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ABSTRACT. The Hilbert transform has a linear bound in the A char-
acteristic on weighted L2,

||H‘|L2(w)_>L2(w) < [w]AQ )
and we extend this linear bound to the nine constituent operators in the
natural weighted resolution of the conjugation Mw 1 S Mw* 1 induced by
the canonical decomposition of a multiplier into paraproducts:
My = P; + P} + P}
The main tools used are composition of paraproducts, a “product for-

mula” for Haar coefficients, the Carleson Embedding Theorem, and the
linear bound for the square function.
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1. INTRODUCTION

Let L? = L?(R) denote the space of square integrable functions over
R. For a weight w, i.e., a positive locally integrable function on R, we set
L?(w) = L?(R;w). In particular, we will be interested in Ay weights, which
are defined by finiteness of their Ay characteristic,

— -1
[w]A2 = Sl}P (w) <w >17
where (w); denotes the average of w over the interval I.
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An operator T is bounded on L?(w) if and only if M 1M 1 - the
w w
conjugation of T' by the multiplication operator M 1- is bounded on L2.
w
Moreover, the operator norms are equal:

1T 2y L200) = HM \ TM

1
w 2

L2512
In the case that T is a dyadic operator adapted to a dyadic grid D, it is

natural to study weighted norm properties of 7" by decomposing the mul-
tiplication operators M 3 into their canonical paraproduct decomposition
w

. . . 0 .
relative to the grid D and Haar basis {hf}IeD’ ie.

Mpf = PO PO f 0,

wtd wiz (wtz
= Z<wi%,h9> 2<f7h}>L2h9
1€D
S <wi%7h9> L (FohD) o by
1D
+ Z <wi%>h}>L2 <f: h(IJ>L2 h?’
IeD

(above h} is the averaging function) and then decomposing M yITM
w w
into the nine canonical individual paraproduct composition operators:

M ATM 4 = (P( D4 P(10)+P§ ))> (P(’3+P(10)+P§ ’°>1>

2 w2 w2 w 2 w 2 §>
(1.1)

[

ngi )01 Q! 0,1),(1,0 + QU (0,1),(0,0)
+QTw ),(0,1) —i—Q(lO 10)+Q10)00)
+QTw ),(0,1) +Q(00 10)+Q00) 00),

where Q(EI’EQ (e2.e4) — P(El’EQ)TP(ES’E“). We refer to this decomposition of
2

-1 into nine operators as the natural weighted

the conjugation M 1TM

resolution of the operator T
The operators we will be interested in have the property that ||7']| 12 () r2(w) S
[w] 4,- And we will be interested in demonstrating that the operator norms

of the Q(El’EQ (£324) are linear in the Ay characteristic:

HQ(al,aQ J(e3,64)

<
212~ o,
We wish to apply this general idea to the Haar shift operator. This is the

following dyadic model operator
M 1SM 1 :L*— L?
w?2 w 2

where § is a shift operator defined on the Haar basis by h; — h;_ — hy, .
Because of linearity, it suffices to consider just “half” of the shift operator
S defined on the Haar basis by the operator Shy = h;_. Petermichl proved
the following result:
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Theorem 1.1 (Petermichl, [6]). Let w € As. Then
HS||L2(w)—>L2(w) S [w}AQ :

This result can be used with an averaging technique, [7], to show that
the same estimate persists for the Hilbert transform on L?(w). The idea of
decomposing a general Calderén—Zygmund operator into shifts was further
refined by Hytonen in [1,2] (see also [3,9,11]) and was used in his solution
of the As-Conjecture for all Calderén—Zygmund operators. For the simplest
proof of the As-Conjecture the interested reader should consult [4].

In this paper we will implement the strategy outlined above to extend
this result to the natural weighted resolution of the Haar shift transform
and obtain the following result.

Theorem 1.2. Let w € Ay and S the Haar shift on L?. Then for the
resolution of S into its canonical paraproducts as given in (1.1) we have
that each term can be controlled by a linear power of [w]AQ. In particular,

HQ‘(SEZEQ),(E3,64)

L2512 ~ [w]A2 °

If one could control each term appearing in Theorem 1.2 independent of
the Theorem 1.1, this would imply Petermichl’s Theorem. But, for one of
the terms, we unfortunately need to resort to the estimate in Theorem 1.1,
and will point out an interesting question that we are unable to resolve as
of this writing. However, our point is to demonstrate that the paraproduct
operators arising in the canonical resolution of the Haar shift & are also
bounded, and linearly in the Ay characteristic.

