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A DUALITY THEOREM FOR CROSSED PRODUCTS BY NONABELIAN GROUPS
Tain Raeburn

Let o : G — Aut A be an action of a locally compact group G on
a C*-algebra A. When G is abelian, there is a canonical dual action

A

¢ of the dual group G on the crossed product A X G, and the Takai

duality theorem asserts that the second crossed product (A X o G) x, G
o

is isomorphic to the tensor product A ® KKLZ(G)) of A with the
algebra KXLZ(G)) of compact operators on L2(G). The usual proof of
this theorem [5,8] uses spatial techniques, but we have recently given a
new proof in which we exploit the universal properties of crossed
products, and which we hope is a bit more transparent [7].

Imai and Takai used essentially the same spatial techniques to
obtain a duality theorem for actions of nonabelian groups [1]. They
replaced the dual action of 8 by a "coaction®” of G, and defined all
their crossed products spatially, so for non-amenable G their theorem
concerns the reduced crossed product A xa,r G rather than the full one
A X G. Here we shall show that the approach of [7] can also be
adapted to the case of nonabelian groups, where it gives a duality
theorem for the full crossed product.

We start by describing our notion of coaction, which is slightly
different from the normal one: usually a coaction of G on A is a
homomorphism of A into M(A ®min C:(G)), whereas ours will be a
homomorphism of A into M(A ®max C*(G)). We have deliberately chosen
to use the full group C*-algebra and the maximal tensor product because

we are stressing universal properties rather than spatial ones. As a
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result, we have to handle crossed products by coactions differently.

We first give a definition of what a crossed product should be, and then
prove that one exists (Proposition 6); this follows very closely the
treatment of ordinary crossed products in [7]. Once we have this
sorted out, it is a relatively simple matter to adapt the argument of
[7, §2] to the nonabelian setting. We feel that the resulting duality
theorem is more satisfactory, particularly for non-amenable groups, and

that its proof is conceptually clearer.

NOTATION. When G is a locally compact group, we shall write A and
p for the left and right regular representations of G on LZ(G), M
for the representation of CO(G) by multiplication operators on L2(G),
and Bs for the point mass at s e€ G, viewed as an element of the
multiplier algebra M(C*(G)). In general, we shall use 1 for the
identity element of an algebra, and i for an identity mapping between
algebras. As in [7], a homomorphism ¢ of a C*-algebra A into a
multiplier algebra M(B) will be called nondegenerate if there is an
approximate identity {ei} for A such that ¢(ei> - 1 strictly in
M(B): this implies that ¢ has a (unique) strictly continuous
extension to M(A) [4, §1]1, and we shall use this fact repeatedly
without comment. If £ e B*, the slice map Sf : A® B > A 1is defined
by Sf(Ei ai ® bi) = Zi aif(bi): this is bounded for the minima} (and
hence any) C*-tensor product norm, and extends to a strictly continuous

map of M(A ® B) into M(A).

§1. COACTIONS AND THEIR CROSSED PRODUCTS.

We begin by recalling that if A and B are C*-algebras, the
maximal tensor product A ®max B is the completion of the algebraic

tensor product A ® B in the norm
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= a, ® bi“ =sup {|IZ n(ai)p(bi)u : % and p are commuting
representations of A and B on the same space}.
We shall often write A ® B for A ®max B. There is always a natural
map of M(A) ®max M(B) into M(A ®max B), which in particular allows
us to view a tensor m ® n of multipliers as a multiplier of A ®max B.
If G is a locally compact group, this construction gives us a strictly
continuous homomorphism s — Bs ® SS of G into the unitary group
UM (C* (G) Qmax C*(G)), which we can integrate to obtain a nondegenerate
homomorphism
SG : C*¥(G) — M(C*(G) ?nax C*(G)),

called the comultiplication of C*(G) (see [2] for more details).

DEFINITION 1. A coaction of a locally compact group G on a
C*-algebra A is a nondegenerate homomorphism & of A into
x . .
M(A ®max C*(G)) satisfying
1) 8(a)(l ® z) and (1 ® z)d (a) belong to A ®max C* (G) for
all ae A, z e C*X(G);

2) (8 ® i)od = (i ® BG)OB.

