Equation 5.10) with input Π̌.
This Maurer-Cartan solution Φ has a natural decomposition of the form
X
(1.5)
Φ = Π̌ +
Φ(a) ,
a

(Z2>0 )prim

which parametrizes half planes Pa with
where the sum is over a = (a1 , a2 ) ∈
rational slopes lying in-between P1 and P2 . Our first result already indicates why such a
solution should be related to scattering diagrams:
Lemma 1.4. For each a ∈ (Z2>0 )prim , the summand Φ(a) is a solution of the Maurer-Cartan
equation (1.4) which is supported near premiage of the half plane p̌−1 (Pa ).
Again, as X̌0 ∼
= (C∗ )n has no non-trivial deformations, each Φ(a) is gauge equivalent to 0
0
in a neigbrohood of p̌−1 (Pa ). So there exists a unique ϕ̌a ∈ KSX̌
[[t]] satisfying
0
eϕ̌a ∗ 0 = Φ(a)
and the gauge fixing condition P̌ ϕ̌a = 0 in that neigbrohood. We analyze the gauge ϕ̌a ,
again by asymptotic analysis and a careful estimate on the orders of the parameter λ−1 in its
asymptotic expansion, and obtain the following theorem:
Theorem 1.5. The asymptotic expansion of the gauge ϕ̌a is given by
ϕ̌a = ϕ̌a,0 + O(λ−1/2 ),
where ϕ̌a,0 , the semi-classical limit of ϕ̌a , is a step function that jumps across the preimage
of the half plane p̌−1 (Pa ) by Log(Θa ) for some element Θa in the tropical vertex group.
Thus, each Φ(a) , or more precisely the gauge ϕ̌a , determines a wall
wa = (Pa , Θa )
supported on the half plane Pa and equipped with the wall crossing factor Θa . Hence the
decomposition (1.5) of the Maurer-Cartan solution Φ defines a scattering diagram D(Φ)
consisting of the walls w1 , w2 and wa , a ∈ (Z2>0 )prim . We now arrive at our main result:
Theorem 1.6 (=Theorem 5.25). The scattering diagram D(Φ) associated to Φ is monodromy
free, meaning that we have the following identity
!
*
Y
Θ−1
Θa Θ1 Θ−1
1 Θ2
2 = Id,
where the left-hand side is the path oriented product along a loop around P1 ∩ P2 .4
4This

identity can equivalently be written as a formula for the commutator of two elements in the tropical
vertex group:
!
*
Y
−1
−1
Θ2 Θ1 Θ2 Θ1 =
Θa .
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Remark 1.7. Notice that the scattering diagram D(Φ) is the unique (by passing to a minimal scattering diagram if necessary) monodromy free extension, determined by KontsevichSoibelman’s Theorem 5.10, of the standard scattering diagram consisting of the two walls w1
and w2 .
Lemma 1.4 and Theorem 1.5 together say that the Maurer-Cartan solution Φ has asymptotic
support on some increasing set {P lane(N0 )}N0 ∈Z>0 of subsets of walls (see Definitions 5.26);
the proofs of these can be found in [13].
1
[[t]] having asymptotic support on an increasing set
In general, for an element Ψ ∈ KSX̌
0
of subsets of walls {P lane(N0 )}N0 ∈Z>0 , one can associate a scattering diagram D(Ψ) using
the same procedure we described above, and such a diagram is always monodromy free if Ψ
satisfies the Maurer-Cartan equation (1.4). So Theorem 1.6 is in fact a consequence of the
following more general result, which may be of independent interest:

Theorem 1.8 (=Theorem 5.27). If Ψ is any solution to the Maurer-Cartan equation (1.4)
having asymptotic support on an increasing set of subsets of walls {P lane(N0 )}N0 ∈Z>0 , then
the associated scattering diagram D(Ψ) is monodromy free.
See Section 5.3 (in particular, Theorems 5.27, 5.25) for the details. Morally speaking, our
results are saying that tropical objects such as scattering diagrams arise as semi-classical
limits of solutions of Maurer-Cartan equations.
We will first describe the construction of semi-flat mirror manifolds and fibre-wise Fourier
transform in Section 2. In Section 4, We will relate semi-classical limit of the A∞ operation
orse
mk (λ)’s to counting of gradient flow trees mM
’s. Using the hints from Witten-Morse
k
theory in Section 4, we will relate the semi-classical limit of solving MC equation on X̌0 to
the combinatorial process of completing a scattering diagram in Section 5.
2. Semi-flat Mirror family
2.1. Semi-flat mirror manifolds. We first give the construction of semi-flat manifolds X0
and X̌0 , which may be regarded as generalized complex manifolds defined via pure spinor,
from an integral affine manifold (possibly non-compact) B0 . We follow the definitions of affine
manifolds in [4, Chapter 6].
Let
Af f (Rn ) = Rn o GLn (R)
be the group of affine transformation of Rn , which is a map T of the form T (x) = Ax + b
with A ∈ GLn (R) and b ∈ Rn . We are particularly interested in the following subgroup of
affine transformation
Af fR (Zn )0 = Rn o SLn (Z).
Definition 2.1. An n-dimensional manifold B is called tropical affine if it admits an atlas
{(Ui , ψi )} of coordinate charts ψi : Ui → Rn such that ψi ◦ ψj−1 ∈ Af fR (Zn )0 .
In the following construction, we introduce a positive real parameter λ such that taking
λ → ∞ corresponds to approaching tropical limit.
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2.1.1. Construction of X0 . We
cotangent bundle T ∗ B0 , equipped with the canonP consider the
i
ical symplectic form ωcan = i dyi ∧ dx where xi ’s are affine coordinates on B0 and yi ’s are
coordinates of the cotangent fibers with respect to the basis dx1 , . . . , dxn . There is a lattice
subbundle Λ∗ ≤ T ∗ B0 generated by the covectors dx1 , . . . , dxn . It is well defined since the
transition functions lie in Af fR (Zn ). We put
X0 = T ∗ B0 /Λ∗ ,

(2.1)
equipped with the symplectic form

ω=λ

X

dyj ∧ dxj

j

descended from λωcan . The natural projection map p : X0 → B0 is a Lagrangian torus
fibration. We canPfurther consider B-field enriched symplectic structure β + iω by a semi-flat
closed form β = i,j βij (x)dyj ∧ dxi .
As a generalized complex manifold, we take the pure spinor to be eβ+iω and then locally
we have the corresponding maximal isotropic subbundle
n
on
E = SpanC µj , ν̄j
j=1

where


1  ∂
1  ∂
k
+
iι
−
β
dy
−
iλdy
=
∂ ω + ι ∂ β
k
j
j
∂xj
∂xj
4πλ ∂xj
4πλ ∂xj
 ∂

 ∂

µj := (−2πi)
+ iι ∂ ω + ι ∂ β = (−2πi)
+ βkj dxk + iλdxj .
∂yj
∂yj
∂yj
∂yj
ν̄j :=

2.1.2. Construction of X̌0 . We now consider the tangent bundle T B0 , equipped with the
complex structure where the local complex coordinates are given by y j + βkj xk + iλxj . Here
y j ’s are coordinates of the tangent fibers with respect to the basis ∂x∂ 1 , . . . , ∂x∂n , i.e. they
are coordinates dual to yj0 s on T B0 . The condition that βij (x)dxi being closed, for each
j = 1, . . . , n, is equivalent to integrability of the complex structure.
There is a well defined lattice subbundle Λ ≤ T B0 generated locally by
set

∂
, . . . , ∂x∂n .
∂x1

We

X̌0 = T B0 /Λ,
equipped with the complex structure Jˇ0 descended from that of T B0 , so that the local complex
j k
j
j
coordinates can be written as wj = e−2πi(y +βk x +iλx ) . The natural projection map p : X̌0 →
B0 is a torus fibration.
When considering generalized structure, the pure spinor is taken to be the holomorphic
volume form Ω̌ given by
(2.2)

Ω̌ =

n
^
j=1


dy j + βkj dxk + iλdxj .
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We have the correspond subbundle given by T 0,1 X̌0 ⊕ T ∗ X̌01,0 with local frame {δ j , ∂¯j }nj=1 ,
where

∂
1  ∂
−1 ∂
k ∂
∂¯j :=
(2.3)
=
+
iλ
(
−
β
)
j
∂ log w̄j
4πi ∂y j
∂xj
∂y k

(2.4)
δ j := d log wj = (−2πi) dy j + βkj dxk + iλdxj .
2.1.3. Semi-flat Kähler structure. For later purposes, we also want to give Kähler structures
on X0 and X̌0 by considering a metric g on B0 of Hessian type:
Definition 2.2. An Riemannian metric g = (gij ) on B0 is said to be Hessian type if it is
P
∂2φ
i
j
1
n
locally given by g =
i,j ∂xi ∂xj dx ⊗ dx in affine coordinates x , . . . , x for some convex
function φ.
Assuming first B-field β = 0, a Hessian type metric g on B0 induces a metric on T ∗ B0
which also descends to X0 . In local coordinates, the metric on X0 is of the form
X
(2.5)
gX0 =
λ(gij dxi ⊗ dxj + g ij dyi ⊗ dyj ),
i,j

where (g ij ) is the inverse matrix of (gij ). The metric gX0 is compatible with ω and gives a
complex structure J on X0 with complex coordinates represented by a matrix


0 g −1
J=
−g 0
with respect to the frame
form which is

∂
, . . . , ∂x∂n , ∂y∂ 1 , . . . , ∂y∂n ,
∂x1

Ω=

n
^

(dyj + i

j=1

n
X

having a natural holomorphic volume

gjk dxk ).

k=1

The Kähler manifold (X0 , ω, J) is a Calabi-Yau manifold if and only if the potential φ satisfies
the real Monge-Ampére equation
∂ 2φ
) = const.
∂xi ∂xj
In such a case, p : X0 → B0 is a special Lagrangian torus fibration.
(2.6)

det(

On the other hand, there is a Riemannian metric on X̌0 induced from g given by
X
gX̌0 =
(λgij dxi ⊗ dxj + λ−1 gij dy i ⊗ dy j ).
i,j

It is compatible with the complex structure and gives a symplectic form
X
¯ =
ω̌ = 2i∂ ∂φ
gij dy i ∧ dxj .
i,j

Similarly, The potential φ satisfies the real Monge-Ampére equation (2.6) if and only if
(X̌0 , ω̌, Jˇ0 ) is a Calabi-Yau manifold.
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In the presence of β, we need further compatibility condition between β and g to obtain a
Kähler structure. On X0 , we treat β + iω as a complexified Kähler class on X0 and require
that β ∈ Ω1,1 (X0 ) with respect to the complex structure J. This is same as saying
X j
(2.7)
βi gjk dxi ∧ dxk = 0,
i,j,k

if β =

P

i,j

βij (x)dyj ∧ dxi in local coordinates x1 , . . . , xn , y1 , . . . , yn .