Finally, we mention that the operators Qé—a ;EZ)’(%’&‘) in the resolution of

the identity Z = Mw%IMw_% in (1.1), are all bounded on L? if and only if
w € Ao, and if so, the operator norm is linear in the Ay characteristic. The
proof of this fact is easy using the techniques in the proof of Theorem 1.2,
and amounts to little more than repeating the arguments without the shift
involved. Key to this proof working is that the identity is a purely local
operator, and this points to the difficulty of Haar shift and its non-local
nature.

Throughout this paper = means equal by definition, while A < B means
that there exists an absolute constant C' such that A < CB.

2. NOTATION AND PRELIMINARY ESTIMATES

Before proceeding with the proof of Theorem 1.2, we collect a few ele-
mentary observations and necessary notation that will be used frequently
throughout the remainder of the paper.

To define our paraproducts, let D denote the usual dyadic grid of intervals
on the real line. Define the Haar function h? and averaging function h} by

1

—17, IeD.
1|

1
h(} =h;= ﬁ (117 — 1[+) and h} =
The paraproduct operators considered in this paper are the following dyadic
operators.
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Definition 2.1. Given a symbol b = {br};cp and a pair (o, ) € {0,1} x
{0,1}, define the dyadic paraproduct acting on a function f by

TROEDSUIIN RS

I1eD

where h? is the Haar function associated with I, and h} is the average func-

tion associated with I. The index (o, B) is referred to as the type of Pl(,a’ﬁ).

For a function b and I € D we let

o(I) = (bh}),,

<b>1 = <b7h}>L2a
denote the corresponding sequences indexed by the dyadic intervals I €
D. With this notation, the canonical paraproduct decomposition of the
pointwise multiplier operator M, is given by

_ p01) | p(10) | p(0.0)
My = P 4 Py po),

At points in the argument below we will have to resort to the use of dis-
balanced Haar functions. To do so, we introduce some additional notation.
Given a weight o on R we set

(2.1) Ck(o) = M and Dg(o) = G(K).
(0) K (0) K

Then we have

(2.2) hx = Ck(0) ‘If(—i-DK(O')h}(

where {h%};-cp is the L?(0) normalized Haar basis. For an interval K € D

we let
E%X(f) = U(lK)/Kfada?

where 0(K) = [, odz. When o is Lebesgue measure we simply write (f) - =

EK(f) = ﬁf[{fdw
For two functions f and g we have the following “product formula” that
appears in higher dimensions in [10]

T N ~ 5(‘]aI)
I)= J)g(J
fg () ngf( )9 (J) NG

where §(J,I)=1if JC I_ and 6(J, 1) =—11if J C I;.
For a sequence a = {as}rep define.

+ (D)9 +3I)(f); VIED,

lallje = suplasl;
1eD
1 9
lallcyr = SquE [
IeD 21 Gy

The following estimates are well-known.
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Lemma 2.1. We have the characterizations:

(2.3) P(O’O)‘

e = ol
p((ILO)‘

(2.4)

p(o,n‘

~ lalley -

212 ‘ 251

The Carleson Embedding Theorem is a fundamental tool in this paper
and will be used frequently. It is the following:

Theorem 2.2 (Carleson Embedding Theorem). Let v > 0, and let {ar}rep
be positive constants. The following two statements are equivalent:

Yo arEi(f) < 4C|flfay VS € LP(v);

1eD
supv([)_lzaj<v>2j < C.
Iep JcI

As a simple application of the Carleson Embedding Theorem, one can
prove:

Lemma 2.3. Leta = {as}iep be a sequence of non-negative numbers. Then

1 2
a2

(2.5) ’ P((}:l)(

Recall that the dyadic square function is given by

T

1€D

<
2—r2 ™~

cM

and that for any weight v > 0 we have
1561220y = 3 [6(0|
I€D
Since {hs}rep is an orthonormal basis for L?(R), it is trivial that ||Sf]|| ;2 =
| fll 2. However, in [8] it was shown for w € Ay that

