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UNITARY SPINOR METHODS
IN GENERAL RELATIVITY

Zoltén Perjés

ABSTRACT

A survey is given of the structure and applications of spinor fields in three-dimensional
(pseudo-) Riemannian manifolds. A systematic treatment, independent of the metric
signature, is possible since there exists a fairly general structure to be associated with
unitary spinors, which encompasses all but the reality propertles The discussion begins
with the algebraxc and analytic properties of unitary spinors, the Ricci identities and
curvature spinor, followed by the spinor adjungation as space reﬂectlon, and the SU(2)
and SU(1,1) spin coefficients with some applications. The rapidly increasing range of
applications includes space-times with Killing symmetries, the initial-value formulation,
positivity theorems on gravitational energy and topologically massive gauge theories.

1. A LITTLE HISTORY

One of the earliest successes of spinor techniques in general relativity is Witten’s
[1] version of the Petrov classification which was later perfected by Penrose [2] and
complemented by the spin coefficient techniques of Newman and Penrose [3]. In the
following years, the SL(2, C) spinors have gradually been accepted as a useful mathe-
matical working tool in relativity, even though they never ranked to the straightforward
physical utility which spinors in particle physics enjoy. The prevailing view as to why
spinors sail so well in curved space-time is that they are seen closely related to null
and causal structures. Other insights of more physical nature have only recently been

provided by the supersymmetric theories [4].

The applications of the spinors of unitary and pseudo-unitary subgroups of the
Lorentz group escaped the attention of relativists until as late as 1970. Then, in an at-
tempt to establish a spinor approach to stationary space-times, the present author has
worked out an SU(2) spinor formalism [5]. These techniques have been used for obtain-
ing exact solutions of the gravitational field equations [6]. A corresponding formalism

for the non-compact group SU(1,1) has also been developed [7]. It has been
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shown possible to formulate the stationary axisymmetric vacuum gravitational equations
such that the complete description is carried by a set of SU(1,1) spin coefficients, and

with no curvature quantities appearing.

In 1980, Sommers [8] introduced the notion of ‘space spinors’ in connection with
SU(2) spinors relative to a space-like foliation of the space-time. This approach has been

taken up by Sen [9] for quantizing the spin-3/2 massless field in a curved background.

Recently, the pace of applications has increased, due partly to the SU(2) spinorial
nature of many supergravity models [4]. But SU(2) spinors enter Witten’s expression for
the gravitational energy [10], as well as the theory of topologically massive gauge fields
[11]. A new spate of works followed Ashtekar’s discovery of new canonical variables for
the quantization of the gravitational degrees of freedom [12]. His configuration space
is coordinatized essentially by the soldering forms of SU(2) spinors. Unitary spinors
have been introduced on manifolds of arbitrary non-null congruences [13]. The ensuing
description of space-time contains both the spinors in hypersurfaces and in the manifolds

of Killing trajectories as special cases.

It has already been noted by Barut [14] that SU(2) and SU(1,1) spinors can be
treated in a unified formalism in which one does not specify the signature of the 3-
metric. The signature-independent properties, characterizing what will be called uni-
tary spinors, embrace all spinorial relations but those involving adjunction. In the
present note we shall show that there exists a remarkably elaborate structure shared by
both genres of spinor fields in (pseudo-) Riemannian 3-spaces. Adjoining of spinors is
relegated to Sec. 5. Applications in general relativity will be discussed at the end of

each section.
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2. UNITARY SPINORS

The algebra of unitary spinors encompasses those properties of the SU(2) and

SU(1,1) spinors which do not depend on the signature of the associated metric.