On X̌0 , we treat β as an endomorphism of T B0 represented by a matrix (i, j)-entry is given
by β(x)ji with respect to the frame ∂x∂ 1 , . . . , ∂x∂n . The complex structure we introduced before
can be written as


−1
−1
λ
β
λ
I
(2.8)
Jˇβ,0 =
−λ(I + λ−2 β 2 ) −λ−1 β
with respect to the frame

∂
, . . . , ∂x∂n , ∂y∂ 1 , . . . , ∂y∂n .
∂x1

The extra assumption (2.7) will be equivalent to the compatibility of Jˇβ,0 with ω̌. If we
treat (gij ) as a square matrix, we have the symplectic structure ω̌ represented by


0 −g
(2.9)
ω̌ =
.
g 0
The compatibility condition

T 

 

λ−1 β
λ−1 I
0 −g
λ−1 β
λ−1 I
0 −g
=
−λ(I + λ−2 β 2 ) −λ−1 β
g 0
−λ(I + λ−2 β 2 ) −λ−1 β
g 0
in terms of matrices is equivalent to βg = gβ, which is the matrix form of (2.7). The metric
tensor is represented by the matrix


λg(I + λ−2 β 2 ) λ−1 gβ
gX̌0 =
,
λ−1 gβ
λ−1 g
whose inverse is given by
−1
gX̌
0


=

λ−1 g −1
−λ−1 βg −1
−λ−1 βg −1 λ(I + λ−2 β 2 )g −1


.

3. SYZ for Generalized complex structure
In this section, we see that one can relate the sypmplectic structure of X0 to the complex
structure of X̌0 by SYZ transform for generalized complex structure. We follow [4] for brief
review about this tranformation.
3.1. Generalized complex structure. For a real manifold M , there is a natural Lie bracket
[·, ·]c defined on sections of T M ⊕ T ∗ M , namely the Courant bracket, defined by the equation
1
[X + ξ, Y + η]c = LX Y + LX (η) − LY (ξ) − d(ιX (η) − ιY (ξ)),
2
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where L stands for the Lie derivative on M . It can be checked easily that the Courant bracket
satisfies Jacobi identity and hence gives a Lie algebra structure on Γ(M, T M ⊕ T ∗ M ). There
is a natural pairing h·, ·i defined on the sections of T M ⊕ T ∗ M given by
1
hX + ξ, Y + ηi = (η(X) + ξ(Y )).
2
Definition 3.1. A generalized complex structure on M (dim(M ) = 2n), is a maximal
isotropic (with respect to h·, ·i) complex subbundle E which is closed under the Courant bracket
and that E ⊕ Ē = (T M ⊕ T ∗ M ) ⊗ C.
Remark 3.2. One may define an generalized almost complex structure to be an h·, ·i preserving endomorphism J and T M ⊕ T ∗ M such that J 2 = −I. If we take the +i eigenspace of J
on T M ⊕ T ∗ M , we obtain an maximal isotropic subbundle E with E ⊕ Ē = (T M ⊕ T ∗ M ) ⊗ C.
Generalized complex manifolds unitfy both symplectic manifolds and complex manifolds
as important special cases. For an almost complex manifold (M, J), on can simply take the
complex structure J to be


−J 0
(3.1)
JJ =
,
0 J∗
The corresponding isotropic subbundle E is taken to be T 0,1 M ⊕ T ∗ M 1,0 . The condition that
E is closed under Courant bracket is equivalent to the integrability of J.
For an almost symplectic manifold (M, ω), we can define an bundle map ω : T M → T ∗ M
given by contraction a vector field with ω. In terms of matrix, we define


0 ω −1
(3.2)
Jω =
.
−ω 0
We can take Γ(E) = {X + iιX ω | X ∈ Γ(T M ⊗ C)} and the integrability condition is
equivalent to ω being a closed form.
3.1.1. B-field in generalized geometry. Another advantages of considering generalized complex structure is the presence of a natural notion of twisting by B-field. In particular, it
enrichs the family of symplectic manifold by applying B-field twisting to its corresponding
generalized structure Jω as follows:
Given a closed two form β on M , one can define an h·, ·i preserving automorphism Bβ of
T M ⊕ T ∗ M given by Bβ (X + ξ) = X + ξ + ιX β, and one can obtain new generalized complex
structure Bβ (E) from E by the following fact.
Proposition 3.3. Bβ (E) closed under the Courant bracket if and only if E does.
Therefore Bβ (E) is a generalized complex structure if and only if E does. This gives a
natural way to obtain new generalized complex manifolds by applying B-field twisting. In
particular, when (M, ω) being a symplectic manifold, we have Γ(E) = {X + iιX ω + ιX β | X ∈
Γ(T M ⊗ C)} which can be viewed as a complexified symplectic structure on M .
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3.1.2. Generalized structure via pure spinor. There is an important class of complex manifold,
namely those having a nowhere vanishing holomorphic volume form which is a pure spinor.
For generalized complex manifolds, we will also be interested in those having a nowhere
vanishing pure spinors which will be defined in the following. In the case that M is even
dimensional, the spinor bundles S ± is given by
S+ =
−

S =

ev
^

odd
^

2n
^

1
T ∗M ⊗
T M)2

∗



T M ⊗

2n
^

1

T M)2 .

V2n
1
We will remove the factor
T M ) 2 by twisting with its inverse line bundle in the rest of
the section, for the discussion on pure spinors. There is a natural action of T M ⊕ T ∗ M on
the spinor bundles S, namely the Clifford multiplication, given by
(X + ξ) · φ = (ιX + ξ∧)φ,
for ϕ ∈

V∗

T ∗M .

Definition 3.4. Given a spinor ϕ ∈

V∗

(T ∗ M ⊗ C), we associate a subbundle

Eϕ = {(X + ξ) | (ιX + ξ∧)ϕ = 0}.
ϕ is said to be pure if Eϕ is maximal isotropic.
In the case of ordinary complex manifolds, the holomorphic volume forms determine completely the complex structures. We have a similar statement for pure spinors in the generalized
setting.
Proposition 3.5. If a pure spinor ϕ is a closed form such that Eϕ ∩ Ēϕ = {0}, then Eϕ is
a generalized complex structure.
Given a B-field β, it acts on the form ϕ by the formula β · ϕ = eβ ∧ ϕ. One can easily
check the relation Eβ·ϕ = Bβ (Eϕ ). In the case (M, ω) being symplectic manifold, the pure
spinor can be taken to be eiω . The B-field twisted spinor is eβ+iω .
3.2. SYZ transform of generalized complex structure. In this section, we study the
SYZ transform of generalized complex structure by defining a Fourier-Mukai type transform
for pure spinor and show that the mirror manifolds pair, or more precisely their associated
pure spinor, are correspond to each other. The result in this section are from [10].
3.2.1. Fourier-Mukai type transform. Following [10], we recall the definition for the FourierMukai type transform
FM : Ω∗0 (X0 ×B0 Λ∗ ) → Ω∗0 (X̌0 ×B0 Λ),
here the notation Ω∗0 (X0 ×B0 Λ∗ ) stands for differential forms having rapid decay along the
fiber of the lattice bundle Λ∗ .

12

MA

First, notice that we have dual torus fibrations:
X0

X̌0
p

B0

~

p̌

,

and there is a unitary line bundle on X0 ×B0 X̌0 , called the Poincaré bundle P, which serves
as the universal bundle when treating X̌0 as fiberwise moduli space of flat unitary connection
on fibres of X0 . We give a description for the Poincaré bundle in local coordinates (y, x, y̌) =
(y1 , . . . , yn , x1 , . . . , xn , y 1 , . . . , y n ) for T ∗ U ×B0 T U . We consider a trivial bundle on the total
space of T ∗ U ×B0 T U equipped with connection
d + πi[(y, dy̌) − (dy, y̌)],
and an fiberwise action by the lattice bundle Λ∗ ×B0 Λ given by
(λ, λ̌) · (y, y̌, t) = (y + λ, y̌ + λ̌, eπi[(y,λ̌)−(λ,y̌)] t),
where λ and λ̌ are fiberwise integer coordinates for Λ∗ and Λ respectively. We therefore define
the Poincaré bundle
P (P, ∇P )j to be the quotient bundle under this action. It have curvature
form F∇P = 2πi j dyj ∧ dy .
Our transform FM is constructed by defining a universal differential form on the space
(X0 ×B0 Λ∗ ) ×B0 (X̌0 ×B0 Λ). We first define the Fourier transform kernel function by
i

φFM = e2πi[(y,λ̌)−(λ,y̌)]+ 2π F∇P .

(3.3)

Making use of the projection maps π and π̌ shown below
(X0 ×B0 Λ∗ ) ×B0 (X̌0 ×B0 Λ)
π

π̌

*
t

(X0 ×B0 Λ∗ )

(X̌0 ×B0 Λ),

we define
(3.4)

FM (α) = (−1)

n(n+1)
2


π̌∗ π ∗ (α)φFM .