1S 1220wy S (), 1F 112wy

Applying this inequality to f = w31 1 for I € D, along with some obvious
estimates, yields the following:

(2.6) Zw*% ;S WA, I VI eD.
JcI
A trivial consequence of (2.6) is,
1 1\2 2
(2.7) S wr ()’ <w2>J S, || VIeD,
JcI
2
since <w%>J < (w);. Because of the symmetry of the Ay condition, we

also have these estimates with the roles of w and w~! interchanged. All of
these estimates play a fundamental role at various times when applying the
Carleson Embedding Theorem.
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We also need a modified version of estimate (2.6), but which incorporates
a shift in the indices. Define the modified square function S, by,

\/Z‘¢> 171'[( )

1eD

where 71 is the dyadic parent of the dyadic interval I. Unfortunately, S; f is
not pointwise bounded by Sf (Szhx =1 on 7K but Shg vanishes outside
K), yet we show in the theorem below that S; has a linear bound in the
characteristic on weighted spaces.

Theorem 2.4. For any ¢ € L*(w) we have
1570l 12wy S [w]a, 190l L2 w) -

Proof. The proof of this theorem uses the ideas in [8]. Without loss of
generality we may assume both w and w™! are bounded so long as these
bounds do not enter into our estimates. First note that

18201220y = 32 (3] w)es = (Dusi0)

1eD

where ﬁw : L? — L? is the ‘discrete multiplier’ map that sends h; —
(w)_; hr. We also have

H(ﬁHiQ(w) = <M’w¢7 ¢>L2 )

where M,, : L? — L? is the operator of pointwise multiplication by w. We
first claim the operator inequality

M, 5 [w]y, D
which upon taking inverses, is equivalent to
~— -1
(28) le 5 [w]AQ (MU)) = [w]Ag Mw*1 )

where D' : L2 — L2 is the map that sends hy — o ) hy. But, (2.8) is

equivalent to
Sl

1€D

< Tl 1017201y

At this point we simply observe that since |7I| = 2|I| and w (I) < w (7 1),

we have
S [sof S|

1€D 1eD

and then we invoke the following inequality in [8]:
> leu \ S [l 112001y
1eD

and this proves (2.8).
Now we apply a duality argument to obtain

(2.9) Dy S [, Mo
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which is equivalent to the desired inequality in the statement of the theorem.
To see (2.9), we note that

follows from

(Bus),, = L[ ¢ ﬂ_§1¢,7w@jﬂ

I1eD 1eD

o 5 0 g = ((Ben) "),

IeD wl

IN

Now we continue by applying (2.8) with w replaced by w~! to get

Do < fuly, (Dumt) < bl [y, (M)~ = [, My
O

Again, using this Theorem 2.4 with the function ¢ = w_%lj for I € D
yields

(2.10) > @F%(Jf (w),; S, | VIeD
JcCI

which will be used frequently in the proof below.
3. PROOF OF THEOREM 1.2

Our method of attack on Theorem 1.2 will use the language of para-
products. We expand the operator M 1 SM _ 1 in term of the canonical
w

~g

paraproducts with symbols w? and w3 to obtain,

(3.1) <P<° b plo) o pO ) S (P(O by pL o pl0o) ) .
w2 w2 (w?) w2 w3 (w™2)

This results in nine terms and we will study each of these separately to see
that they are controlled by (no worse than) the linear characteristic of the
weight. Doing so will provide a proof of Theorem 1.2.

In what follows, any time there are ‘internal’ zeros, the Haar shift S
can be absorbed, and we are left with simply studying a modified (shifted)
paraproduct.

3.1. Estimating Easy Terms. There are four easy terms that arise from
(3.1), and they are easy because the composition of the paraproducts reduce
to classical paraproduct type operators. To motivate our approach, we point
out that simple computations (that absorb the Haar shift and are given
explicitly below) give

(1,0) op(0,1) __ p(1,1) ]

(3.2) P;g SPUJ,% ~ Pgowfg
(3.3) P(/lf))SP(O’O)1 ~ pL0) :
w% (w™2) ’w%o<w7%>
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(3.4) pOY sp@D ~ pOD .
w2) w -3 <w7>ow7%

3.5 p0 spl®0) x pl00) .