2.0 DEFINITION [15] Spin space is a pair (I, €) where T is a two-dimensional
vector space over the field of complex (or real) numbers and ¢ a symplectic structure

on X.
Note that ¢ provides an ismorphism
(2.1) €:N— X"

between ¥ and the dual space £*. We shall use an index notation such that {4 € ¥ is
an element of the vector space ¥ and £, € £* an element of the dual space. Capital

Roman spinor indices A, B, ... may take the values 0 and 1. Then (2.1) can be written

¢4 — £p = t*esp where (e45) = _?1 (1) . Note that €45 = —€g4. The inverse
map employs the spinor €4 % satisfying
(2.2) GAB €cp — 6&4

where 67 is the identity map on .

2.1 DEFINITION A spinor 52 of p upstairs and ¢ downstairs indices is a

(p, g) tensor over .

2.2 PROPOSITION  The linear map L : ¥ — X preserving the spinor ¢4 5 has
the determinant 1. The group of the maps L is SL(2,C).

The proof is all too easy.
2.3 DEFINITION The spinor

(2.3) gaBcp = €4(c€p)B>
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called the metric, yields a bilinear map V ® V — C where V is the vector space
(2.4) V = {v%|vi =0}.

The inclusion of V in ¥ ® £* defines the map ¢ : © ® ¥* — V rendering to each
vh € L ®L* its trace-free part. This map is sometimes called a soldering form and has

the index structure o%, ; where

(2.5) O4p =0pa-

Lower case Roman indices refer concisely to the vector space V.

2.4 DEFINITION Unitary spin space is the triplet (£, ¢,0) where o : ZQE* — V
is the map satisfying

(2.6) aiCA 0,]~BC +01~CA o_iBC — 1]53

and ¢/ = o', ;o?,  gABC°PD.

The vector space V is oriented because T'rv, [v,, ;| defines canonically a three-form
€(vy,v2,v5) on V [16]. In the index notation we have €, = €;;x+/g Where ¢, is the
skew numerical Levi-Civita symbol and g = det[g;x]. (Thus €;;; is imaginary when the
signature of the metric is negative.)

2.5 COROLLARY [5] The soldering forms o%* satisfy the Lie product rule
(2.7) U;AchB —a,-ACof’;g = \/Eieijkaig-

Here the right-hand side changes sign under reversal of the orientation of V.

2.6 PROPOSITION Let F;, = Fj;; be a bivector. Then the spinor Fypop =
F;, o' ; ok, has the decomposition

1
(2'8) Fipop = 5(58D¢AC + GAG¢BD)-

Proof. In three dimensions, the tensor F;; can be written equivalently

(2.9) .F. =1/ 1/2€ijk ij .
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The (axial) vector F; has the spinor components
Gap = o'ig B F;.

Using the identity o2 0%, = —6F, we have F; = —0/® ¢, 5. Substitution of (2.9) in
¢AB yields
¢AB =V 1/20"'43 G;J'ijk.

This contains the terms on the right hand side of Eq. (2.7), hence
(2.10) bas = —1F,%.

Now adding the terms 2 (Fspos —Fapcos) t0 Fapcp, it can be written identically as
Fapop = Faip\c|p) + Flaip|cis - For an arbitrary spinor 5 with a pair of skew indices
we have a5 — 54 = €apNg . Thus Fapop = >(epp Fypo © +€acFrpTp). Inserting

here (2.10), the decomposition (2.8) follows.

2.7 DIGRESSION TO SL(2,C) The algebraic properties of unitary spinors can
be derived [5] from the SL(2, () spinor algebra in the presence of a preferred non-null

four-vector a. The soldering forms o of SL(2, C) satisfy the defining relation [3]
(2.11) UMAC,OUBC, +0VBC,a“f' =Juv€an

where Greek indices y,v, ... range through the values 0, 1, 2 and 3 and primed spinor
indices refer to the complex conjugate representation. A hat will signify that the entity
refers to the 4-space-time whenever such an emphasis is necessary. Choose coordinates
adapted to the non-null vector a such that the metric §,, is independent of z° =

Then, given a solution o at ¢ = ¢, of (2.11), this o will continue to be a solution for all

possible values of ¢t. We may choose the soldering form ¢ to be independent of ¢.