Here π̌∗ means integration along the fiber of π̌.
Remark 3.6. The space X0 ×B0 Λ∗ can be identified with the space of fiberwise affine loop
LX0 = { γ | γ : [0, 1] → X0 af f ine loop }. Under the identification
LX0 ×B0 LX̌0 ∼
= (X0 ×B0 Λ∗ ) ×B0 (X̌0 ×B0 Λ),
we have the relation
i

φFM (γ, γ̌) = Hol∇P (γ × γ̌)e 2π F∇P .
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3.2.2. SYZ transform for generalized Calabi-Yau structures. Making use of the Fourier transform FM and its inverse, we can transform pure spinors from X0 to X̌0 and vice versa. The
following statement from [10] confirms that (X0 , eβ+iω ) and (X̌0 , Ω̌) are mirror pairs.
Proposition 3.7.
(3.5)

FM (eβ+iω ) = Ω̌.

For a complete understanding of SYZ transform of generalized structures, we consider a
Fourier transform for generalized vector field (i.e. section of T ⊕ T ∗ ) as follows
(3.6)

F : Γ(LX0 , (T X0 ⊕ T ∗ X0 )C ) → Γ(LX̌0 , (T X̌0 ⊕ T ∗ X̌0 )C ),

defined in a similar fashion as FM . On LX0 ×B0 LX̌0 = X0 ×B0 Λ∗ ×B0 X̌0 ×B0 Λ, there is a
natural bundle isomorphism
ρ : π ∗ (T X0 ⊕ T ∗ X0 )C → π̌ ∗ (T X̌0 ⊕ T ∗ X̌0 )C ,
which gives an explicit identification of the bundle π∗ (Eexp(β+iω) ) ∼
= π̌∗ (EΩ̌ ) via ρ, given by
ρ(ν̄j ) = ∂¯j
ρ(µj ) = δ j .
The transform F is given by the above identification and a fibre-wise Fourier series type
expansion using the kernel function φF = e2πi[(y,λ̌)−(λ,y̌)] .
eβ+iω and Ω̌ are special cases of semi-flat pure spinors, which are those being constant along
the fiber pr : LX0 → B0 and supported on the locus of constant loops. From [4, Chapter
6], we see that FM relates general semi-flat pure spinors, which corresponding to generalized
complex structures, for the dual torus fibrations X0 and X̌0 .
Proposition 3.8. Let ϕ ∈ Ω∗ (X0 ) be a semi-flat pure spinor, then ϕ defines a generalized
complex structure iff FM (ϕ) does.
Certainly it will be interested to relax the semi-flat condition on pure spinors which allows
them to vary along fibers and have nontrivial contribution from the higher Fourier modes.
Unfortunately, only the case concerning mirror symplectic structures and complex structures
has been carried out, which will be the contents of the coming subsection.
3.3. Deformations of pure spinors and Fourier transform. More precisely, we are
considering the deformations of the pure spinors eβ+iω and Ω̌ which not necessary being semiflat, resulting in an structure of dgBV. To begin with, we start with the case of deformation
of holomorphic volume form Ω̌.
3.3.1. Deformation of holomorphic volume form. On the complex manifold (X̌0 , Ω̌), we have
the maximal isotropic subbundle EΩ̌ given by equation (2.3) (2.4). A deformation
of Ω̌ will be
V∗
∗,∗
0,∗
∗ 1,0
given by the polyvector fields ϕ̌ ∈ P V (X̌0 ) = Ω (X̌0 , ∧ TX̌0 ) = Γ(X̌0 ,
ĒΩ̌ ) via Clifford
ϕ̌
action e a Ω̌. We will be looking for those deformation resulting in a closed pure spinor
satisfying
d(eϕ̌ a Ω̌) = 0,
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which will be equivalent to certain Maurer-Cartan equation on ϕ̌.
There is a dgBV (and hence its associated dgLa) structure on polyvector fields on X̌,
P V i,j (X̌0 ) = Ω0,j (X̌, ∧i TX̌1,00 ) capturing deformation of Ω̌, with the degree on P V i,j (X̌0 ) taken
to be j − i. We give a brief review of this dgBV structure, following [40].
Definition 3.9. A Z-graded differetial graded Batalin-Vilkovisky (dgBV) algebra is a Z¯ ∧) together with degree 1 operation ∆ satisfying
graded unital differential graded algebra (V, ∂,
∆(1) = 0,
¯
∆ = ∂∆ + ∆∂¯ = 0,
2

and for all v ∈ V k , the operation δv : V • → V •+k+1 defined by
(3.7)

δv (w) := ∆(v ∧ w) − ∆(v) ∧ w − (−1)k v ∧ ∆(w)

being derivation of degree k + 1.
Definition 3.10. We define the bracket operation [·, ·] : V ⊗V → V by [v, w] = (−1)|v|+1 δv (w).
Notations 3.11. In local frames δ̄ j ’s and ∂j ’s, with an ordered subset I = {i1 , . . . , ik } ⊂
{1, . . . , n}, we write
δ̄ I = δ̄ i1 ∧ · · · ∧ δ̄ ik , ∂I = ∂i1 ∧ · · · ∧ ∂ik ,
and similarly for δ I and ∂¯I .
There is a natural differential graded algebra (dgA) structure on P V ∗,∗ (X̌0 ) given by the
Dolbeault differential ∂¯ and the graded commutative wedge product ∧. For the BV operator
∆, We make use of the holomorphic volume form Ω̌. Given a polyvector field of the form ∂I ,
we define
∂I a Ω̌ = ι∂i1 · · · ι∂ik Ω̌.
For α = αJI δ̄ J ∧ ∂I and β = βLK δ̄ L ∧ ∂K , we let α a Ω̌ ∈ Ω∗,∗ (X̌) given by
α a Ω̌ = αJI δ̄ J ∧ (∂I a Ω̌).
Definition 3.12. We can therefore define the BV differential ∆Ω̌ (depending on Ω̌) by
∆Ω̌ α a Ω̌ := ∂(α a Ω̌).

(3.8)

We will drop the dependence on Ω̌ in the notation ∆Ω̌ if there is no confusion. In terms of
1
n
local frames, if we have Ω̌ = δ ···δ
for some nowhere vanishing holomorphic function f , we
f
have
n
X
αI
∆Ω̌ α =
f ∂r ( J )δ r y(δ̄ J ∧ ∂I ).
f
r=1
We can also express the operation δα (β) defined in 3.7 for α and β as above explicitly in local
coordinates,
n
X
δα (β) =
∂r (βLK )(δr yα) ∧ (δ̄ L ∧ ∂K ) + (−1)j−i ∂r (αJI )δ̄ J ∧ ∂I ∧ δr y(β).
r=1

¯ ∆) give a dgBV algebra as in [40]. We have a differential
We can check that (P V ∗,∗ (X̌), ∂,
graded Lie algebra (dgLa) structure (D, [·, ·]), with differential D given by D = ∂¯ + ∆, on
P V ∗,∗ (X̌0 )[1].

SYZ MIRROR SYMMETRY FROM WITTEN-MORSE THEORY

15

Proposition 3.13. For ϕ̌ ∈ P V ∗,∗ (X̌0 ), we have
(3.9)

1
d(eϕ̌ a Ω̌) = 0 ⇐⇒ Dϕ̌ + [ϕ̌, ϕ̌] = 0.
2

3.3.2. Fourier transform of dgBV structures. We can extend the Fourier transform 3.6 to
polyvector fields, sections of the exterior power of the conjugated isotropic subbundle Γ(X̌0 , ∧∗ ĒΩ̌ ).
Observe that there is an identification
∗
∗
^
^
∗
∗
∼
π ( Ēexp(β+iω) ) = π̌ ( ĒΩ̌ )
on LX
π̌ are the projections to each copy. We can further identify
V∗0 ×B0 X̌0 where
V∗π and
∗
∼
the
Ēexp(β+iω) =
(T X0 )C via the natural projection
(T X0 ⊕ TV∗ X0 )C → (T ∗ X0 )C .
V∗
−1
∗
Combining these we obtain an identification ρ : π̌ ( ĒΩ̌ ) ←→ π ∗ ( ∗ (T ∗ X0 )C ) which is
explicitly given by

i 
dyj − iλ−1 βjk dyk
ρ−1 (∂j ) =
4π 

ρ−1 (δ̄ j ) = (2π) λdxj + iβkj dxk .

Similar to the Fourier transform 3.6, we can define
(3.10)

∗,∗
F : Ωcf
(LX0 ) ←→ P V ∗,∗ (X̌0 ),

where the subscript ”cf” refering to constant along fiber with respect to the natural torus
∗,∗
fibration LX0 → Λ∗ . Here the bidegree in Ωcf
(LX0 ) comes from a splitting of T ∗ LX0 as
forms along the fiber and forms coming from the base with respect to the fibration LX0 → Λ∗ .
The Fourier transform 3.10 is compatible with the Fourier Mukai transform 3.4 in the sense
that we have a communtative diagram
Ω∗,∗
cf (LX0 )

F

/

P V ∗,∗ (X̌0 )

∧eβ+iω



Ω∗cf (LX0 )

aΩ̌

FM

/



Ω∗ (X̌0 ).