(35) w?) w72y (w)olw )

Here a o b is the Schur product of the sequences a and b, and we are
letting ~ mean that there has been a shift in one of the basis elements
appearing in the definition of the Haar basis (this presents no problem in
the analysis of these operators since it simply results in a change in the
absolute constants appearing; we will make this rigorous shortly). Notice
that (3.3), (3.4) and (3.5) are of the type considered in Lemma 2.1 and so
have a complete characterization, while (3.2) can be handled by Lemma 2.3.
In each of these characterizations we are of course left with showing that the
norm on the symbol for these classical operators can be controlled by the
linear power of the characteristic of the weight. We now make these ideas
precise.

3.1.1. Estimating Term (3.2). Note that a simple computation shows that

/\

pLOspL E:w% (I)h} @ hl.

w? w3 IeD

By the Carleson Embedding Theorem we see that

KP(L;‘”SP‘O’A? ¢,w>
- .

w?2 w 2

/\

S wh (1 yw 3 (1) (0,1 o (1)

1eD

<y wA%(L)F%(f) (0 h})ga (vhL)
IeD

< (Z HE(I_)E(DW) <Z (I
1eD 1eD

S Nle Ilze sup o7 3 w3 ()

IcJ

)

However, by Cauchy-Schwarz we then have

1 1 1
I e P T
rJII;] w) < gl et
1 1
= (), (w™),)* <wli,,
which gives
1,0 0,1 3
' pLOspel S W], < [wly,
w2 w222

yielding the desired linear bound for term (3.2).
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3.1.2. Estimating Terms (3.3) and (3.4). These terms have are symmetric

and so we focus only on the first term. In this case term (3.3) reduces to a

classical paraproduct operator with a symbol given by the product of two

sequences as indicated by the notation ~. Indeed, we have the identity,
pLOs Zw% (w2);h: @ hy.

w? {w™ =)

Now by the Carleson Embedding Theorem applied to 1) we have that

’< (IO)SPEOO ¢¢> Zw% <¢ahl> <'¢,h}7>L2

w?2

IeD
1
-~ I ) 3
< ollpe | D fwr(Io)(w™2),| ()7
IeD
N 2
S @l 19l L2 Sup 7 Z NHw™z)y
ol i
But
1 -3 P -3 )
sup — Y (w2 (I_)(w™2);| <sup = Y w2(I_)*(w ") < [uw]
Jep || Izc;, Jep || % A2

where we have used the linear bound for the square function in (2.10) in the
last inequality. Thus,

1,0 0,0
’P(,T)SP( 0 < [wly,
w2 (w=2) |22

which gives the desired linear bound in terms of the As characteristic.

3.1.3. Estimating Term (3.5). Term (3.5) reduces to a standard Haar mul-
tiplier. Indeed, we have the identity

p (0. (;) sp0: 0)% _ Z<w%>1<w_%>llh], % hy.
(w2)  (w”2) =

where (hy ® hi) f = (f, hk) hy, and then

Hp(o,g) sp00)

(w2)  (w”2)

12512 IeD 1eD

This gives the desired linear estimate for (3.5).

3.2. Estimating Hard Terms. There are five remaining terms to be con-
trolled. These include the four difficult terms,

(3.6) pOLspl  ~ pOLpOD.
w% wf% w% w %
(0,1) ¢p(0,0) ~ pLDPO, ) )
(3.8) plLOgp0 pLOpLO).
w% w_% w?2 w %
(3.9) PO gp(L) o pO0) p(10)
(w2) % (w2) -3

— sup(wh) (w3 < sup (w)? (w1)? = W]}, < [u],,
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To estimate terms (3.6) and (3.8) we will rely on disbalanced Haar func-
tions adapted to the weight w and w™!. For these terms we will also proceed
by computing the norm of the operators in question by using duality. Key to
this will be the application of the Carleson Embedding Theorem. The proof
of the necessary estimates for these terms are carried out in subsection 3.2.1.
Terms (3.7) and (3.9) will be handled via a similar method; their analysis is
handled in subsection 3.2.2.

The remaining very difficult term is the one for which the Haar shift can
not be absorbed into one of the paraproducts. Namely, we need to control
the following expression,

(3.10) pDspL)

1 i’

w2 w 2

In this situation, we will explicitly compute <Sh1J, h}:> ;> and see that the
shift presents no problem in how the operator behaves, nor in estimating
its norm in terms of the As characteristic [w],,. This is carried out in
subsection 3.2.3.