Of course, this requires some explanation. First of all, the
nondegeneracy of & and 8G imply that both & ® i and i ® SG extend
to the multiplier algebra M(A ® C*(G)), so the compositions in (2) at
least make sense. To understand where conditions (1) and (2) come
from, we consider the case of an abelian group G. Here

A®C*(G) = A® co(é) = Co(a,A),
so Cb(é,A) acts naturally as multipliers of A ® C*(G) : condition (1)
says the range of a coaction of G must lie in this subalgebra.

A

. . o o
Indeed, given an action a of G on A, the analogous coaction &
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of G 4is given as a map from A to Cb(é,A) by Sa(a)(y) = uy(a).

In general, condition (1) is technically useful because it implies
Sf(S(a)) e A for ae A, £ e B(G) = C*(G)*. The homomomorphism
property of the action a of 8 says the two functions

(v,x) —9(@ «Q (a)) and (y,x) - %X (a) agree: this translates into
condition (2) on the coaction 5. In general, we refer to (2) as the

coaction identity, and we think of coactions as an analogue for

nonabelian groups of actions of the dual group.

For us, the most important example will be the dual coaction on a
crossed product. Before describing it, we recall that the crossed
product bg an action o of G on A is a C*-algebra A X G whose
representation theory is "the same as"™ the covariant representation
theory of the system (A,G,a). Formally, there are embeddings

i ¢ A ->M(Ax G) and i, : G - UM(A x G) such that
A [+3 G o

i = i 3 i * ;

a) 1A(as(a)) 1G(s)1A(a)1G(s) for ae A, s e G;

b) if (n,U) is a covariant representation of (A,G,a) (i.e.
n(as(a)) = Usn(a)U;), then there is a nondegenerate
representation = x U of A xu G such that = = (& x U)oiA

and U = (n x U)oiG;

c) the ranges of i i generate A X o G.

A" TG
Condition (a) implies that for ‘any representation p of A X, G, the

pair (poi poiG) is covariant, so the representations of A xé G are

a’
precisely those of the form = x U. In the standard construction of
A X G as the C*-enveloping algebra of Ll(G,A), we think of iG(ss
as the point mass Ss at s € G times the identity for A, and iA(a)
as the multiple aﬁe of the point mass at e (see [5, §7.6]1). For a

detailed discussion of this view of crossed products, and in particular

for an explanation of what (c) means, we refer to [7, §1].
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Now suppose o is an action of G on A, and define maps j,k
of A,G into M((A xa G) ®max C*(G)) by
j(a) = iA(a) ® 1, k(s) = iG(s) ® Ss.
Then if we represent (A x G) ® C*(G) concretely on a Hilbert space
H, the pair (j,k) 4is a covariant representation of the system
(A,G,a) on #H, and hence integrates to give a homomorphism & =3 x k
of A Xu G into M((A Xa G) ® C*¥(G)). When A is absent, of course,

A

o is just the comultiplication SG.
A
LEMMA 2. The homomorphism o is a coaction of G on A Xu G, called

the dual coaction.’

PROOF . For ae A and z,w e CC(G) we have

~ . . _ . _l .

a(lA(a)lG(z))(l ® w) = (1A(a) ® 1) JJ z(s)w(s t)(lG(t) ® ﬁt)dsdt.
We can approximate the function (s,t) - z(s)w(s~1t) uniformly by a sum
3 zj ® wj e CC(G)() CC(G), and then the right-hand side has the form

1 *
Z:.AxG(a®zj)®wje (1-\xOl G) ® C*(G).

This gives (1). To check the coaction identity, we just have to verify
that (o ® i)oe and (i @ SG)oa agree on the generators iA(a)iG(z)

for A X G, and this is a routine computation.

Next we have to discuss covariant representations of our dual
systems (A,G,8); the crossed product A s G will then be defined as
a C*-algebra with these representations. In the reduced theory, the
crossed product came first, defined spatially in terms of generators,
and only later was the appropriate representation theory developed [4].
We shall have to modify this theory slightly to accommodate unreduced

crossed products, but the ideas are essentially the same. We first
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define WG : G —» UM(C*{(G)) by Ws(s) = 88; this function is strictly
continuous, and so defines a unitary multiplier WG of CO(G,C*(G)) =

CO(G) ® C*(G) .

