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OPERATORS WHICH HAVE AN H_ 2 FUNCTIONAL

CALCULUS

Alan McIntosh
1. INTRODUCTION
An operator T 1in a Hilbert space # is said to be of type o if
the spectrum is contained in the sector S = {{ecC | largll { v} and
the resolvent satisfies a bound of the type H(T—(I)_IH < Culfl—1 for
all { with |arg{l > and all u > 0 . Let us suppose for now that

T 1is one-one with dense range.

Such an operator has a fractional power T° and, if o < w2,
generates an analytic semi-group {exp(-tT)} . See [3] for details.
However it may or may not happen that it generates a Co—group
{Tis | s € R} of bounded operators. It was shown by Yagi that the
operators T for which Tis € $(#) are precisely those for which the
domains of the fractional powers of T (and of T ) are the complex
interpolation spaces between # and 9(T) (and between # and

@(T*)) . They are also precisely those operators for which T and T

satisfy quadratic estimates [4].

It is shown in this paper that .another equivalent property is the
existence of an Hm(Sg) functional calculus for p > w (where Sg

denotes the interior of Su )-

In writing up this paper it seemed useful to have a precise
definition of the operators f(T) for functions which are analytic (but
not necessarily bounded) on SO and for operators T which do not
necessarily satisfy quadratic estimates. Such a definition is given in
section 5, where it is shown in what sense formulae of the form

(fg)(T) = £f(T)g(T) hold. It appears that the basic properties of the
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semigroups {exp(-tT)} and of the fractional powers T° can be derived

more simply in this way than usual.

The material in this paper has two heritages. One is operator
theory, in which area we use results of Kato, Yagi, and many others; the
other is harmonic analysis, where the power of quadratic estimates has
been recognized since the Littlewood-Paley theory appeared and the
theory of g-functions was developed by Zygmund and his followers. In
particular Stein has explored the relationship of quadratic estimates
with multiplier results (which concern the functional calculus of
i_ld/dx) . The motivation for this paper is to better understand the
functional calculus of i_ld/dzl7 , where ~ 1is a Lipschitz curve in
the complex plane, though in fact this material is only briefly alluded
to in the last section. This builds upon the work of Calderdén, and of

Coifman and Meyer.

Thanks are due to Michael Cowling, who has been studying similar
problems in Lp—spaces, and to Raphy Coifman, Carlos Kenig, Yves Meyer,
James Picton-Warlow, Werner Ricker, Wesley Wildman and Atsushi Yagi, all

of whom have contributed to my understanding of these topics.

2. OPERATORS

Throughout this paper # denotes a complex Hilbert space. By an
operator is meant a linear mapping T : %(T) » # where the domain
P(T) 1is a linear subspace of # . The range of T 1is denoted by
#(T) and the nullspoce by N(T) . The norm of T 1is the (possibly

infinite) number

T = sup{liTull | u € H(T) , lull = 1}
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We say that T 1is bounded if %(T) =# and ITH < ® , and denote the
algebra of all bounded operators by <(#) . We call T densely-defined
if %(T) is dense in # , and closed if its graph {(u.,Tu} | u €

@(T)} 1is a closed subspace of # x # .

When new operators are constructed from old, the domains are taken

to be the largest for which the construction makes sense. For example,

D(S+T) = 9(S) N F(T) .
P(ST) = {u € H(T) | Tu € D(S)} .
and, if T 1is one-one,
(T Yy = #(T) .

We write SCT if 9(S) CHT) and Su =Tu for all u € I(S) . So

S=T if and only if SCT and TCS . Note that

(ST)U = S(TU) .

S(T+U) 3 ST + SU ,

(S+T)U

SU + TU ,

S-Ssco,

and, if S is one-one,

1

slsc1 and sstcr.

We remark that if B is bounded and T is closed then the

1

following operators are closed: B , TB , BT (if B 1is one-one) and

Tm1 (if T 1is one-one).

The adjoint of a densely-defined operator T 1is the operator T

with largest domain which satisfies
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Tu,v> = <0, TV

for all u € I(T) and v € @(T*) . We remark that T  1is closed and

(T_l)* = (T’)e)_1 if T is one-one and has dense range.