We notice that F is exterior algebra homomorphism and FM transforms the differential
operator d on Ω∗ (X̌0 ) to the equivariant differential operator d + ιγ̇ on Ω∗cf (LX0 ) with respect
to the natural S 1 action on LX0 (Here γ̇ refers to the vector field on LX0 which is given by
tangent vector of 2πiγ̇(0), at the point γ in the loop space LX0 ). Combining these facts, we
have the following proposition.
Proposition 3.14. Suppose F(ϕ) = ϕ̌, then we have
(3.11)

(d + ιγ̇ )eϕ+β+iω = 0 ⇐⇒ d(eϕ̌ a Ω̌) = 0

which relates the equations describing deformation of pure spinors for a mirror pairs (X0 , eβ+iω )
and (X̌0 , Ω̌).
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Remark 3.15. The quantum corrections on A-side lives on LX0 since it involves holomorphic
disks instantons which are related to gradient flow trees, or the Morse theory, on the loop space
LX0 with respect to the area functional. These informations on the loop space LX0 may be
treated as ”quantum” deformation ϕ of the original eβ+iω , and the above equation simply
means that eϕ+β+iω is equivariantly closed. Although the term eϕ+β+iω does not live on the
original space X0 , the geometric meaning of it will become clearer when we treat it as a central
charge on semi-flat branes.
3.3.3. Deformation of Central charge. We will be considering the semi-flat Kähler manifold
(X0 , eβ+iω , Ω) in this subsection, and treating the pure spinor eβ+iω as a central charge on the
Derived category of coherent sheaf Db Coh(X0 ) with respect to Ω by the formula
Z
•
Z(E ) =
ch(E)eβ+iω ,
X0

for a complex vector bundle E.
Remark 3.16. We assume B0 is compact (i.e. there is no singular fiber in the torus fibration)
for the purpose of integration, and we expect similar formula will be valid when the integration
over X0 is suitably defined.
In the following discussion, we will restrict our attention to semi-flat B-branes (E, ∇) as
defined in [11].
Definition 3.17. A semi-flat B-brane (E, ∇) on (X0 , eβ+iω , Ω) is a holomorphic vector bundle E with a holomorphic connection ∇ (i.e. (∇0,1 )2 = 0), such that (E, ∇)|p−1 (U ) can be
equipped with some T n -action compatible with the trivial action on p−1 (U ) ∼
= U × T n , for
every contractible U ⊂ B0 .
Upon pulling back through natural evaluation map ev : LX0 → X0 , the semi-flat condition
enable us to equip ev ∗ (E, ∇) with S 1 -action compatible with S 1 y LX0 . This allows us to
define the equivariant connection ∇eq = ∇ + ιγ̇ and hence the equivariant Chern character as
i

2

cheq (E, ∇) = tr(e 2π (∇eq −Lγ̇ ) ).
We interpret the deformation eϕ+β+iω on LX0 as a deformation of the above central charge,
which is given by
Z
(3.12)
Z(E, ∇) =
cheq (E, ∇)eϕ+β+iω ,
γ∈LX0
β+iω

for a semi-flat B-brane (E, ∇) on (X0 , e
, Ω). A Chern-Weil type argument for equivariant
characteristic classes gives us the following statement.
Proposition 3.18. Assuming ϕ satisfy the Maurer-Cartan equation (d + ιγ̇ )(eϕ+β+iω ) = 0,
then the deformed central charge Z(E, ∇) is independent of choice of semi-flat holomorphic
connection ∇.
It means that the central charge Z can be decended as Z : K sf (X0 ) → C (here the
superscript sf refers to K-group of semi-flat bundles), which is mirrored to the fact that
Z
(eϕ̌ a Ω̌)
Ľ
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is independent of choice of Lagrangian Ľ up to Hamiltonian equivalent if d(eϕ̌ a Ω̌). The
case for a semi-flat line bundle (E, ∇) can be obtained directly by transforming the mirror
statement when integrating eϕ̌ a Ω̌ on Lagrangian section, while that for a general vector
bundle requires a proof as the SYZ transform for a semi-flat vector bundle is not known yet.
The deformed central charge Z should play the role of a central charge in the sense of
Bridgeland’s stability, and the further investigation on how Z incorporates with Bridgeland’s
stability, especially in the presence of singular locus on B0 will be an interesting topic to
study.
4. Witten deformation and Morse category
In this section, we will describe briefly the result proven in [12]. We begin by introducing
the notations and definitions needed to state the theorem.
4.1. deRham category. Given a compact oriented Riemannian manifold M 5, we can construct the deRham category DRλ (M ) depending on a small real parameter λ. Objects of the
category are smooth functions fi ’s on M . For any two objects fi and fj , we define the space
of morphisms between them to be
Hom∗DRλ (M ) (fi , fj ) = Ω∗ (M ),
with differential d+λdfij ∧, where fij := fj −fi . The composition of morphisms is defined to be
the wedge product of differential forms on M . This composition is associative and hence the
resulted category is a dg category. We denote the complex corresponding to Hom∗DRλ (M ) (fi , fj )
by Ω∗ij (M, λ) and the differential d + λdfij by dij . Next, we then consider the Morse category
which is closely related to the deRham category.
4.2. Morse category. The Morse category M orse(M ) has the same class of objects as the
deRham category DRλ (M ), with the space of morphisms between two objects given by
X
C · eq .
Hom∗M orse(M ) (fi , fj ) = CM ∗ (fij ) =
q∈Crit(fij )

It is equipped with the Morse differential which is defined when fij is Morse. In this complex,
eq ’s are declared to be an orthonormal basis and graded by the Morse index of corresponding
critical point q, which is the dimension of unstable submanifold Vq− . The Morse category
orse
M orse(M ) is an A∞ -category equipped with higher products mM
for every k ∈ Z+ , or
k
simply denoted by mk , which are given by counting gradient flow trees.
4.2.1. Morse A∞ structure. We are going to describe the product mk of the Morse category.
First of all, one may notice that the morphisms between two objects fi and fj is only defined
when fij is Morse. Therefore, when we consider a sequence of functions f0 , . . . , fk , we said
the sequence is Morse if fij are Morse for all i 6= j. Given a Morse sequence f~ = (f0 , . . . , fk ),
with a sequence of points ~q = (q01 , . . . q(k−1)k , q0k ) such that qij is a critical point of fij , we
5We

considered M being the integral affine manifold B0 in the Introduction 1 to related it to Fukaya’s
reconstruction proposal, while the result holds for general M
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will define the notation of gradient flow trees. Before that, we first clarify the definition of a
combinatorial tree.
Definition 4.1. A trivalent directed d-leafed tree T means an embedded tree in R2 , together
with the following data:
(1)
(2)
(3)
(4)

a
a
a
a

finite set of vertices V (T );
set of internal edges E(T );
set of d semi-infinite incoming edges Ein (T );
semi-infinite outgoing edge eout .

Every vertex is required to be trivalent, having two incoming edges and one outgoing edge.
For simplicity, we will call it a d-tree. They are identified up to continuous map preserving
the vertices and edges. Therefore, the topological class for d-trees will be finite.
Given a d-tree, by fixing the anticlockwise orientation of R2 , we have cyclic ordering of
all the semi-infinite edges. We can label the incoming edges by pairs of consecutive integers
(d − 1)d, (d − 1)(d − 2), . . . , 01 and the outgoing edges by 0d such that the cyclic ordering
01, . . . , (d−1)d, 0d agrees with the induced cyclic ordering of R2 . Furthermore, we can extend
this labeling to all the internal edges, by induction along the directed tree. If we have an
vertex v with two incoming edges labelled ij and jk, then we assign labeling ik to the outgoing
edge. For example, there are two different topological types for 3-tree, with corresponding
labelings for their edges as shown in the following figure.

Figure 1. two different types of 3-trees
Definition 4.2. A gradient flow tree Γ of f~ with endpoints at ~q is a continuous map f : T̃ →
M such that it is a upward gradient flow lines of fij when restricted to the edge labelled by ij,
the semi-infinite incoming edge i(i + 1) begins at the critical point qi(i+1) and the semi-infinite
outgoing edge 0k ends at the critical point q0k .
We use M(f~, ~q) to denote the moduli space of gradient trees (in the case k = 1, the moduli
of gradient flow line of a single Morse function has an extra R symmetry given by translation
in the domain. We will use this notation for the reduced moduli, that is the one after taking
quotient by R). It has a decomposition according to topological types
a
M(f~, ~q) =
M(f~, ~q)(T ).
T
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This space can be endowed with smooth manifold structure if we put generic assumption
on the Morse sequence as described in [1]. When the sequence is generic, the moduli space
M(f~, ~q) is smooth manifold of dimension
dimR (M(f~, ~q)) = deg(q0k ) −

k−1
X

deg(qi(i+1) ) + k − 2,

i=0
orse
, or
where deg(qij ) is the Morse index of the critical point. Therefore, we can define mM
k
~
~
simply denoted by mk , using the signed count #M(f , ~q) of points in dimR (M(f , ~q)) when it
is of dimension 0 (In that case, it can be shown to be compact. See e.g. [1] for details).

We now give the definition of the higher products in the Morse category.
Definition 4.3. Given a generic Morse sequence f~ with sequence of critical points ~q, we
define
∗
∗
∗
mk : CMk(k−1)
⊗ · · · ⊗ CM01
→ CM0k
given by
(4.1)
hmk (q(k−1)k , . . . , q01 ), q0k i = #M(f~, ~q),
when
deg(q0k ) −

k−1
X

deg(qi(i+1) ) + k − 2 = 0.

i=0

Otherwise, the mk is defined to be zero.
orse
One may notice mM
can only be defined when f~ is a Morse sequence satisfying the
k
generic assumption as in [1]. The Morse category is indeed a A∞ pre-category instead of an
honest category. We will not go into detail about the algebraic problem on getting an honest
category from this structures. For details about this, readers may see [1, 19].