DEFINITION 3. A covariant representation of (A,G,8) is a pair (m,p)

of nondegenerate representations of A and CO(G), on the same Hilbert
space #H, such thét, for all a e A,
T ® i(d(a)) = p ® i(WG)(n(a) ® 1l)p ® i(Wé) (*)

in M(C*(R(A),H(CO(G))) ®naxC (G .

In [4], the role of the unitary WG was played by the unitary
operator Wé on L2(G x G) given by Wé&(s,t) = E(s,s—lt), which is

the image under p ® A of our WG € M(CO(G) ® C*(G)) . As in the
spatial theory, we can recover the representation p from the unitary
p® i(WG) by slicing; in fact, for £ e A(G) < C*(G)*, we have
Sf(WG) = £, and hence
Sf(u ® l(WG)) = R(Sf(WG)) =p(f) for £ e A(G).
When G is abelian, and the coaction 8" is given by an action a of
G,
* = * = *
WG e M(CO(G) ® C*(G)) M(C*(G) @ CO(G)) M(CO(G,C (G)))
can be viewed as the function 7y - §Y; if p is given by the unitary

representation U of G, then p ® i(WG) is the function ¥y —?(&,

and (*) reduces to the usual covariance condition on (z,U).

EXAMPLE 4. The pair (A,M) is a covariant representation of
(C*(G),G,BG). To see this, we note that (M,A) is a covariant

-1
representation of (CO(G),G,t), where 1s(f)(t) = f(s "t). Thus for

s € G, we have
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M@ i(WG)(ls ® 1)M ® i(Wa) =M® i(WG(ts ® :L(WG)))(Xs ® 1)

M® i(le®s )(h ©1)
S S

® i(d (8
A i G( s))'
and integrating both sides to homomorphisms on C*(G) gives the

covariance condition (*).

DEFINITION 5. Let & : A - M(A ® C*(G)) be a coaction. A crossed
product for (A,G,8) is a C*-algebra B together with nondegenerate
homomorphisms jA : A - M(B), %HG) : Q)(G) - M(B) satisfying:

s

a) J. ® i(d(a)) @ i(WG)(jA(a) ® l)jC(G) =] i(Wé) in

a = Jee
M(B ® C*(G)):

b) for every covariant representation (n,p) of (A,G,8) there
is a nondegenerate representation = x p of B such that
(m x ploj, ==, (& x P)OJC(G) = p;

c) the span of {jA(a)jC(G)(f) :ae A, fe CO(G)} is a dense

subspace of B.

Of course, condition (a) implies that every nondegenerate
representation p of B gives rise to a covariant representation
(pojA, pojC(G)) of (A,G,8), so all the representations of B have
the form = x p. It is easy to check that up to isomorphism there is
at most one such C*-algebra, and we shall soon prove there is always

one, so we shall call it the crossed product and denote it by A Xs G.

PROPOSITION 6. Let & : A - M(A %naxc*(G)) be a coaction of a locally

compact group G on a C#*-algebra A. Then there is a crossed product
C*-algebra A Xs G, and a dual action 8 of G on A Xs G such that

~

GS(JA(a)jC(G)(f)) = jA(a)jC(G)(os(f)) for ae A, fe CO(G), s € G,
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where os(f)(t) = f(ts).

PROOF'. Take a set § of cyclic covariant representations containing a
representative of each unitary equivalence class, let

p,v) =@ {(m,pn) : (m,p) e S}
acting in H =@ H(n,p), and let B be the closure in B(H) of the
;et {p(a)v(f) : ae A, £ e CO(G)). Because p and v are *-
representations, to show that B is a C*-algebra it is enough to show
that each product v (f)p(a) belongs to B; further, since A(G) is
dense in CO(G), we may suppose f e A(G). Consider the action of
C*(G) on A(G) defined by

<gex,y> = <g,xy> for g e A{(G) and x,y € C*{(G).

We have (A(G)oC*(G))_ = A(G), so by the Cohen factorisation theorem we
can factor £ = gex for some =x e C*(G), g e A(G). Then
v(f)p (a) = v(Sf(WG))P(a)

Sf(v ® i(WG)(p(a) ® 1))

Sg-x(p ® i(d(a))v ® i(WG)) (by covariance of (p,v))

Sg(p ® i((1 ® x)8(a))v ® i(WG)).