The resolvent set p(T) of T is the set of all A € C for
which (T-AI) is one-one and (T—)\I)—1 € £(#) . The spectrumn o(T) of

T 1is the complement of p(T) , together with © if T is unbounded.

3. RATIONAL FUNCTIONS OF T

Suppose T 1is a closed densely-defined dperator in # with non-
empty resolvent set. Then T is a closed densely-defined operator for
all integers n > 0 . (We take TO =1.) Moreovef, if m2mn , then
@(Tm) is a dense subspace of %(Tn) under the norm Han = {Hu”2 +

irtan®y /2

m
If p denotes the polynomial p({) = ckfk , then p(T) is
k=0

m
defined by p(T) = ) cka . This too is a closed operator with domain
k=0

D(p(T)) = %(Tm) , dense in # .

If q denotes a polynomial with no zeros in o(T) , and
. -1
r(C) =p(0) 7 a(f) . then we define r(T) by r(T) =p(T)(a(T)) ~ .
This too is a closed densely-defined operator with domain @(Tn) where

n = max{0, deg p - deg q} .

If r and r, are two such rational functions and « € C , then

1
the following identities hold:

(1) a(x(M) + ry(T) = (artr ) (D |g(r (1)
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(@ MM = O |grrery)

(3) o(r(T)) = r(o(T))

(4) (M = 7T

where T({) = B(0)/a(C) . P({) = Y & (¥ and § is defined similarly.

Although the preceding paragraphs can be read quickly and appear
reasonable, it is actually quite tedious to verify every detail. For
example it is easy to see that r(T)* ) ;(T*) , but it takes more work

to get the equality. Note that (2) includes the statement

9(r (T)r(T)) = 3((r;r)(T)) N B(r(T)) .

If r has no zeros in o(T) NC , it is a consequence of (2) and (4)

that

M =7 = (AT = (I = cmTH .

4. OPERATORS OF TYPE o

If 006 <7, then

Se ={z€C|z=0 or larg z| £ 6}
and
Sg ={z€C | z#0 and larg z| < 8} .

If 0 w<mw, then an operator T in # 1is said to be of  type
o if T 1is closed and densely-defined, o(T) C S, U {®} . and for
each 6 € (w,m] there exists cg < ® such that "(T-ZI)_IH < celzl_1

for all non-zero z ¢ Sg .

If O<pu<m™, then
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Hw(Sg) = {f : SZ 5C | £ is analytic and Nfll, < }

where lIfll, = sup{lf(z)] | z € SZ} ., and

0 0
us)) = {f € H (S

H) |3s>0, c 20 such that

1£(z)1

I~

clz|® 0
— 5 for all =z € S .
1+|z] H

It is straightforward to define (T) if ¢ € W(Sz) and T 1is of

type w , where O { w < p {w . We proceed as follows.

let @ < 8 < p and let v be the contour defined by the function

te® | wct<co
g(t) = i@

te , 0(t<(w®
Define (T) € L(#) by

¥ = gp [ e

This integral is absolutely convergent in the norm topology on <(#) .

It is not difficult to show that the definition is independent of

6 € (w,r) . and that, if ¢ is a rational function, then this

definition is consistent with the previous one. We can also show that,

if ¥, is also in W(Sﬁ) and a € C, then

(1)
(2)
(3)
(4)

and

a(¥(T)) + ¥, (T) = (apry;)(T)
¥ (TW(T) = ($¥)(T)
o(W(T)) = ¥(o(T))
w(my* = 9T .

Moreover, if r 1is a rational function which is bounded on S

v € W(Sg) , then 1y € W(SZ) and
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r(TW(T) = (r¥)(T) = W(T)r(T) .
The operator (r+y)(T) can be defined without ambiguity by
(r+)(T) = r(T) + W(T) .

We conclude this section with a convergence theorem.

THEOREM ILet T be an operator of type  where 0 { w {u 7w . Let

. 0
(wa) be a net in W(Su) such that lepalloo -0 .

(a) If there exist ¢ and s > 0 such that

v (O] € clgIS(+1g129)7!
Iy (T >0 .

for all C € sz and all o« , then

(b) If there exist ¢ , M ond s > 0 such that Iwa(f)l <elgl® for
all €l <1 and all a and H¢h(T)H {M for all a , and if

u €%, then wa(T)u -0 .