4.3. From deRham to Morse. To relate DRλ (M ) and M orse(M ), we need to apply homological perturbation to DRλ (M ). Fixing two functions fi and fj , we consider the Witten
Laplacian
∆ij = dij d∗ij + d∗ij dij ,
where d∗ij = d∗ + λι∇fij . We take the interval [0, c) for some small c > 0 and denote the span
of eigenspaces with eigenvalues contained in [0, c) by Ω∗ij (M, λ)sm .
4.3.1. Results for a single Morse function. We recall the results on Witten deformation for
a single Morse function from [31], with a few modifications to fit our content.
Definition 4.4. For a Morse function fij , the Agmon distance ρij , or simply denoted by ρ, is
the distance function with respect to the degenerated Riemannian metric h·, ·ifij = |dfij |2 h·, ·i,
where h·, ·i is the background metric.
Readers may see [30] for its basic properties. We denote the set of critical points by Cij∗ .
For each q ∈ Cijl we let
[
Mq,η = M \
B(p, η),
l \{q}
p∈Cij
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where B(p, η) is the open ball centered at p with radius η with respect to the Agmon metric.
Mq,η is a manifold with boundary.
For each q ∈ Cijl , we use Ω∗ij (Mq,η , λ)0 to denote the space of differential forms with Dirichlet
boundary condition, acting by Witten Lacplacian ∆ij,q,0 . We have the following spectral gap
lemma, saying that eigenvalues in the interval [0, c) are well separated from the rest of the
spectrum.
Lemma 4.5. For any η > 0 small enough, there is λ0 = λ0 (η) > 0 and c, C > 0 such that
when λ > λ0 , we have
Spec(∆ij,q,0 ) ∩ [c, Cλ) = ∅,
and also
Spec(∆ij ) ∩ [c, Cλ) = ∅.
The eigenforms with corresponding eigenvalue in [0, c) are what we concentrated on, and
we have the following decay estimate for them.
Lemma 4.6. For any , η > 0 small enough, we have λ0 = λ0 (, η) > 0 such that when
λ > λ0 , ∆ij,q,0 has one dimensional eigenspace in [0, c). If we let ϕq ∈ Ω∗ij (Mq,η , λ)0 be the
coresponding unit length eigenform, we have
(4.2)

ϕq = O (e−λ(ρij (q,x)−) ),

where O stands for C 0 bound with a constant depending on . Same estimate holds for dij ϕq
and d∗ij ϕq as well.
We are now ready to give the definition of φij (η, λ). For each critical point p, we take a
cut off function θp such that θp ≡ 1 in B(p, η) and compactly supported in B(p, 2η). Given
a critical point q ∈ C l , we let
X
χq = 1 −
θp .
p∈C l \{q}

Proposition 4.7. For η > 0 small enough, there exists λ0 = λ0 (η) > 0, such that when
λ > λ0 , we have a linear isomorphism
φ̂ij = φ̂ij (η, λ) : CM ∗ (fij ) → Ω∗ij (M, λ)sm
defined by
(4.3)

φ̂ij (η, λ)(q) = Pij χq ϕq ,

where Pij : Ω∗ij (M, λ) → Ω∗ij (M, λ)sm is the projection to the small eigenspace.
Remark 4.8. One may notice that ϕq is defined only up to ± sign. Recall that in the
definition of Morse category, we fix an orientation for unstable submanifold Vq− and stable
submanifold Vq+ at q. The sign of ϕq is chosen such that it agrees with the orientation of Vq−
at q.
Definition 4.9. We renormalize φ̂ij (η, λ) to give a map φij (η, λ) defined by
1

(4.4)

|α− | 4 π 1 ( n −deg(q))
)2 2
φ̂ij (η, λ)(q),
φij (η, λ)(q) =
1 (
|α+ | 4 2λ

where α+ and α− are products of positive and negative eigenvalues of ∇2 f at q respectively.
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Remark 4.10. The meaning of the normalization is to get the following asymptotic expansion
Z
eλfij φij (η, λ)(q) = 1 + O(λ−1 ),
(4.5)
Vq−

which is the one appeared in [44].
By the result of [31], we have a map
φ = φij (η, λ) : CM ∗ (fij ) → Ω∗ij (M, λ)sm
depending on η, λ ∈ R+ such that it is an isomorphism when η, λ−1 are small enough.
Furthermore, under the identification φij (η, λ), we have the identification of differential dij
and Morse differential m1 from [31] as
(4.6)

hdij φij (p), φij (q)i = e−λ(fij (q)−fij (p)) hm1 (p), qi(1 + O(λ−1 ))

for λ−1 small enough, if p, q are critical points of fij . This is originally proposed by Witten
to understand Morse theory using twisted deRham complex.
It is natural to ask whether the product structures of two categories are related via this
identification, and the answer is definite. The first observation is that the Witten’s approach
indeed produces an A∞ category, denoted by DRλ (M )sm , with A∞ structure {mk (λ)}k∈Z+ .
It has the same class of objects as DRλ (M ). However, the space of morphisms between
two objects fi , fj is taken to be Ω∗ij (M, λ)sm , with m1 (λ) being the restriction of dij to the
eigenspace Ω∗ij (M, λ)sm .
The natural way to define m2 (λ) for any three objects f0 , f1 and f2 is the operation given
by
(ι12 ,ι01 )

Ω∗12 (M, λ)sm ⊗ Ω∗01 (M, λ)sm −−−−→ Ω∗12 (M, λ) ⊗ Ω∗01 (M, λ)

∧
y
Ω∗02 (M, λ)

P
y 02
where ι12 and ι01 are natural inclusion maps and Pij
orthogonal projection.

Ω∗02 (M, λ)sm ,
: Ω∗ij (M, λ) → Ω∗ij (M, λ)sm is the

Notice that m2 (λ) is not associative, and we need a m3 (λ) to record the non-associativity.
To do this, let us consider the Green’s operator G0ij corresponding to Witten Laplacian ∆ij .
We let
(4.7)

Gij = (I − Pij )G0ij

and
(4.8)

Hij = d∗ij Gij .

Then Hij is a linear operator from Ω∗ij (M, λ) to Ω∗−1
ij (M, λ) and we have
dij Hij + Hij dij = I − Pij .
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Namely Ω∗ij (M, λ)sm is a homotopy retract of Ω∗ij (M, λ) with homotopy operator Hij . Suppose
f0 , f1 , f2 and f3 are smooth functions on M and let ϕij ∈ Ω∗ij (M, λ)sm , the higher product
m3 (λ) : Ω∗23 (M, λ)sm ⊗ Ω∗12 (M, λ)sm ⊗ Ω∗01 (M, λ)sm → Ω∗03 (M, λ)sm
is defined by
(4.9)

m3 (λ)(ϕ23 , ϕ12 , ϕ01 ) = P03 (H13 (ϕ23 ∧ ϕ12 ) ∧ ϕ01 ) + P03 (ϕ23 ∧ H02 (ϕ12 ∧ ϕ01 )).

In general, construction of mk (λ) can be described using k-tree.
P
For k ≥ 2, we decompose mk (λ) := T mTk (λ), where T runs over all topological types of
k-trees.
mTk (λ) : Ω∗(k−1)k (M, λ)sm ⊗ · · · ⊗ Ω∗01 (M, λ)sm → Ω∗0k (M, λ)sm
is an operation defined along the directed tree T by
(1) applying inclusion map ιi(i+1) : Ω∗i(i+1) (M, λ)sm → Ω∗i(i+1) (M, λ) at semi-infinite incoming edges;
(2) applying wedge product ∧ to each interior vertex;
(3) applying homotopy operator Hij to each internal edge labelled ij;
(4) applying projection P0k to the outgoing semi-infinite edge.
The higher products {mk (λ)}k∈Z+ satisfies the generalized associativity relation which is
the so called A∞ relation. One may treat the A∞ products as a pullback of the wedge
product under the homotopy retract Pij : Ω∗ij (M, λ) → Ω∗ij (M, λ)sm . This proceed is called
the homological perturbation. For details about this construction, readers may see [34]. As
a result, we obtain an A∞ pre-category DRλ (M )sm .
Finally, we state our main result relating A∞ operations on the twisted deRham category
DRλ (M )sm and the Morse category M orse(M ).
Theorem 4.11. Given f0 , . . . , fk satisfying generic assumption as defined in [1], with qij ∈
CM ∗ (fij ) be corresponding critical points, there exist η0 , λ0 > 0 and C0 > 0, such that
φij (η, λ−1 ) : CM ∗ (fij ) → Ω∗ij (M, λ)sm are isomorphism for all i 6= j when η < η0 and λ > λ0 .
If we write φ(qij ) = φij (η, λ)(qij ), then we have
hmk (λ)(φ(q(k−1)k ), . . . , φ(q01 )),

φ(q0k )
i
kφ(q0k )k2

orse
= e−λA (hmM
(q(k−1)k , . . . , q01 ), q0k i + R(λ)),
k

with
|R(λ)| ≤ C0 λ−1/2
and A = f0k (q0k ) − f01 (q01 ) − · · · − f(k−1)k (q(k−1)k ).
Remark 4.12. The constants η0 , C0 and λ0 depend on the functions f0 , . . . , fk . In general,
we cannot choose fixed constants that the above statement holds true for all mk (λ) and all
sequences of functions.
Remark 4.13. The constant A has a geometric meaning. If we consider the cotangent bundle
T ∗ M of a manifold M which equips the canonical symplectic form ωcan , and take Li = Γdfi
to be the Lagrangian sections. Then qij ∈ Li t Lj and A would be the symplectic area of a