We know that (1 ® x)d(a) € A ®max C*(G), and we can therefore
approximate it by a finite tensor I a; ® x, e A C*(G). Then

v(f)p (a) ~ sg(z (p (ai) ® xi)v ® i(WG))

z p(ai)sg.xi(v ® i(WG))

Z pla)vigex,).
Thus v (f)p(a) does belong to B, and B 1is a C*-algebra. We define

.= p, = v; then (c) is satisfied by definition, (a) because

A Jee)

(p,v) 1is a covariant representation, and it remains to check (b). But
this is easy too: the usual arguments show that any covariant

representation is equivalent to a direct sum of cyclic representations,
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and hence to a direct sum of subrepresentations of (p,v). Thus

(B'jA'jC(G)) is the required crossed product for (A,G,8).

We next claim that if is a crossed product for

B 3prdc ey

(A,G,8), then so is (B, ). To see this, note that

‘a'c®)°%s
o ® i(WG) is the function ¢t _)ats’ or, in other words, Gs ® i(v&) =

WG(l ® 55). Thus

(‘jC(G)”s) ® )W) (J,(a) @ 1) ((JC(G)OOS) ® 1) (W)
= jC(G) ® i(WG)(l ® as)(jA(a) ® 1)(1 ® s;)JC(G) ® 1(wa)
= jA ® i(8(a)),

and (a) is satisfied. Similarly, if (x,p) is a covariant
representation of (A,G,8), so is (n,uoos). But then

(T x (pocs))OJC(G) = pocs = ((m x u)ojC(G))ocs,
and (b) holds too. Since condition (c) follows trivially from the

corresponding property for (B ), this justifies our claim.

I JAI JC (@)
From the uniqueness of the crossed product, we obtain an isomorphism as

of B onto B satisfying ssojA = and it is

. 5 o - 2

Iar °s%Icie T e %’
now routine to verify that s — BS is a strongly continuous action of
G on B with the required property. This completes the proof of the

proposition.

REMARK. We finish our discussion of coactions and crossed products by
pointing out one other minor difference between our treatment and the
usual spatial one: we have not assumed our coactions are injective.
This is definitely not a significant issue; for one thing, all our main
examples are injective! 1In general, if & 1is a coaction of G on A,
then A decomposes as a direct sum ker 8§ @ B, and & induces an
injective coaction € of G on B such that B xa G is naturally

isomorphic to A s G. To see this, one first computes directly that
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SloEG is the identity on C*(G), where 1 is the identity of

B(G) = C*(G)*. (This also proves that SG is injective, and the same
argument shows any dual coaction is injective.) Then the coaction
identity implies

5(Sl(ﬁ(a))) = sl(a ® i(d(a))) = Sl(i ® 5G(8(a))) =38 (a),
so that S1 is a splitting for §: A — 8 (A). It is a homomorphism
because 1 is, and A therefore decomposes as a C*-algebraic direct

sum ker 8§ @& B, as claimed. Given this, the rest of our assertion can

be routinely verified.
§2. THE DUALITY THEOREM

THEOREM 7 Let a«: G —» Aut A be an action of a locally compact group

G on a C*-algebra A. Then there is an isomorphism of (A xa G) x, G
[+2

2
onto A ® K(L (G)) which carries the second dual action of G into a

® Ad p.

PROOF We define embeddings a,a - of A in C,(G,2) = M(A ® C_(G))
by
-1 -1
a(a)(s) = a_(a), a ~(a)(s) = a_" (a), .
S S
and embeddings of A, G, CO(G) in M(A® X by

k. = (1i®M oal, k. =1®Hh, =1@M.