3.2.1. Estimating Terms (3.6) and (3.8). Once again these two terms are
symmetric and so it suffices to prove the desired estimate only for (3.6). We
need to show that

0,1 0,1
(3.11) ‘ POVSPOYY <,
w?2 w2 |1L2

Proceeding by duality, we fix ¢, € L? and consider
(0,1) (0,1) . (0,1) (1,0)
<PA1 SP A1¢,w>m - <8P 0D g, p(Ls w>

w?2 w2 w2 w?2

JeD |J—‘§ KCJ

= Y w(J) (o), (ww%(J_) — w3z (J) (), — ()
JeD

= 1+ T+ Ts.

The fifth equality follows by an application of the product formula for Haar
coefficients. We need to show that each of these terms has the desired
estimate

T S [wla, 912 (191 22
since this will imply that

|

which implies the desired estimate on the norm of the operator.

= sup

peDspl)
: L2512 papEL?

w?2 w2

0,1 ,
<P‘A1’SP(913 o, w>
3 2

w2 w

S [w]A2
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Consider term 73. This term can be controlled by

1 < | w b)), 000 (wh)
JeD B
< Il (Z w b (wh)’ <¢>3_>
JED B

S [wla, l10llze 192,

with the last estimate following by an application of the Carleson Embedding
Theorem using (2.7). For the term 75, we have

Tl < | w b (wi(l) W), (8,
JeD
< (Z ‘wf%u)@m] <w>3> (Z \u?%m@m] <¢>3>
JeD JeD

S [l Il 1l

Again we have used here two applications of the Carleson Embedding The-
orem, one for ¢ and one for 1, since we have that

N|=
[N

(g

KcJ

w‘é(K)wé(K—)‘ < (Z IE(KF)

KcJ

< Ve ) = D)

BiE
1
< (w3, 1.

Finally, we prove the estimate for term 77, which requires the use of
disbalanced Haar functions. We expand the terms in 77 using Haar functions
with respect to two different disbalanced bases. In particular, using (2.2)
we have

<ww%,hj,> = Cy(w) <ww%,h3‘;_>L2+DJ,(w) <¢w%>

L2 J_
= Oy (w) (bw s by ) |

+ Dy_(w) (w); EY (ww;)

N =

(w)
and
<w7%, hJ>L2 = Cy(w™) <w7%,hf}’_1>L2 + Dy(w™) <w7%>J

= Cyw™) <w%, h}”71>L2(w_1) + Dy(w™h) <w_%>J.

Then we can write the term 77 as a sum of four terms, namely

Ty =851+ Sy + S35+ 54
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with

S1

S

S3

Sy
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We need to show that each term can be estimated by a constant times
[w] 4, [|@]l3 [|¥]ly, which would then imply

T S [w]a, 91l 1]

as required. We now proceed to prove the necessary estimates.
Consider the term S;. We have

|51

IN

H@Z)w_%

L2 (w)

191l 2 (Z (P

KeD

3, 1l (

KeD

(Z (@) O (w)*Crc(w ™) (w2,

o (Wi (W) <w_1>K+ (w™h) g

h%i%w)

> (9

1
K <w§7hlfé—1>;(w1)> 2

KeD

], 16l 1912 -

{w) g (w=) g

1
- s pw
<w2,hK

Here the last inequality follows by the Carleson Embedding Theorem since

2
> <|J| VJeD.
L2(w—1)
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Turning to term Sy we have

2l = | X (00 O (Dt (b ), (o),
KeD
< 1w \? (Wi (W ~1\? :
< (ot ), e ) (5
1 1 1;;\1 2 2
ST | (% e <¢>?<>
1 1;-—\ 2 %
< [wmw\m(Z l_(f?<¢>§<>
KeD <w >K

< [w]g, 18l g2 191 22

95

with the last estimate following from the Carleson Embedding Theorem,
once we prove the following estimate:

(3.12)

D

w—l(K>2

= < wly, || VI €D.