SYZ MIRROR SYMMETRY FROM WITTEN-MORSE THEORY

23

degenerated holomorphic disk passing through the intersection points qij and having boundary
lying on Li . For details, one may consult [34]
5. Scattering diagram and Maurer-Cartan equation
We will review the work in [11] investigating the asymptotic behaviour as λ → ∞ of
solution ϕ̌ on X̌0 , or equivalently its mirror ϕ on LX0 , to the Maurer-Cartan equation
1
(5.1)
Dϕ̌ + [ϕ̌, ϕ̌] = 0.
2
Restriciting ourself to the classical deformation of holomorphic volume form given by ϕ̌ =
ϕ̌(0,0) + ϕ̌1,1 ∈ P V 0,0 (X̌0 ) ⊕ P V 1,1 (X̌0 ), it is well known that ϕ̌1,1 satisfies the Maurer-Cartan
equation
1
(5.2)
∂¯ϕ̌1,1 + [ϕ̌1,1 , ϕ̌1,1 ] = 0
2
governing the deformation of complex structures on X̌0 . We found that when the R-parameter
λ → +∞ (which refers to large structure limits on both A-/B-sides), solution ϕ̌1,1 to the
Maurer-Cartan equation 5.2 will limit to delta functions supported on codimension 1 walls,
which will be a tropical data known as a scattering diagram as in [27, 35].
5.1. Scattering diagrams. In the section, we recall the combinatorial scattering process described in [27, 35]. We will adopt the setting and notations from [27] with slight modifications
to fit into our context.
5.1.1. Sheaf of tropical vertex group. We first give the definition of a tropical vertex group,
which is a slight modification of that from [27]. As before, let B0 be a tropical affine manifold,
equipped with a Hessian type metric g and a B-field β.
We first embed the lattice bundle Λ ,→ p̌∗ TX̌1,00 into the sheaf of holomorphic vector fields.
In local coordinates, it is given by
!!
X
X
X
i
∂
∂
∂
n = (nj ) 7→ ∂ˇn =
nj ∂ˇj =
.
nj
− iλ−1
−
βjk k
j
j
4π
∂y
∂x
∂y
j
j
k
The embedding is globally defined, and we write TB1,0
to stand for its image.
0 ,Z
Given a tropical affine manifold B0 , we can talk about the sheaf of integral affine functions
on B0 .
Definition 5.1. The sheaf of integral affine functions Af fBZ0 is a subsheaf of continuous
functions on B0 such that m ∈ Af fBZ0 (U ) if and only if m can be expressed as
m(x) = a1 x1 + · · · + an xn + b,
in small enough local affine coordinates of B0 , with ai ∈ Z and b ∈ R.
On the other hand, we consider the subsheaf of affine holomorphic functions Oaf f ,→ p̌∗ OX̌0
defined by an embedding Af fBZ0 ,→ p̌∗ OX̌0 :
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Definition 5.2. Given m ∈ Af fBZ0 (U ), expressed locally as m(x) =

P

j

ak xj + b, we let

wm = e−2πλb (w1 )a1 . . . (wn )an ∈ OX̌0 (p̌−1 (U )),
where wj = e−2πi[(y

j+

P

k

βkj xk )+iλxj ]

. This gives an embedding

Af fBZ0 (U ) ,→ OX̌0 (p̌−1 (U )),
and we denote the image subsheaf by Oaf f .
Definition 5.3. We let g = Oaf f ⊗Z TB1,0
and define a Lie bracket structure [·, ·] on g by the
0 ,Z
1,0
restricting the usual Lie bracket on p̌∗ O(TX̌0 ) to g.
This is well defined because we can verify g closed under the Lie bracket structure of
p̌∗ O(TX̌1,00 ) by direct computation.
Remark 5.4. There is an exact sequence of sheaves
0 → R → Af fBZ0 → Λ∗ → 0,
where R is the local constant sheaf of real numbers. The pairing hm, ni is the natural pairing
for m ∈ Λ∗x and n ∈ Λx . Given a local section m ∈ Λ∗ (U ), we let m⊥ ⊂ Af fBZ0 (U ) be the
subset which is perpendicular to m upon descending to Λ(U ).
Definition 5.5. The subsheaf h ,→ g consists of sections which lie in the image of the
composition of maps
M
C · wm ⊗Z (Zm⊥ ) → Oaf f (U ) ⊗Z TB1,0
(U ) ∼
= g(U ),
0 ,Z
m∈Λ∗ (U )

locally in an affine coordinate chart U .
Note that h is a sheaf of Lie subalgebras of g. Given a formal power series ring R =
C[[t1 , . . . , tl ]], with maximal ideal m = (t1 , . . . , tl ), we write gR = g ⊗C R and hR = h ⊗C R.
Definition 5.6. The sheaf of tropical vertex group over R on B0 is defined as the sheaf of
exponential groups exp(h ⊗ m) which acts as automorphisms on hR and gR .
5.1.2. Kontsevich-Soibelman’s wall crossing
Ln formula. Starting from this subsection, we fix
∼
once and
Ln for all a rank n lattice M = i=1 Z · ei parametrizing Fourier modes, and its dual
N ∼
We take the integral affine manifold P
B0 to be NR = N ⊗Z R, equipped B0
= i=1 Z · ěi . P
n
6
i
with coordinates i=1 x ěi , the standard metric g = ni=1 (dxi )2 and a B-field β. We also
write MR = M ⊗Z R. Then we have the identifications
X0 ∼
= B0 × (MR /M ), X̌0 ∼
= B0 × (NR /N ).
There is also a natural identification LX0 ∼
= X0 ×M . We will denote the connected component
X0 × {m} by X0,m for each Fourier mode m. We equip LX0 with the natural metric 21 gX0
from X0 .
6Since

we are taking the standard metric, we can restrict ourself to consider walls supported on tropical
codimension 1 polyhedral subset.
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Definition 5.7. A wall w is a triple (m, P, Θ) where m lies in M \ {0} and P is an oriented
codimension one polyhedral subset of B0 of the form
P = Q − R≥0 (myg),
or
P = Q − R(myg)
for some codimension two polyhedral subset Q ⊂ B0 . If we are in the first case, we denote by
Init(w) = Q the initial subset of w.
Here Θ is a section Γ(P, exp(h ⊗ m)|P ) of the form
Log(Θ) =

XX X

anjk w−km ∂ˇn tj ,

k>0 j6=0 n:n⊥m

where j = (j1 , . . . , jl ) and

aljk

6= 0 only for finitely many k’s and n’s for each fixed j.

Definition 5.8. A scattering diagram D is a set of walls {(mα , Pα , Θα )}α such that there
are only finitely many α’s with Θα 6= id (mod mN ) for every N ∈ Z+ .
Given a scattering diagram D, we will define the support of D to be
[
Pw ,
supp(D) =
w∈D

and the singular set of D to be
Sing(D) =

[

∂Pw ∪

w∈D

[

Pw1 ∩ Pw2 ,

w1 tw2

where w1 t w2 means they intersect transverally.
Given an embedded path
γ : [0, 1] → B0 \ Sing(D),
with γ(0), γ(1) ∈
/ supp(D) and which intersects all the walls in D transversally, we can define
the analytic continuation along γ as in [27] (which was called the path ordered product there).
Roughly speaking, there will be only finitely many walls modulo mN and let us enumerate
them by w1 , . . . , wr according to their order of intersection along the path γ. We simply take
→
Y
Θa := Θr · Θr−1 · · · Θ1 (mod mN ).
γ

We refer readers to [27, 13] for a precise definition of it.
Definition 5.9. Two scattering diagrams D and D̃ are said to be equivalent if
Θγ(1),D = Θγ(1),D̃
for any embedded curve γ such that analytic continuation is well defined for both D and D̃.
Given a scattering diagram D, there is a unique representative Dmin from its equivalent
class which is minimal by removing trivial walls and combining overlapping walls. The key
combinatorial result concerning scattering diagrams is the following theorem from [35]; we
state it as in [27].
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Theorem 5.10 (Kontsevich and Soibelman [35]). Given a scattering diagram D, there exists
a unique minimal scattering diagram S(D) ⊃ Dmin given by adding walls whose initial subset
are nonemtpy so that
Θγ(1) = I
for any closed loop γ such that analytic continuation along γ is well defined.
A scattering diagram having this property is said to be monodromy free.
In a generic scattering diagram as in [35], we only have to consider the scattering process
(i.e. the process of adding new walls to obtain a monodromy free scattering diagram) involving
two walls intersect transverally once at a time. Therefore we have the following definition of
a standard scattering diagram for the study of scattering phenomenon.
Definition 5.11. A scattering diagram D is called standard if
• D consists of two walls {wi = (mi , Pi , Θi )}i=1,2 whose supports Pi are lines passing
through the origin,
• the Fourier modes m1 and m2 are primitive, and
• for i = 1, 2,
M
Z∂ˇn ) ⊗ (C[[ti ]] · ti ),
Log(Θi ) ∈ (C[wmi ] · wmi ) ⊗Z (
n⊥mi

i.e. ti is the only formal variable in the series expansion of Log(Θi ).
When considering a standard scattering diagram, we can always restrict ourselves to the
power series ring R = C[[t1 , t2 ]]. S(D) is obtained from D by adding walls supported on half
planes through the origin. Furthermore, each of the wall added will have its Fourier mode m
laying in the integral cone Z>0 m1 + Z>0 m2 . We close this section by giving an example from
[27].
Example 5.12. In this example, we consider the diagram D with two walls wi with the same
support as above, but different wall crossing factors φ̌i ⊗ ∂ˇni = log(1 + ti (wi )−1 )2 ⊗ ∂ˇni (see
Figure 2). The diagram S(D) then has infinitely many walls. We have

Figure 2.
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S(D) \ D =

[

wk,k+1

k∈Z>0

[
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wk+1,k ∪ {w1,1 },

k∈Z>0

where the wall wk,k+1 has dual lattice vector (k, k + 1) ∈ M supported on a ray of slope
The wall crossing factor Θk,k+1 = exp(φ̌k,k+1 ⊗ ∂(−(k+1),k) ) is given by

k+1
.
k

1 −k
2 −(k+1)
),
φ̌k,k+1 = 2 log(1 + tk1 tk+1
2 (w ) (w )

and similarly for φ̌k+1,k . The wall crossing factor Θ1,1 = exp(φ̌1,1 ⊗ ∂(−1,1) ) associated to w1,1
is given by
φ̌1,1 = −4 log(1 − t1 t2 (w1 w2 )−1 ).
Interesting relations between these wall crossing factors and relative Gromov-Witten invariants of certain weighted projective planes were established in [27]. Indeed it is expected
that these automorphisms come from counting holomorphic disks on the mirror A-side, which
was conjectured by Fukaya [20] to be closely related to Witten-Morse theory.
5.2. Single wall diagrams as limit of deformations. In this section, we simply take the
ring R = C[[t]] and consider a scattering diagram with only one wall w = (−m, P, Θ) where
P is a plane passing through the origin. Writing
XX X
(5.3)
Log(Θ) =
anjk w−km ∂ˇn tj ,
k>0

j

n:n⊥m

anjk

where
6= 0 only for finitely many k’s and n’s for each fixed j. The plane P divides the
base B0 into two half planes H+ and H− according to the orientation of P . We are going to
interpret Log(Θ) as a step function like section ϕ̌0 ∈ Ω0,0 (X̌0 \ p̌−1 P, TX̌1,00 )[[t]] of the form