Let us denote the norm of the vector a by
(2.12) f=d"a, = goo.

Then the 4-metric has the decomposition

o =g + fwiw; fu;
(2.13) (9u) = < fu; f )
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with the inverse
fid H
@)= (78 )

where ¢ is the metric in the orthogonal 3-complement.

We now decompose Eq. (2.11). From the mixed components with (k,v) = (¢,0)

we get:

.

(2.14) 0% 10,L + 0% gi0,C =0.

The spinor 0, , ,» = @4¢- is invariantly defined. We now introduce the soldering forms

in the 3-space by defining

i \/§ i !
(2.15) oy = _7‘740'“50 .

The multiplying factor here serves later convenience. Eq. (2.11) then expresses the

symmetry (2.5) of the soldering forms in their spinor indices.

The components of Eq. (2.11) with (g, v) = (¢,7) yield the anticommutation prop-

erfy (2.6) of the soldering forms of unitary spinors.

The product relation of soldering forms in the 4-space-time has the form [3]
(2.16) 0,450 =€acepip:.
By use of the 3+1 decomposition of scalar products
(2.17) 49" = 1 (uov, — uivFgis)
we obtain the metric (2.3) for the 3-space:

(2.18) U‘ABO"-CD ':GA(CED)B
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3. SPINOR DERIVATIVES

In this section we consider covariant derivatives of unitary spinor fields on (pseudo-)

Riemannian 3-manifolds.

3.1 DEFINITION A unitary (p,q)- spinor field is a local section of a bundle of

unitary (p, ¢)-spinors over a (pseudo-) Riemannian 3-manifold (M, g).

The covariant derivative of a spinor with in reference to the metric § is defined in
the contemporary literature such that the soldering forms and the fundamental spinor

€4 p are covariantly constant.

3.2 DEFINITION The covariant derivative V of a (p, g)-spinor field is a map
into a (p + 1,q + 1)-spinor field with the usual linearity and Leibnitz properties of
derivatives. The map V coincides with the gradient map of scalars when (p, ¢) = (0, 0).

and has the further properties

(3.1) VkoiAB = 0, VieAB =0.

3.3 DEFINITION The spinor affine connection I' % in the covariant derivative
(3-2) Vi fA = fA,i - F;f fc
can be expressed in the form [5]

1 . .
(3.3) I"‘i = "50}'30 (0{40,( +U:Gr?k)'

3.4 PROPOSITION The spinor Ricei identity has the form
(3.4) VP(BVg)ﬁA =dascpt” +2e4580)A
Proof. Eq. (3.4) can be derived from the Ricci identity

(35) (Vij -— V_,‘Vk)vi = Rrijkvr
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by choosing v; to be the null vector v; = 042 £, £5. Convecting with o}, No 00 p and

using (2.15) we get

(3'6) (VCPVDQ _VDQVCP)(gBéN)=_RAMBNCPDQ£A§M

where V,5 = 0%, 5V, and the spinor structure of the Riemann tensor Ry, is given
— 4t J k i
by RameNcPD@ = 0430550 pOp g Rijri- The curvature tensor can be decomposed

into irreducible parts by use of the scheme (2.8) for pairs of skew indices:

RAMBNCPDQ =
(3 7) —€ap 50D¢MNPQ —€aB fPQ¢’MNOD —€unN GCD¢ABPQ —€uN 5PQ¢ABCD
. - A[GMN €pQ (EAC €gp +€4ap EBC) + euneEcp (EAPEBQ + €0 CBP)
+ €4 EPQ(GMCGND +€éup fAc) + €sp€Ecp (EMPGNQ + EMQENP)]
where ¢apcp = (R — ;9 R)o% 505 ,, Ry = Riorg™® is the Ricci tensor and
A = R/24. Transvecting Eq. (3.6) with ¢€#97®n" where n" is an arbitary non-
vanishing spinor field, and removing the overall factor 2(n” 5 )n" , we obtain the spinor

version (3.4) of the Ricci identity.