To prove (3.12) recall the following two estimates in [6, Lemma 5.2 and
Lemma 5.3], translated to the notation of this paper:

w-1(K)2
Z<wl(f>() S [wly,w '(J) VIeD
KcJ K
Zué_l(f;j < w(J) VJeD.
Kcg W UK

These two estimates coupled with a simple application of Cauchy-Schwarz
then proves (3.12). Indeed,

>

KcJ

w(K)?

(w=1)

2
K

§ R, | wl(K)? 1

=, (g £ w e (w g

V [wla, w () V()
VW, V(w1 () < w]y, [J]-
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For the term S3 we have

1S5 = | (6)i D ()Crelw™) (whye Bx_ (vw) (

2 (O Ty <“’
. w 1 w) +<w_1>
= Y (@) BEOEE (vu N T

IN
VR
S

=
S
S
B
NS‘
—_—
&
T
L
N
[SIE
VR
=
m
o)
7~
S
L
él s
x
A
2
8
y©
=
NS
/N
<
S

< lole (Z - DK PEY_ (pw

1
KeD (w >K

S [wla, 19012 ol 22 -

For the last inequality we used the Carleson Embedding Theorem twice,

first applied to ¢ as above, and then to % upon noting that

<U)_1>K+ <w_1>K_ -

>

—1
KcJ (w™k KcJ

via the linear bound for the modified square function (2.10)
Finally consider the term S;. We have

Sl = | Y2 @)k Dic(w)Dic(w™) (w#) (w) B (vw?)

IN
A/
S
N (Y]
%)
=
/§>
8
Z
. S
ol
~—
N (Y]
~_
N[
~— —~
%)
=
§
8

IA
N
s
Nl\?

%)
=
5
=
~
|
N
S
m
9
%)
=
5
g
ﬁ\/
‘NS
~—
<
g|

DE-P? S (w Y B(K)? S w,w(]) VJeD
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Now note that in [6] the following estimates are proved

S w N K)D(K-) < wly,|J| ¥J €D

KcJ
ZW S [wly,w(J) VJeED.
KcJ K

The Carleson Embedding Theorem applied to ¢ and 1 then gives that

[Sal S [wla, 19122 (1]l 2

as desired.

3.2.2. Estimating Terms (3.7) and (3.9). Once again there is symmetry be-
tween these terms, so we focus only on (3.7).
Fix ¢, € L?. We compute

P(Ol)SP(OO ¢¢> _ <SP (0,0) qb, 1/]>
< w2 < > L2 < > 7 L2

JeD |J-|2 ke
~ _1 1 ~ 1 1
= S ao(w ) (wedo - i (uh), —ubo ), )
J J_
JeD
= T1 —+ TQ —+ T3.
We show that each term satisfies [T}| < [w] 4, |62 |92, which would
imply that
pl2:!) gp(0:0) — sup < pL 1>$P<°° >¢ ¢> < [wly, -
w2 w

o1 )
wb o (v7)

proving the desired norm on the operator in question.
The term 75 is easiest since we have

L2512 ¢7¢6L2

Tl = |30 (w ) B) (wh)
JeD
< [, X [den)
JeD

[w]Z, 1622 11l .2

IN
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using the definition of Ao, Cauchy-Schwarz and Parseval. For term T3, we
find

IN

612 (Z (w ) wh(s ) <w>3>

JeD
S [wla, lolzz 192

with the last estimate following from the Carleson Embedding Theorem and
(2.10) (which shows that the Carleson Embedding Theorem applies).

For term T, we require disbalanced Haar functions again. Note that it
is possible to write

Il
N
+
N

and so

1511 S [w]3, 18] ||pw = w3, 1l L2 1912 -

L2 (w)



NATURAL WEIGHTED RESOLUTION OF THE HAAR SHIFT 99

For term S5 we have

Sol = | 3200 (wt) Dy (w) tw), g(mf%|
JeD
< ol (Z <w*%>j Dy (w)? <w>(2]7 w (1/}10;)2) 2
JeD
1\2 @(J_)? B 3
= ot (3 (o, 2 . 1))
= ||¢||L2 (Z <w_%>‘2]ﬁ}({]7)2 1;7 (1/}10_;)2)2
JeD

S [wla, 1912 1912

with the last estimate following from the Carleson Embedding Theorem and
the linear bound for the modified square function (2.10).

