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DIFFERENTIABILITY OF DISTANCE FUNCTIONS 

IN NORMED LINEAR SPACES WITH 

UNIFORMLY GATEAUX DIFFERENTIABLE NORM 

Brett Davis 

Abstract 

Consider a non-empty proper closed subset K of a Banach space 

(X, II· II) where the norm is uniformly Gateaux (uniformly Frechet) 

differentiable. Then the associated distance function d is guaranteed to 

be Gateaux differentiable on a dense subset D of X\IC Furthermore, 

Gateaux (Frechet) differentiability of the dista._TJ.ce function at a point 

X E X\K can be characterised in terms of the weak* 

sequences {d' n)} where {x} 
n 

is a sequence in D 

1980 A.M.S. Classification (1985 Revision): 41A65. 

convergence of 

converging to x. 

Consider a non-empty proper closed subset K of a normed linear space 

(X, II· II) and the associated distance function d : X\K -+ IR defined by 

d(x) = inf { ilx·-kll : k E K}. 

d is Lipschitz-1 and is a convex function if and only if K is convex. 

In a normed linear space with uniformly Gateaux differentiable norm the 

distance function is not necessarily convex. However, we show that in such 

spaces the distance function has many of the differentiability properties of 



35 

convex functions. The following results are taken from my Master's Thesis 

which was submitted to the University of Newcastle in July 1988. 

Consider a locally Lipschitz function ¢ on an open subset A of a 

normed linear space (X, 11·11). Clarke defined a generalised subdifferential 

{f E X* 

where 

f(y} ~ ~0 (x)(y) for all y E X} 

·- lim sup ¢(z+ty)-~(z) 
t 

The mapping y i-l> .p 0 (x)(y) is sublinear so, by the Hahn Bm>.ach Dominated 

Extension Theorem, 8¢0(x) is non-empty. Furthermore, when is a 

continuous convex function 8¢0(x) equals the subdifferential of ¢ at x. 

Theorem 1. Borwein, Fitzpatrick, Giles 1987 

Consider the distance function d associated t.rith a non-empty proper 

closed subset K of a normed linear space ex, II·IIJ where the norm is 

uniformly Gateaux differentiable. Then, for each x E X\K, d has a 

right-hand Gateaux derivative at x. Furthermore, 

-d:(x)(y) = (-d/(x)(y) for all y EX. 

Theorem 2. Borwein, Fitzpatrick, Giles 1987 

Consider the distance function d associat:ed with a non-empty proper 

closed subset: K of a normed linear space (x, II·IIJ where the norm is 

uniformly Gateaux differentiable. Then, for each x E X\K, 8d0 (x) is the 

weak*-closed convex hull of the set of all weak*-cluster points of the set 
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{ llz-ull' llz-ull -t d(x) as z -t x, u E K}. 

We now discuss some applications of these results. For our first 

application we use a consequence of the Borwein-Preiss Smooth Variational 

Principle. 

Proposition 3. Borwein-Preiss 1987 

Consider a Banach space where the norm is Gateaux 

differentiable on X\{0}. Suppose B : X -t IR is bounded below and lower 

semi-continuous on (X, II·IIJ. Then 8 is Gateaux subdifferentiable on a 

dense subset of (X,II·IIJ. 

Theorem 4. 

Consider the distance function d associated with a non-empty proper 

closed subset K of a Banach space (X, 11·11) where the norm is uniformly 

Gateaux differentiable. Then d is Gateaux differentiable on a dense 

subset D of X\K. 

Proof. 

By Proposition 3, d is Gateaux subdifferentiable on a dense subset D 

of X\K. That is, for each x E D, there is a continuous linear functional 

f on 
X 

(X, 11·11) such that, for IIYII = 1. given € ) 0, there exists 

6(E,y) ) 0 where 

d(x+ty~-d(x) ) fx(y) - E when 0 < t < 6. 
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But, by Theorem 1, d has a :right-hand C-ateatJX derivative at x. So 

d~(x) ~ f for all y EX. 

But, also by Theonellii 1. -d' is sublinear in y. Hence, 
+ 

d~(x) f 
X 
(y) for all y EX. 0 

Our next application gives characterisations of Gateaux and Frechet 

differentiability for the distance function. The Gateaux differentiable 

case follows immediately from Theorem 5, and the Frechet differentiable case 

needs an independent argument. However, both are generalisations of similar 

characterisation results for convex functions. 

Theorem 5. Giles 1989 

Consider the distance function d associated vlith a non-empty proper 

closed subset K of a Banach space (X, 11·11) where the norm is uniformly 

Gateaux differentiable. Then d is Gateaux differentiable on a dense 

subset D of X\K and, for x E X\K, (x) is the vleak*- closed convex 

hull of the set of weak*-cluster points of 

{ d' (x ) n E N} 
n 

where {x } is any sequence in D converging to x. 
n 

ProoL 

We note that since d is Gateaux differentiable at 

follows from Theorem 1 that ad0(x ) is a singleton and 
n 

{d' (x )} . 
n 

X 
n 

then it 
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So, by Theorem 2, 

d' (x) 
n 

: z 7 x , llz-ull 7 d(x ) , u E K}. 
n n 

Now applying Theorem 2 to 8d0 (x) we have the result. D 

Theorem 6. Giles 1989 

Consider the distance function d associated with a non-empty proper 

closed subset K of a Banach space (X, 11·11) where the norm is uniformly 

Gateaux differentiable (uniformly Frechet differentiable). Then d is 

Gateaux differentiable on a dense subset D of X\K. Furthermore, d is 

Gateaux (Frechet) differentiable at x E X\K if and only if, for every 

sequence {x } in D 
n 

converging to x, {d' (x )} 
n 

is weak*-convergent (norm 

convergent). 
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