2.4 DIGRESSION TO SL(2,C) One can decompose the connection I in terms

of I'. Introduce the complex gravitational vector [5]

1of: . :
(3.8) G, == (i_ T tem |g|wk,1f)_
2\f
This can be expressed in spinor terms as

(3.9) GAB :U;BG,'Zﬁ(BAaB)B,.

Straightforward computation yields

(3.10) f¢=r w fG} —i—=euG" ' /4|
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4. ADJUNCTION

The spinor a, o+ establishes, in a natural way, a map between the primed and
unprimed spin spaces. The ‘unpriming’ of spinor indices proceeds by contraction of

! 0 . A
any primed spinor index with {/:%a*® . As an example, the unprimed version 9,5 =

IJ']
W H af "9, 5+ of the vector # has the irreducible parts

A . Fy A —_—
VaB)y =V Os4B;, ViaB] = €4BVs-

Thus the 341 decomposition of tensors becomes a symmetry operation over spinor

indices.

4.0 DEFINITION The adjoint spinor £t4 is defined by

2 An'E,

4.1 ta
(4.1) ¢ 7

4.1 PROPOSITION The double adjoint has the property

—¢* if f >0 (time-like a),
(42) (¢ { &4 if f <0 (space-like a).

Proof. Contraction of Eq. (3.7) with ¢*a” yields the product rule for the a, 5+ spinors:

(4.3) a,AC,ch' = %5}3.

4.3 DEFINITION The norm of the spinor £ is defined by

(4.4) lef? < et e,

4.4 PROPOSITION The spinor norm (4.4) is real.

Proof. The complex conjugation of scalar products proceeds as follows,

A__,—A'=2_"A GB' =
(4.5) (Ean?) =E4i7 ffA @z a’ " fg

=+ ¢&nt4
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where the upper and lower sign holds for f > 0 and f < 0, respectively. In particular,

(4.6) Eina =2t = ¢4nl.

4.4 PROPOSITION The soldering forms have the Hermiticity property
(4.7 of:B = Fo' 5.

Proof. Eq. (4.7) follows from the Hermiticity of the SL(2,C) soldering forms and from
(2.12).

Although the timelike case carries here a negative sign, this is the kind of behavior

a Hermitian product 0,5 = f( 4 EL) exhibits.

4.5 PROPOSITION The covariant derivation commutes with adjunction.
The Proof is straightforward and will be omitted here.

When the four-vector a is space-like, 3-spinors can be chosen real, but the adjunc-

tion will retain a direct geometrical interpretation, to be discussed in the next section.

5. TRIAD FORMALISM

Consider a spinor € ¥ of positive norm. Such a spinor always exists and can be

scaled to

(5.1) naf? =1.

(In this section we shall adopt the tilde notation of Ref. [11] for adjoints.) Then
(5.2) e Vo, ' fq®

is a real and self-adjoint unit vector: I = I and

; def i
(5.3) m' = nuo'fn®
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a null vector (real in the space-like case) with ' the adjoint null vector. Adjunction

may be expressed in geometric terms as a swop of the basis spinors n and 7, or as an

exchange of the vectors m and 7 while leaving the vector ! intact.

The triad of vectors

(5.4) () = {,m",@},  p=o,+—,

forms a normalized basis in the vector space V. The 3-metric acquires the form

(5'5) (gpq) = (zp;zqi) =

OO =
= O O
o = O

5.1 DEFINITION The Ricci rotation coefficients are the invariants

(5.6) Voar = Vi2p,24°2:".

The Ricci rotation coeflicients will be given the individual notation [11]

mn
—0 +0 +_
p
0 K K €
+ ] o —F
— 5- p T

Table 1. The rotation coefficients.