(c) If there exists M such that Hwa(T)H {M forall o and if

u € #(T) ., then ¢a(T)U -0 .

Proof To prove (a), use the definition of ¢a(T) and break up the
integral into three parts corresponding to [l < &6, 6 < ICI < A,

and |{| > A for & sufficiently small and A sufficiently large.

To prove (b) apply part (a) to the functions Py defined by
9 () = (140) 'y (C) to see that y_(T)u >0 for all u € 9(T) . Then

use the uniform boundedness to obtain the result.

Part (c) has a similar proof.
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5. HMORE GENERAL FUNCTIONS OF T
In this section 0 { w < p {7 and T 1is an operator in ¥ which

is not only of type ® but also one-one with dense range. Let
(0] .0 . -
%(Su) = {f : S# ->C | f is analytic and

1£(z)1 < C(|Z|k+|z]_k) for some k and c } .

For f € g(SZ) with [f(z)] < c(lzlk+lzl_k) define f(T) by

£(T) = (W) L) (D)

k+1
where V() = [IféEJ . The operator (fy)(T) € £(#) was defined in
section 4, while the operator (T) € ¥(#) was defined in section 3.
It follows from equation (2) of section 3 that (T) is one-one with
dense range as its inverse is (1/P)(T) . So £(T) 1is a closed
operator which is densely-defined because its domain includes %(Y(T))

as is seen by noting that

£(TIN(T) = w(T) L (£9) (T)9(T)
W) () (£9) (T)
(£9)(T) .

It is not difficult to show that this definition is consistent with

those of sections 3 and 4. Moreover if f , f1 € 5(82) and a €C ,

then
1) a(£(T)) + £(T) = (af+£1)(T) |g ¢ (1))
2) £ MM = EO M g (y)

(3) £(1)* = 1(T) .
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This time however there is no spectral mapping theorem. The

problem is that f£(T) may be unbounded even if f is bounded.

The following can be said about bounds, as is seen by applying (2)
above. Suppose f,g € 9(82) and g = hf for some h € 9(82) for
which h(T) € £(#) . (e.g. h =y + r where ¢ € W(Sz) and r is a
bounded rational function.) Then %(g(T)) 2 I(f(T)) and

lig(T)ull < clif(T)ull for all u € P(£f(T)) and some c €R .

We conclude this section, like the last, with a convergence

theorem.

THEOREM Iet O w< puw. Let T be an operator of type @ which

is one-one with dense range. Let (fa) be a net in Hm(SZ) . let

f e Hm(Sz) , ond suppose, for some M < ® , that

(a) g (TN S M,
and
(») for each 0 <5 <A <@, sup{lf ({)-£(O)I[C € sz

and 6 < IC1 < A} >0 .

Then f£(T) € £(#) and fa(T)u - f(T)u for all u€# . So

NECTIN < M .

Proof Let y({) = §(1+§)_2 . Apply part (c) of the earlier theorem to
see that fa(T)W(T)u = (faw)(T)u = (fY)(T)u = £(THI(T)u fAr all

u€# . As Y(T) has dense range, f(T) € L(#) and UF(T)H < M . Now
use the uniform boundedness to see that fa(T)u = f{T)u for all

u € # .
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6. OOMPLEX POWERS OF T
We continue to assume that T is an operator of type  which is

one—one with dense range.

Let fx(f) = CA for N€C . For each A, fk € ﬂ(Sg) ., So we
can define a ciosed densely-defined operator TA by Tx = fA(T) . This
seems to be an efficient way to define TA , for not only is it

included as part of a general functional calculus, but also the

following facts follow from the results of section 5 without further

ado:
(1) TME - Tx+”l ”
o1

2) ™= @ =
3) @9 = Y
(4) o(™H) o o(T) = o((1+T))
if 0 < fle(u) < %e() . and

ITull < el ul

and

™l + iy < I+l < eI uli+ il
for u € @(TA) .