3.2.3. Estimating Term (3.10). We are left with analyzing p(o! 1)SP(/\l) as

w2 w2
an operator on L?. But, by the analysis above we have from (3.1) that

POl spLY) — M 1 SM 3 —(3.2)=(3.3)=(3.4)=(3.5)—(3.6)—(3.7)~ (3.8) = (3.9).

w2 w2

And, using all the estimates above, we find that

‘P&”SP(E) S [wly, + M,y M, .
w? w? L2—>L2N le—re

Now using Petermichl’s result, Theorem 1.1, (see also [1-3]) we have that

HM L SM

S [w] 4,- This combines to give:
L2—12 2

as required.

We pose a question that we are unable to resolve as of this writing. Reso-
lution of this question would provide an alternate proof of the linear bound
of the Hilbert transform.

(0,1) 1,0
p2! SP(Ti
w2 |22

S [w]A2

w?2

Question 3.1. Can one give a direct proof that

without resorting to the use of Theorem 1.17 A direct proof of the above
estimate would provide an alternate proof of Theorem 1.1.

0,1 1,0
PSPy S [w]y,

w2 lL2—12

w?2

3.3. An Alternate Approach to Estimating Term (3.10). In this final
section we show that the tools of this paper are almost sufficient to provide
a direct proof of (3.10).



100 S. POTT, M.C. REGUERA, E. T. SAWYER, AND B. D. WICK

Fix ¢, € L?. Now, observe that we have

(0,1) (1,0) (1,0) (1,0)
<PA1 SP A%¢,z/;> <SP 10, Pl ¢>

w?2 w L2 w2 w?2

—_ —~

= > w r(Nwr(D)S)(L) (Shy, b e

J,LeD

We then further specialize to the case when J N L = () and when J N L # (.
The case when J N L # () can be handled via the techniques of this paper.
The case when J N L = () requires a new idea.

3.3.1. Estimating Term (3.10): JNL # (). We can then split this into three
sums, when L = J, when L C J and when J C L. Doing so, we see that

(POOSPI00.0) = S w HwdAI) (S b)),
o)

w?2 w 2

= T+ T+ 1Ts.

Consider now term 77 and observe

T = S w Bk (DID)D) (SKY, ),
JeD
S B(J)&J)%(J)%(J)' I3
JeD
<y “”(‘[}W(Euwu)
JeD

< [wl?, 1l 1

Here we make an obvious estimate using the definition of As, Cauchy-
Schwarz and that S : L? — L? has norm at most one.

There is a symmetry between terms T> and T3, so we only handle term
T>. We first make a computation of <S hY, h1L> ;2 Wwhen L C J. Set

1
KeD:K_2J

Letting hi (J) = hx(c(J)) wherein ¢(J) is the center of the dyadic interval
J and using the definition of S it is a straightforward computation to show
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that

(Shh, by = > h(J) (i hi_) o
K2J

= Z hi(J)hi (L)

K_DL
K2J

Z 5(J,K)o(L,K-)
1 T
KoL K2 K|

K2J
S(L,K_)
NG
X
KQJ
1
KeD:K_2J

We have used that |[K_| = }|K|, and that 6(J, K) = 6(L, K_) since L C
J € K. Note that we have

V2
WZ!K\

iy KL T

|—=

Now define the function v; = w? (1 . —1y +) and observe
1
— 2(L . LcJ_
vi(L) = w/\l( :
—wE(L) : L C J+.

Then using the product formula we have

Zw% ShJ,hL>L2 = Zw%

LCJ LCJ
= &) (Z WD) - Y <@<L>>$<L>)
LCJ- LCJ4
= s() | Zw ,J)
LCJ

= s()|J) (w< )= BUI) (), = T3 (),

However, simple computations show that

Wiy = I wi()
G = 1 (wh)
bos(d) = |2 (vut) .

Thus, we have

3 w(L)D(L) (SY.hY) 1, = s(J) || <¢w%>J—5(J)w%(J)

LCJ

)

=)
S
4
=
~
T~
Nl=

wh) ().
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This then yields that

T o= Y w ba) | S wh i) (Shh L) .
JeD LcJ
S W I <5<J> 1 (wwt) = s(Dwd (D)D) = s()1J] (w
JeD
= 51+ 52+ 5s.