Log(Θ) on H+ ,
ϕ̌0 =
0
on H− ,
and write down an ansatz eϕ̌λ ∗ 0 = Π̌ = Π̌λ ∈ Ω0,1 (X̌0 , T 1,0 ) (we will often drop the λ
dependence in our notations) which represents a smoothing of eϕ̌0 ∗ 0 (which is not well
defined itself), and show that the leading order expansion of ϕ̌ is precisely ϕ̌0 as λ → ∞.
Since the idea of relating our ansatz Π̌ to a delta function supported on the wall goes back
to Fukaya’s purpose in [20] using Multivalued Morse theory on LX0 . It will be more intuitive
to define our ansatz Π̌ using the Fourier transform 3.10. In section 5.2, we will restrict the
Fourier transform 3.10 to the Kodaira-Spencer complex KS ∗ (X̌0 ), and obtain
(5.4)

1,∗
F : Ω1,∗
(X̌0 ) = KS ∗ (X̌0 ),
cf (X0 ) → P V

which identifies the differential ∂¯ to the Witten differential
dW = d + 2πiγ̇y(β − iω) ∧ .
Remark 5.13. The Witten differential in Ω1,∗
cf (X0 ) can be written in a more explicit form in
local coordinates. Let U ⊂ B0 be a contractible open set with local coordinates u1 , . . . , un , y1 , . . . , yn
for p−1 (U ). Then we can parametrize LX0 |U ∼
= p−1 (U )×Zn by (u, y, m) where (u, y) ∈ p−1 (U )
and m = (m1 , . . . , mn ) ∈ Zn representing an affine loop in the fiber p−1 (u) with tangent vector
P
∂
−1
j mj ∂yj . We denote the component p (U ) × {m} ⊂ LX0 |U by X0 (U )m and the vector field
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γ̇ on X0 (U )m by γ̇m . Fixing a point u0 ∈ U , we define a function fm = 2πi
satisfying dfm = 2πiγ̇m y(β − iω) on X0 (U )m . We have the relation

Ru
u0

γ̇m y(β − iω)

dW = e−fm defm ,
1,∗
(X0 (U )m ) via the identification. Notice that fm are constant along the torus fiber in
on Ωcf
X0 (U )m and hence can be treated as a function on B0 . The collection {fm }m∈M are called
Multivalued Morse functions in [20].

5.2.1.
Ansatz corresponding to a wall. Since our base B0 is simply Rn , we can writing LX0 =
`
m∈M X0,m where we can further identify X0,m = B0,m × (MR /M ). We start with defining
coordinates uim ’s, or simply ui ’s if there is no confusion, for each component B0,m .
Definition 5.14. For each m ∈ M , we use orthonormal coordinates u1 ẽ1 + u2 ẽ2 + · · · + un ẽn
for B0,km (k ∈ Z>0 ) with the properties that ẽ1 is parallel to −myg. We will denote the
remaining coordinates by u⊥ = (u2 , . . . , un ) for convenience.
Given a wall w = (−m, P, Θ), we can choose ẽ2 ∈ H+ to be the unit vector normal to P
for convenience. In that case |u2 | will simply be the distance function to the plane P . We
consider a 1-form on B0,m
  12
λ(u2 )2
λ
(5.5)
δ−m = δ−m,λ =
e− 2 du2 ,
π
R
for some λ ∈ R+ , having the property that L δ−m ≡ 1 for any line L ∼
= R perpendicular to
P ; this gives a smoothing of the delta function of P . We fix a cut off function χ = χ(u2 )
satisfying χ ≡ 1 on P and which has compact support in U −m = {− ≤ u2 ≤ } near P .
Definition 5.15. Given a wall w = (−m, P, Θ) as in (5.3), we let
XX X
anjk δ̌−m (w−km ⊗ ∂ˇn )tj
(5.6)
Π̌ = −
k>0

j

n⊥m

be the ansatz corresponding to the wall w, where
δ̌−m = F(χδ−m ) ∈ Ω0,1 (X̌0 ).
Remark 5.16. The definition 5.15 is motivated by Witten-Morse theory where we regard
the plane P ⊂ B0,−km as stable submanifolds corresponding to the Morse function Re(f−km )
(k ∈ Z+ ) on B0,−km from a critical point of index 1 at infinity, and
e−f−km δ−m
as the eigenform associated to that critical point which is a smoothing of the delta function
supported on P . We can therefore treat our ansatz as a smoothing of a wall via the Fourier
transform F.
Adopting the notations from [12], we may write g−m = λ(u2 )2 and δ−m = e−λg−m µ−m where
1
µ−m = ( πλ ) 2 du2 .
One can easily check that it gives a solution to the Maurer-Cartan equation.
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Proposition 5.17.
1
∂¯Π̌ + [Π̌, Π̌] = 0,
2
∗
i.e. Π̌ satisfies the Maurer-Cartan (MC) equation of the Kodaira-Spencer complex KSX̌
=
0
Ω0,∗ (X̌0 , T 1,0 ).
Since X̌0 ∼
= (C∗ )n has no non-trivial deformations, the element Π̌ must be gauge equivalent
to 0, which means that we can find some ϕ̌ ∈ Ω0,0 (X̌0 , T 1,0 ) such that
eϕ̌ ∗ 0 = Π̌.

(5.7)

The solution ϕ̌ is not unique and we are going to choose a particular gauge fixing to get a
unique solution, and study its asymptotic behaviour when λ → ∞. We make a choice by
choosing a homotopy operator Ȟ acting on KS ∗ (X̌0 ). We prefer to write a homotopy H for
the complex Ω1,∗
cf (X0 ) and obtain a homotopy Ȟ via the above transform 5.4.
5.2.2. Construction of homotopy H. We use the coordinates ui ’s on B0,m described in defini7
tion 5.14 and define a homotopy retract of Ω1,∗
cf (LX0 ) to its cohomology . Since we are in the
case that B0 = Rn where T B0 is trivial, it is enough to define a homotopy for Ω0,∗
cf (LX0 ). Due
a
a
to the fact the LX0 =
X0,m =
B0,m × (MR /M ) and we are considering differential
m∈Zn

m

forms constant along fiber, it is sufficient to define a homotopy for (Ω∗ (B0,m ), e−fm defm ) for
each m, retracting to its cohomology H ∗ (B0,m ) = C which is generated by constant functions
on B0,m .
We fix a point (u10 , . . . , un0 ) ∈ B0,m which is in H− under the natural projection and use u⊥ =
⊥
= {u1 = u10 }. We decompose
(u2 , . . . , un ) as coordinates for the codimension 1 plane B0,m
α ∈ Ω∗ (B0,m ) as
α = α0 + du1 ∧ α1 .
⊥
⊥
⊥
given by ρ⊥ (t, u⊥ ) = t(u⊥ − u⊥
→ B0,m
We can choose a contraction ρ⊥ : R × B0,m
0 ) + u0 .

Definition 5.18. We define Hm : Ω∗ (B0,m ) → Ω∗ (B0,m )[−1] by
Z 1
Z
fm
−fm
1
⊥
∗
(e Hm e
α)(u , u ) =
ρ⊥ (α0 |B0,m
⊥ ) +
0

u1

α1 ,

u10

Pm e−fm : Ω∗ (B0,m ) → H ∗ (B0,m ) be the evaluation at the point (u10 , . . . , ur0 ) and efm ιm :
H ∗ (B0,m ) → Ω∗ (B0,m ) be the embedding of constant functions on B0,m .
Definition 5.19. We fix a base point qm ∈ B0,m on each connected component B0,m to be
the fixed point in the above definitions, to define Hm , Pm and ιm as above. They can be
extended to Ω1,∗
cf (LX0 ), and they are denoted by H, P and ι respectively. The corresponding
operator acting on KS ∗ (X̌0 ) obtained via the Fourier transform 5.4 is denoted by Ȟ, P̌ and
ι̌ respectively.
7There

is no canonical choice for the homotopy operator Ȟ and we simply fix one for our convenience.
Notice that our choice here is independent of the wall w we fixed in this section.
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1,∗
(LX0 ) along the Fourier
Remark 5.20. We should impose a rapid decay assumption on Ωcf
1,∗
mode m. Therefore Hcf (LX0 ) refers to those locally constant functions (i.e. constant on
each connected component) satisfying the rapid decay assumption. Obviously the operators
H, P and ι preserve this decay condition.

5.2.3. Solving for the gauge ϕ̌. In the rest of this section, we will fix qm to be the same point
upon projecting to B0 which is far away from the support of the cut off function χ. We
impose the gauge fixing condition P̌ ϕ̌ = 0, or equivalently,
ϕ̌ = Ȟ ∂¯ϕ̌
to solve the equation (5.7) order by order. This is possible because of the following lemma.
Lemma 5.21. Among solutions of eϕ̌ ∗ 0 = Π̌, there exists a unique one satisfying P̌ ϕ̌ = 0.
Proof. Notice that for any σ̌ = σ̌1 + σ̌2 + · · · ∈ KS ∗ (X̌0 )[[t]] · (t) where σ̌k is homogeneous of
degree k and with ∂¯σ̌ = 0, we have eσ̌ ∗ 0 = 0, and hence eϕ̌•σ̌ ∗ 0 = Π̌ is still a solution for
the same equation. With ϕ̌ • σ̌ given by the Baker-Campbell-Hausdorff formula as
1
ϕ̌ • σ̌ = ϕ̌ + σ̌ + {ϕ̌, σ̌} + . . . ,
2
we solve the equation P̌ (ϕ̌ • σ̌) = 0 order by order under the assumption that ∂¯σ̌ = 0.