The formulae usually used to define TA can now be derived using
the theorem in section 4. For example, to show that, if 0 < s <1 ,

then
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T = B_ lim JR £ S(1+tT) MTu dt
e=0 Ye
R0

for all u € 9(T) , we apply that theorem to the net we R defined by
v, g@ =8, | 8@ lae )
e,R s c :

(Here B = Jm t7S(1+t) Ldt.)
0

What if we drop the assumption that T 1is one-one with closed

range? We can proceed as follows. Let

yo(sg) = {f € y(sﬁ)l 3 £(0) € C such that [£(C) - £(0)] < cICI®

for IC] {1 and some s > O} .
For f € yo(sz) define £(T) by
£(T) = (8(T)) ™' (£6)(T)

where 6(() = (1+§)_k_1 and k 1is large enough that [f({)] < cl§|k
for IC1 21 . Then (£6)(T) = £(0)(1+4T) ! + g(T) € L(#) because

g €V, where g(C) = (1+0) X e() - (1+0)71£(0) . Also O(T) is a
bounded one-one operator with dense range. So f(T) is a closed
densely-defined operator. Now proceed as before and we find that

operators TA can be defined which satisfy properties (1)-(4) provided

%e A >0 .

7. QUADRATIC ESTIMATES
In the theory developed in section 5, there is no guarantee that
f(T) € ¢(#) when f 1is bounded. Indeed this is not always the case.

%
However it is if T and T satisfy quadratic estimates.
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Let T be an operator of type @ where 0 { w < g { 7™ and let
S W(Sz) . To say that T satisfies a quadratic estimate with respect

to Y means that

172
{ Jm Ip( eTYun? %}} < gliall
0

for some constant g and all u € # .

Such an estimate holds for example if T 1is positive self-adjoint
3 -1 172
with q = { w(t) 1Tt dt} . It also holds in a lot of other
0

interesting cases.
Let us use the notations

w*(sg) = {ye W(Sz) | w(t) >0 for all t € (0,9)}

Y () =v(el) . 0< e,

THEOREM ILet O {w << pupw, and let T be an operator'of type ©
which is one-one with dense range. Suppose that T and T satisfy
quadratic estimates with respect to functions ¢ and ¥ in W+(82) .
If fe H”(sg) . then the operator f£(T) is bounded, and there exists

a constoant ¢ such that

NE(TYI < clfll,

for all f € H(S)) .

Proof Let 6 be any function in W(Sﬁ) such that Jm w(t)t*ldt =1
0

where ¢ = WO .
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0 . 0]
For f € Hm(S#) and 0 < e {R<®, define fe,R € W(S“) by

dt
£, R(0) = J‘:(f«ot)m e
We shall use the quadratic estimates to show that

£, (DI < clifll,

for some constant ¢ depending only on T , o and 6 . The theorem in
section 5 can then be applied to give the result. We note that it also

gives the formula

£(T)u = lim JR (£9,)(T)u &£
e-0 Ye

R0

for all u € .

To prove the bounds on fe R(T) we proceed as follows. Let

u,v € # . Then

|<fe,R(T)u’V>I

[ J'R <(£6,)(T), (T)u p (Tt
(3

172
I 2 dt
s:p H(fet)(T)H{ o H¢t(T)uH 7&}

{ Jz llgt(T*)v|x2 ‘1}}1/2

< 9,95 sup H(fet)(T)H flull tivil
t

I

where q and q, are the constants appearing in the quadratic

estimates. Recall that (fet)(T) was defined in section 4 by a contour

integral,

(£6,)(T) = ;,—iL (- (0BT
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Therefore

1(£0,)(T)N < 5 Ilflle N(T-C) "M le(ec) | lag ]

v

A

S s
< o= Ilfllmf clel™ {—952—}—'5 lag |
¥ 1+t77 T
= klIfll,

where « depends on T , p and 6 but not f . So
l<fe’R(T)u,v>l < q1q2KHwaHuH vl
forall 0<e<R<®, feH/(S), and uve#.
u©

We have thus obtained the bounds on fe,R and hence the result. //

The assumption in the theorem that T has dense range is in fact
redundant as it follows from the other hypotheses. In fact if we drop
the assumption that T is one-one then we find that # = N(T) & %(T) .
where the symbol @ denotes the direct sum in the sense of Banach

spaces (and does not imply orthogonality). This is seen as follows.

Define E+ by

dt
E,u = JZ ¢t(T)u - U €% .