A G kC(G)

As in [7,p.9], (kA,kG) is covariant and therefore gives us a

homomorphism kA X kG of A X G into M(A ® X). We shall prove that

(A ® &, kA x k_, ) is a crossed product for (A xa G, G, a). The

s’ *c()

first part is easy: a routine approximation argument shows that the

elements of the form kA ka(w)kc(G)(f) span a dense subspace of

A® X
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Next we want to prove that (kA x k_, ) is covariant - in

G kC(G)

other words, that

kC(G) ® i(WG)(kA X kG(iA(a)iG(z)))

= [k, x ko) ® i(u(iA(a)iG(Z))][k ® i(WG)] (+)

C(G)
for ae A, z € Cc(G). The left-hand side L of this equals

(Le® (M@ i)(WG)(kA(a) ® 1)(kG(z) ® 1)

k,(a) ® 1) (1 ® (M® i(WG)(X(Z) ® 1)))

(kA(a) ® 1)(1 e (A ® i)(SG(z)))(l ® (M ® i)(WG))

by the covariance of (A, ,M) (see Example 4). Now

1 (@ i)(SG(z)) (kG ® i)(J z(s)(SS ® Ss)ds)

(ky xk.) ® i)(J z(s) (i (s) ® & _)ds)

(G, x kg ® 1) (atig(z))),
and L becomes

(kA(a) ® 1)((kA X kG) ® i)(;(iG(Z)))(l ® (M® i)(WG))r
which is easily seen tp be the right-hand side of (+). Thus (a) holds.

Now suppose (x x U, p) is a covariant representation of

(A Xy G, G, ;). We claim that (p,U) is then a covariant
representation of (CO(G),G,z). The covariance of (x x U, p) implies
that for s e G

(n x U) ® i(;(iG(s))) = Adp ® LM (x x U(ig(s) @ 1),
which is equivalent to

Us ® 85 = Ad p ® i(WG)ﬂUs ® 1).

Thus for £ € A(G) we have

Scln ® S(W))U_ = Ussf-ss(” ® i(W.)),

where <fo$s,z> = <f,5st> for =z e C*(G). A quick calculation shows
that foSs = 1;1(f), and Sf(u ® i(WG)) = pn(f), so this becomes

-1
u(f)Us = Usu(ts (£)),
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and (p,U) 4is covariant as claimed. We therefore obtain a
representation p x U of X such that (g x U)oM =p and (p x U)or =
U (see [7, Example 4]).

The covariance condition for (x x U, p) also implies

x(@) ® 1= ((x x U) ® i) (a(i,(a))

Ad p ® i(WG)(n(a) ® 1),

and slicing this gives = (a)p(f) = p(f)n(a) for f e A(G). Thus we
§btain a representation = ® p of A ® CO(G) on 4H; let

p = (n ® ploa. The argument in the fourth paragraph of the proof of [7,
Theorem 6] shows that p(a) commutes with Us' and therefore also with
the range of p x U. This gives a representation p ® (p x U) of

A ® X. It is easily verified that

(p ® (n x U))okG =U, (p ® (p x U))ok = W,

C(G)
and the argument in [7] shows that (p ® (pxU))okA =gx. Thus (A ® K,

kA ka, kC(G)) also satisfies (b), and we have proved that it is a

A

crossed product for (A xa G, G, a).
The uniqueness of the crossed product now implies there is an
isomorphism y : A ® K —» (A x G) x, G such that

[+3

wo(kA X kG) and vok

= JIace ¢ - ce,

To check that v intertwines o ® Ad p and (a) , we just need to

verify that

w(us ® Adps(kA X k (i (a)i (Z))kC(G)(f)))

= (a) (l (a)i (z))JC(G)(f))
We have AdpsoM = Mocs, Adpsox = A, and, by a quick calculation,

(as ® Adps)okA = kA; the left-hand side is therefore

V(kA(a)kG(Z)kc(G)(Gs(f))) = ijG(i (a)i (Z))jC(G)(c (£))

(a) (1 (a)l (Z))(a) (£)),

(ijG (jc«;)

as required. This completes the proof of the theorem.
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CONCLUDING REMARKS. We know of at least two other duality theorems for
crossed products by nonabelian groups: one for twisted crossed
products, due to Quigg [6], and another which starts with a coaction,
due to Katayama [3]. Both of these concern spatially-defined crossed
products, and it would be interesting to extend them to the full crossed
products along the lines we have extended Imai and Takai’s theorem here.
At present, we are optimistic that this can be done for Quigg’s theorem,
although there are technical problems, but we do not see how to adapt
these methods to handle Katayama’s: certainly the spatial versions of
both theorems are substantially harder than the one we have discussed

here.
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