Under the gauge fixing condition P̌ ϕ̌ = 0, we see that the unique solution to Equation (5.7)
can be found iteratively using the homotopy Ȟ. We analyze the behavior of ϕ̌ as λ → ∞,
showing that ϕ̌ has an asymptotic expansion whose leading order term is exactly given by ϕ̌0
on X̌0 \ p̌−1 (P ).
Proposition 5.22. For ϕ̌ defined by solving the equation (5.7) under the gauge fixing condition, we have
X
ϕ̌ = ϕ̌0 +
Oloc (λ−1/2 )(w−km ∂ˇn )tj ,
k,j≥1
n⊥m

on X̌0 \ p̌−1 (P ).
Notations 5.23. We say a function f on an open subset U ⊂ B0 belongs to Oloc (λ−l ) if it is
bounded by CK λ−l for some constant (independent of λ) CK on every compact subset K ⊂ U .
5.3. Maurer-Cartan solutions and scattering. In this section, we recall the main result
in [11] which interprets the scattering process, producing the monodromy free diagram S(D)
from a standard scattering diagram D as asypmtotic limit of solving a Maurer-Cartan (MC)
equation when λ → ∞ (which corresponds to the Large complex structure limit of X̌0 ).
5.4. Solving Maurer-Cartan equations in general. Since we are concerned with solving
the Maurer-Cartan equation
1
(5.8)
dΦ + [Φ, Φ] = 0
2
for a dgLa (L, d, [·, ·]) over the formal power series ring R, we can solve the non-linear equation
by solving linear equations inductively. We use Kuranishi’s method which solves the MC
equation with the help of a homotopy H retracting L∗ to its cohomology H ∗ (L); see e.g. [41].
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Instead of the MC equation, we look for solutions Φ = Φ1 + Φ1 + · · · + Φk + . . . (here
Φk ∈ L1 ⊗ mk homogeneous of order k) of the equation
1
(5.9)
Φ = Π̌ − H[Φ, Φ],
2
and we have the following relation between solution to two equations.
Proposition 5.24. Suppose that Φ satisfies the equation (5.9). Then Φ satisfies the MC
equation (5.8) if and only if P [Φ, Φ] = 0.
Since we are considering the local case and there is no higher cohomology in X̌0 = (C∗ )n ,
we can look at the above equation (5.9) and try to solve it order by order. There is also a
combinatorial way to write down the solution Φ from the input Π̌ in terms of summing over
trees.
Given a directed trivalent planar k-tree T as in Definition 4.1, we define an operation
lk,T : L⊗k → L[1 − k],
by
(1) aligning the inputs at the k semi-infinite incoming edges,
(2) applying the Lie bracket [·, ·] to each interior vertex, and
(3) applying the homotopy operator − 12 H to each internal edge and the outgoing semiinfinite edge eout .
We then let
lk =

X

lk,T ,

T

where the summation is over all directed trivalent planar k-trees. Finally if we define Φ by
X
lk (Π̌, . . . .Π̌),
(5.10)
Φ=
k≥1

and Ξ by
(5.11)

Ξ=

X

lk (Π̌, . . . .Π̌),

k≥2

then Φ = Π̌ + Ξ is the unique solution to Equation (5.9).
5.5. Main results. Suppose that we are given a standard scattering diagram consisting of
two non-parallel walls wi = (mi , Pi , Θi ) intersecting transversally at the origin, with the wall
crossing factor Θi of the form
XX X
anjk (i)w−kmi ∂ˇn tj ,
(5.12)
Log(Θi ) =
k>0

j

n⊥mi

for i = 1, 2.
Associated to the wall wi , there is an ansatz Π̌(i) defined by
XX X
(5.13)
Π̌(i) = −
anjk (i)δ̌−mi (w−kmi ∂ˇn )tj ,
k>0

j

n⊥mi
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where δ̌−mi is a smoothing of a delta function supported on Pi as in Section 5.2.1. We can
take the input data
Π̌ = Π̌(1) + Π̌(2) ,
and obtain a solution Φ to the MC equation by the algebraic process as in Section 5.4 using
the same homotopy operator H in Definition 5.18.
In this case the intersection P1 ∩ P2 will be of codimension 2. We choose an orientation of
P1 ∩ P2 such that the orientation of P1 ∩ P2 ⊕ R · m1 yg ⊕ R · m2 yg agrees with that of B0 .
We can choose polar coordinates (r, θ) for (P1 ∩ P2 )⊥ such that we have the following figure
in (P1 ∩ P2 )⊥ parametrized by (r, θ).

Figure 3.
The possible new walls are supported on codimension 1 half planes Pa parametrized by
a ∈ (Z>0 )2 of the form
Pa = P1 ∩ P2 + R≥0 · ma yg,
where the Fourier mode ma = a1 m1 + a2 m2 . We let P lane(N0 ) ⊂ (Z>0 )2prim denote the subset
of a ∈ (Z>0 )2prim whose Fourier modes ma are involved in solving the MC equation modulo
mN0 +1 .
Fixing each order N0 and consider the solution Φ modulo mN0 +1 , we remove a closed
ball B(rN0 ) (for some rN0 large enough) centered at the origin and consider the annulus
ArN0 = B0 \ B(rN0 ) to study the monodromy around it. Restricting to A = ArN0 , our
solution Φ will have the following decomposition as mentioned in Equation (1.5)
X
Φ = Π̌ +
Φ(a) ,
a

according to the Fourier mode ma where each Φ(a) will have support in neighborhood Wa ’s
of the half plane Pa as shown in the following Figure 4. Explicitly, we can write
XXX
n
Φ(a) =
αjk
(a)(w−kma ∂ˇn )tj ,
k>0

j

n∈N

n
for some (0, 1) form αjk
(a) on defined in p̌−1 (Wa ).

Futhermore, Φ(a) is itself a solution to the MC equation (mod mN0 +1 ) in p̌−1 (Wa ) which is
gauged equivalent to 0 (since p̌−1 (Wa ) has no nontrivial deformation). Similar to the Section
5.2, we fix the choice of ϕ̌a satisfying eϕ̌a ∗ 0 = Φ(a) by choosing a suitable gauge fixing
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Figure 4.
condition of the form P̌a (ϕ̌a ) = 0`in p̌−1 (Wa ). According to Figure 4, we notice that there is
a decomposition Wa \ Pa = Wa+ Wa− according to orientation, and we can choose a based
point qa ∈ Wa− \ supp(Φ(a) ) to define the projection operator P̌a similar to Definition 5.19
using Fourier transform.
We found that there is an asymptotic expansion (according to order of λ−1 ) of each ϕ̌a with
leading order term being step functions valued in h0a (the Lie algebra of the tropical vertex
group). The expansion is of the form
X
ϕ̌a = ϕ̌a,0 +
Oloc (λ−1/2 ) · (w−kma ∂ˇn )tj11 tj22 (mod mN0 +1 ),
k≥1, n∈N
j1 +j2 ≤N0

where

ϕ̌a,0 =

Log(Θa ) on p̌−1 (Wa+ ),
0
on p̌−1 (Wa− ),

for some element Θa in the tropical vertex group.
S
A scattering diagram D(Φ) (mod mN0 +1 ) with support on Pa ∈P lane(N0 ) Pa can now be conN0 +1
structed from Φ by adding new walls supported
).
S on Pa with
S wall crossing factor Θa (mod m
A scattering diagram D(Φ) with support on N0 ∈Z>0 Pa ∈P lane(N0 ) Pa can be obtained by taking limit. We have the statement of our main theorem as follows.
Theorem 5.25 (=Theorem 1.6). The scattering diagram D(Φ) associated to the MaurerCartan element Φ is monodromy free.
The relation between the semi-classical limit of the Maurer-Cartan equation and scattering
diagram can be conceptually understood through the following theorem. Suppose we have an
increasing collection of half planes {P lane(N0 )}N0 ∈Z>0 containing a fixed same codimension
2 subspace Q (where Q play the role of P1 ∩ P2 in the previous theorem), we are looking at
a general Ψ with asymptotic support defined as follows.
Definition 5.26. An element Ψ ∈ KS 1 (X̌0 ) ⊗ m is said to have asymptotic support on
P lane(N0 ) (mod mN0 +1 ) if we can find rN0 > 0, a small enough open neighborhood Wa of Pa
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such that we can write
Ψ=

X

Ψ(a) (mod mN0 +1 )

a∈P lane(N0 )

in A = B0 \ B(rN0 ) according to Fourier modes. We require supp(Ψ(a) ) ⊂ p̌−1 (Wa ) and
satisfying the Ψ(a) satisfying the MC equation in p̌−1 (Wa ) for each a (Wa is a neighborhood
of Pa as in Figure 4). Futhermore, we require the unique ϕ̌a satisfying eϕ̌a ∗ 0 = Ψ(a) in
p̌−1 (Wa ) determined by the gauge fixing condition P̌a (ϕ̌a ) = 0 to have the following asymptotic
expansion

XX

Log(Θ
)
+
Oloc (λ−1/2 )w−kma ∂n tj on p̌−1 (Wa+ ),
a




j k≥1
n∈N
XX
ϕ̌a =
−1/2

O
(λ
)w−km ∂n tj
on p̌−1 (Wa− ),

loc


 j k≥1
n∈N

for some Θa in the tropical vertex group.
A scattering diagram D(Ψ) can be associated to Ψ having asymptotic support on {P lane(N0 )}N0
using the same process as above and we have the following theorem. Then the following theorem simply says that the process of solving Maurer-Cartan equation is limit to the process
of completing a scattering diagram to a monodromy free one as λ → ∞.
∗
Theorem 5.27 (=Theorem 1.8). If Ψ ∈ KSX̌
⊗ m is a solution to the Maurer-Cartan
0
equation (5.2) having asymptotic support on {P lane(N0 )}N0 ∈Z>0 , then the associated D(Ψ)
is a monodromy free scattering diagram.
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