Using the estimate that s(J) < |J|7, it is immediate to see that

1
|92 < [w] 3, @l 4]l 2 -

It is also an easy application of the Carleson Embedding Theorem, again
using the linear bound for the square function and that s(J)|J| < 1, to see
that

1
1 1\2 :
1S5] S 1162 (Z w()? (w ) <¢>3> S ]y 1l z2 140 e
JeD
Finally, note that for term S7, by an application of Cauchy-Schwarz and
again that s(J)|J| < 1, we have

1511 = |3 s() [T w3 (1)) <¢w%>J
JeD
= ST s (D)) (), B (W;)‘
JeD
1 N2 2
S 9l (Z w3 (J)? (w)5 EY (y,w—a) )
JeD
We claim that the following Carleson estimate holds:
(313) > w b () (@) S [ul, w(@) VLeED,
KcCL

Assuming (3.13) holds, we can apply the Carleson Embedding Theorem to
conclude that

111 S [wla, I6],2 w2 = [w], 19l L2 191l 2 -

Then combining the estimates on S; with j = 1,2, 3 gives that

To| S [w]a, 1Ml L2 9]l 2 -
Further, combining the estimates on T} for j = 1,2, 3 gives that

0,1 1,0
<PLJ8P<A3 6, ¢>
59Y)

w2 w

L2 (w)

sup
PpeL?

which is the desired estimate.
Thus it only remains to demonstrate (3.13). Fix L and start with a
standard Calderén—Zygmund stopping time argument on the function w.

S [wlg, 10l e 1901 2

), )
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Let Q) = L. Fix v > 1 large and let Gy = {Q?} be the ground zero
generation. Then let G; = G (Q(l)) = {le} Lo be the first generation of
gely

maximal dyadic subintervals Q} of L such that
<w>Q; > <w>Q(1) ,  jeTy.

Then for each i € TY define Go (Qll) = {Q?} . to be the collection of
Jely;
maximal dyadic subintervals Q? of Qzl such that

<w>Q]2. > <w>Q11 . JETy.

Set Go = U G (Qll) to be the second generation of subintervals of L.
Qleg
Continue by recursion to define the k' generation G, of subintervals of L

by Gx = U G (Qf_l) where Gy, (Qf_l) = {Qf} is the collection
Qf71 €Gr_1 J
of maximal dyadic subintervals Q;? of Qf_l such that

(w)% >y (w)fol , Jj € Ff_l.
Then define the corona

CQ§ = {K C Q? K¢ Qf“ for any Qf“ € ng} ,

and denote by G = |J G the collection of all stopping intervals in L. Within

k=0
each corona Cq for G € G, we get

3 wA%(K)%wﬁ{ < 7( wT%(K)2 (w)g
KeCq KeCq
< ([ ot = (i) [ ) wi

IN
2
£
Q
S
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Summing up over all the coronas Cq for G € G with v = 2 we get

St 5 Y [ @i

D=

KCL Geg’C
2
1
= Y| g e
T w1 k k
k,j Qj J

%

2
1
/ sup / w| wl(z)de
R \ k.j: zeQt (Q?‘ b

s [ rofet S, [t =, [
L L L

which gives (3.13). Note that we used that the sequence of numbers

1
o',

is super-geometric in the sense that consecutive terms have ratio exceeding
v = 2, and so the sum of their squares is essentially the square of the largest
one.

Jr weQk

3.3.2. Estimating Term (3.10): JNL = (. We must consider this case since
the Haar shift is not a completely local operator. It instead sees some long
range interaction, and we need to account for this since there can be terms
for which LNJ = () and <8h1 , hi> 12 7 0. A simple example occurs when L
and J are dyadic brothers. Fortunately, in the case of the identity operator,
this term does not appear and the proof would terminate.

The tools used in this paper currently appear to be unable to resolve this
term. We thus pose a refined version of Question 3.1

Question 3.2. Is the following estimate

—

ST w I wi(L)G(I)b(L) (ShY, hL) . < [wlg,
J,LeD:JNL=0 12512

)

(SIS

true?

We again know that this estimate is true by using Theorem 1.1, but
are interested in a direct resolution of Question 3.2. A direct proof of the
estimate above would provide a new proof of Theorem 1.1.
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