Then E_ is a bounded operator which is zero on N(T) and the identity

on %(T) . So K(T) ® F(T) C # . Similarly N(T ) @ KT ) C# . So
N(T) ® #(T) = # as required. In general we find that
dt
f(T%)E+u = JZ (fvt)(T)u -

for u € # , where T% is the restriction of T to &%(T) .
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8. NECESSITY OF QUADRATIC ESTIMATES
THEOREM Let T be a one-one operator of type o . Write T =UA and
T* = VB where A and B are positive self-adjoint operators and U

and V are isomorphisms.

The following statements are equivalent:

(a) for all pu > @ there exist c, such that
£ eH (s0)
HE(TYH < e Nfl,, L € H(S))
(b) there exist u > @ and c¢ such that

WE(T)N < el L fe Hm(sg) ;

is

(c) (T | s €R} isa CO group and, for all p > w , there exist

c such that
n
imisy ¢ o eMls! . s €ER ;
n
(d) there exists c¢ such that
I R L -1<s <1 ;

(e) for each a € (0,1) . IH(T%) = 9(A%) . T = 9(BY) and there

exists ¢ > O such that

¢ LAl < 1Tl < ca%ull , u € (1Y ,

L%l < 1% < cnB®ull L u €Ty

(f) there exist a , B € (0,1) and c¢ such that @(Ta) C ﬂ)(Aa) R

o(TP) c 9(8P) ana

A%l < el , u € 91

BPuil ¢ e Pun cuearP

IN



225

(g) forall pg>w and all ¢ € W(SZ) there exist q such that

172
{Jm hp( £T)ull® ‘1}} < gliull and
0

172
{r (T yul® ‘ltt-} < qliull Cu e
0

(h) there exist p>w ., V€ ~p+(s2) Ly € \p"(sZ) and q such that

172
{Jm Iy ( ¢T)uli® dt—t} < qliull  and
0

172
{r Iy eTyun® d—tt-} < qliull L u€H .
0

Proof We shall verify the implications (a) = (c) = (e) = (g) 2 (a) .

The cycle (b) = (d) = (e) = (f) 2 (h) = (b) is proved similarly.

(2) = (c) : The bounds in (c) are obtained by applying part (a) to
f(s)(f) = §1s . The theorem in section 5 can then be applied to see

that f(s){(T)u »u as s -0 for all u€¥.

(c) ® (e) : This is a result on complex interpolation which can be
proved as usual by applying the maximum modulus theorem on the strip
{z€C | 0K % z <1} . For example, the first inequality can be

verified for u € %(T) by applying it to the function
z2 Z ~Z
f(z) =e” AT "u .
All the technicalities needed to do so have been derived in sections 5
and 6 . For example the continuity of f can be proved using the
theorem in section 5 as can the analyticity of f on the open strip.

Further details are left to the reader.
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(e) »(e) ¢ For a€ (0.1) . let ¥ (C) = %40yt . Ve first
show that T satisfies a quadratic estimate with respect to w(a) .

There exist bounded operators U and Wa such that
-1 —a
TAT = Ulgey) and A%T = W ety -
It can easily be computed that
-1 -1
Yoy () = (T + (L4T) U (AW,

1o

J: Hw(a)(tT)uﬂz e
de

c JZ Hw(a)(tA)WauH2 s
2

I

c'liiw uH2 < q llull ,u€%,
a a

inN

as required. We used the fact that the positive operator A satisfies

a quadratic estimate.

Now let ¢ € W(SZ) . There exist 6 , ¢ € W(Sﬁ) and a , B € (0,1)

such that
WT) = BT (T) + #(Ty (D) -

On returning to the definition of W(tT) we find that
IWCETI < ie{lly o) (ST + Iy o (€T}

where k depends on 6 and ¢ . It now follows from the quadratic
estimates for w(a) and w(B) that T satisfies a quadratic estimate

with respect to ¥ .
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The dual estimate is proved similarly.
(g) > (2) : This was proved in the previous section. //

The above theorem, with the exception of parts (a) and (b), is
essentially due to Yagi [4], though various parts of it were known
previously. The implication (c)= (e). for example, is taken from the

proof of the Heinz-Kato theorem.

9. OPERATORS SATISFYING QUADRATIC ESTIMATES

We have already seen that positive self-adjoint operators satisfy
quadratic estimates. So do normal operators with spectra in a sector,

and also maximal accretive operators.