5.2 DEFINITION The triad derivaitves acting on scalars are defined

Bp = Zpia,'.
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We also use the detailed notation
(5.7) D=8, 6=8, é=0._.

The triad derivatives have the commutators
D6 —8D = (5+€)6 + 08 + kD
(5.8) L .
66 —66=76—76+(p—p)D.
The Ricci identities have the detailed form
Do—bk=7c+k"+o(p+p+2€) — 2444
Dp— bk = &k — kT + 06 + p* — ¢
(5.9) Dr—be=FRp— (k+7)5 + e — 1) + p7 — 2¢,_
b0 —6p =207+ k(p — p) + 2004
61+ 67 =pp— 06+ 217 — €(p — §) — 24— + boo
where

1 1
(5'10) $pq = E(qu - ggqu)'

5.3 DIGRESSION TO SL(2,C) One can decompose the null tetrad of Newman
& Penrose [3] in terms of the triad. The null tetrad is fixed by the {0, ,¢, } basis in the

spin space, normalized by o, ¢* = 1. This defines a tetrad

* =0A0’““3'6B,
(5.11). m* =0, 048 1y
A =1, 048 5,

The decomposition will depend on the relation of the o,: and the 7,7 basis in the
spin space. These spinor bases are are locally connected by an SL(2,C) rotation. It is

sometimes convenient [5] to choose, for example,

(5.12) 04 = (;)1/4%, b= (é)mﬂl-

We then have
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o=, 17 = (Fwy)}
(5.13) m# =y/[f{m’, —(m7w;)} .

n# =%ff" +a”

The spin coeflicients of Newman and Penrose [3] have the decomposition

R=f"1"(k~2G,)

(053

1 ~
= 2(26-}— Go — Go)

R P
p=p+G, =R

. 1
o= T=—§f1/2IC

(5.14) < 1 .1 -

A=§f‘7 a=2f1/2(2'r+G’_——G_)
L1 R _
u=—2—f(p+Go) ﬂ:—%f1/2(2f+3(}++G+)
~_13/2 ~ N 1 =
b= (-k+2G) § =5 f(2¢-3G, - G,)

and the Weyl curvature spinor is given by

U, =2[6Gy —0G, + 7G4 + (2G4 + G4)Gy ]

U, = —f2|DG, — &G, — G, + (2G, + G,)G, ]

v, = % fIDG, + 7G4 +KG_ + (G4 + G,)G, —2G, G-

1 _
U, = 5f3/2 [DG_ — &G, + €G- + (2G, + G,)G_]
1 ~ ~
U, = 256 - 5G, +7G + (2G- +G-)G_].
In a vacuum space-time, the Ricci tensor of the 3-space is determined by Einstein’s
gravitational equations as follows [5]: R,q + Gy G4 + G, G4 = 0. The triad components

G, of the gravitational vector satisfy the vacuum field equations 5]

»
DG, +8G, +6G_ = (p+ )G, — (k- 7)G- — (R —7)G,
+(G, - éo)Go +(Gy — é+)G— + (G- - G_)G,
(5.16) DG_ —6G, = (p—€)G_ +6G, + kG, —G,G_ +G_G,
DG, —6G, =0G_ +(p+€)G, +«G, —G,G, +G,G,
6G_ —8G, = (p—p)G, —7G, +7G_ —G,G_ +G_G,.
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The choice of the triad has so far been left arbitrary. A convenient orientation for

the triad vector [ is along the eigenrays of the gravitational field. These eigendirections

are [5] the principal null directions of the gravitational spinor given by the canonical

decomposition

(5.17)

Gap = X(afBy-

The eigenray condition can be written in triad terms as G, = 0. An eigenray congruence

in the 3-space is geodesic if and only if the corresponding null congruence with tangent

four-vector { is geodesic. Solutions of the vacuum gravitational equations with geodesic

eigenrays have been found in Ref. [6].
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