One could point to a large number of instances where estimates of
one type or another of those listed in section 8 have been used by
people working in partial differential equations or harmonic analysis.
Yagi has used some of this material to show that certain classes of
elliptic operators with smooth coefficients satisfy quadratic estimates.
(See the references at the end of his paper in this volume.) Thus such

operators have an H_-functional calculus.

How about the operator S in Lz(m) with domain H2(R) defined
by

(Su)(x) = -g(x) lu" (x)

where g € L (R) and %e g(x) > k > 0 for all x € R ? This can be

handled via the following result.
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THEOREM lLet T = W_lA where A 1is a positive self-adjoint operator
and W is a bounded operator satisfying %e(Wu,u) 2 KHqu for some
k>0 and all ue€# . Then T and T* are one-one operators of type
w < /2 which satisfy quadratic estimates if the following condition

(C) is satisfied:

(C) There exist constants ¢ and m such that

172
{ Jm I, (BP, Y<un® 42} < c(1+K™) BN ul
0 t t t
and
172
{ Jm N, (B*p_)¥un? 9—} < 1+ BIK il
o t t t
for all u€# and k =1,2,..., where

P, = (1+%%)71 Q= eA(1+¢®AH)™! and B=1- W

for some A € (0,2¢IWI™2) .

Proof It is straightforward to check that Bl < 1, so

T=2I-B)!A. Let 7=tA. Then

(4]
a+my =R Y (BR)¥(1-B)
T T
k=0
where
R = (I+itA) ' = B_- iQ

T T

and the series converges because HRTH <1 and IBIl < 1.

It is not difficult to show that T is a one-one operator of type

w for some w < 7 .
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Let w(C) = C(14C2)™! . Then

%{(I+itT)_1 - (I—itT)_l}

i {RT 2 (BR ¥ - R__ 3 (BR_T)k}(I—B)

¥(tT)

|
DO e

I} {® B % @) +
k=0 s=0 T T T

¥ (R_TB)k‘SQT(BPT)S}(I—B) :

|
D=

Hence
172
{ Jm Iy tT)ull® %}}
0
o Kk 1/2
<Y Y ik { Jm IQ_ (BP_)S(I-B)ull® %}}
k=0 s=0 ]
© Kk
<y Y HBch(1+sm)HI—BH lhull
k=0 s=0
= qllull ,u €%,
as required. The dual estimate is proved similarly. //

To apply this theorem in the case when W denotes multiplication
by the L, function g, and A = D2 where D = -i é% , we need to
check that the condition (C) is satisfied. However this is a

consequence of the similar estimates proved in [1] where Pt and Qt

were defined in terms of D rather than A .

We thus have that the operator S defined before the theorem

%
satisfies square function estimates, along with S . So, by the

1/2) - @((D2)1/2

As pointed out in Meyer’s lecture notes in Madrid,

results in section 8, %(S ) = HY(R) and NE(S)N < ol

(0]
for f € Hm(SW/2) .
these facts can be used as follows. Say we want to solve the elliptic

boundary value problem:
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0,.x€R, t>0,

2. 2
g0 I8 o) + 55 (1)
Ix

at
9 (x.0) = g(x) t>0
at : ’ :
Then we find that the solution
(e, t) = _e-t¢§ 512,

is defined for all g € Hl(R) and satisfies

sup {J |u(x,t)|2dx}1/2 < c{f 1% (x)|2dx}1/2 .

10. DOUBLE SECTORS
It is just as interesting, if not more so, to consider operators T

with spectra in a double sector
$w = {f €C l C € Sm or -( € Sw}

for 0 { w < w/2 . We can again show that if T and T* satisfy
quadratic estimates then f(T) is defined and satisfies

(TN < cﬂllflloo for all f € H@($2) where u > o .

In particular this applies when # = L2(1) s

Y

{s+ig(s) | s € R} , g is a Lipschitz function, and

T=D = L 4 . Then T and T* satisfy quadratic estimates, so T
v idzlv i

has an H -functional calculus. In particular sgn(T) € £(#) where
sgn { =+1 if %Re { >0 and sgn { = -1 if %e ( < 1 . The operator
sgn(T) 1is none other than the Cauchy singular integral operator on 7~ .

See [1] and [2], where the case of Lipschitz surfaces is treated too.

This paper is already too long, so details will be left as a

challenge to the reader.
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