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I"JOST OF 'El1[f T!!fll'HP~!li:S@i'i! ZER(IJ-I§fln'~ G,U£S 1\'iAV"£ 

~lUil/llllZ Sil)IJL.!!lT':r'lrOI'lil 

epaces it. is pro,vedl t.hat t,tua !ll!lililJOJPi'l:.y {in t.he iEiaire c:arLeg"ory 

sense) o:rr t.l!te "!!:.wo~person """'ilNl~sum gaifl1<es l\'HllV'.e t!lnique solutoion. 

Y. 

~0 

*) The ~irst. author was supported by the Cenit.re ~or 
Mathematical Analysis, Canberra. 
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This lilleans that. t.he :first. pla}'er chooses a point. x 

and t.he second player selects a pc;int. y i'ro1U1 Y,, 

their •crnoice~'!il simul t.;;m.ecmsly and ixu!!ependent.ly o:f each other. 

As- a result. o:f this game t . .he second pl.ayer pays 'to t.he :first. 

one t.be amount. :fC"!. y) ( i:f :f(x, <O, t.he :first. player pays 

t.o t,he second -:r<x,y) unit.:s of: !lilloney). 

H" X aullid 1f are :finit.e set.s, l,'i:ames like ·this are 

called mat.rlx ~ames (see U~aD because, in this case, :f 

) ) ' ' . 
'' J 

I:f t.be game is t.o be repeated many t.imes, it. makes 

sense :for every o•ne of' t.he players t.o det.erm~ine his '"strategy" 

showing the probability with which he chooses a given element. 

:from his set.. For exaw1ple, in tJ11e case o:r mat.r ix games, where 

X is the set {1,2, ... ,n} and Y is equal to {1,2, ... ,m}, 

every strategy o:r the :first player is a nonnegative vector 

"" ;, ~1 P;. =L Hei·e 

1n:finH.e compact. spacel!!l X and Y the strategies are 

probability ill!!Ni'.sures, L e. nonnegative elements of' 

(resp. C(Y)* ) with norm one. 

L The 

Let. l "" < e-n e 1J ?.:: 0, ~l(i) = 1 } be t.he set. o:f 

strategies o:f t.he :first player and ~ = { v e C(Y)* : v ~ 0, 

Throughout. this paper we will consider ~ 

wit.h t.he inherited weak~st.ar topology :from 

and » endowed 

C<X)* and C('lf)* 

t.he :first. 

player chooses his st.rat.egy p, e ll and t.he second accepts v 

the expected gain o:f the :first. player is 

is a bilinear :function 

de:fined on t.be cartesian product. or ~ and ~· 

A couple (~0,v0) e & x ~ is said t.o be a solution t.o 

t-he game G:r i:f it~ is a saddle point. of' t.he runct.ion <1, L e. 
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X X y 

evelf"Y ope:n set, v ln IJ2 wlhd .. clr.i -c;,cn~tains JP<uo) there exists 

8 rAe !g,lhbr:n-tE·hood ~l of' St!!dhl U.1at f'(u,) c v f'or fe';!'S!i'j'' 1Ji 

e w. F is said t,o be upper semiGO•ntinuous if' it. is upper 

selioi ~co~nti·~luous a:t. every point, t' e U' 1 . The correspondence F 

is called usco, i:lr it, is r.:!pper ''''elmli-contirmous and f'(u) is 
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nm~~·eiilmpt.y and coililpact :for every u e t!1 1 . 

;;L 2. 'Oel!'in:J.t.ion. A lillt~lt.ival\\.lled II!Ci!J:Ppinf: F 

~ilp<rAce U :a i!llt.o a 

bavr~ the pl'Opert.y (W.) art u E 

!ill pace 

if' there E't}l:i:Sf~s 

existl'!l a !lllei~hbourhood V or u wiUh iP(v) n W !I'll 0 w~eilever 

v e V. 

Iii'!! .l'lJn ilillplicit. :form tJ~is notion was used in [DK], 

ExplicH,ly it 'll!las inv1:~lv·ed. im [Chl ·>Mu:i [ClilKL 

(llur lillet.!hod allows us t.o prove a "Dj"<albim~like'" resuH, 

Jf'o:r· ge;r»eJL'•ic 1\Uliqlllleness or t.he so<hut.ion ot' ·two~peJt'son zero·~sum 

games whenever t,:tua t,opologi,::al space :ll x ~ is such that. f'or 

every complet,e me1tric space a and every ~sco correspondence 

F : :B --) ~ x ~ 'the subset. of' !B consist .. ing or all point.s 

.aJit, whictn F doesn't. have t.be property (*) is o:f rb·st, !Baire 

cat.ego:r·y, 

desired property. Debs in [D] proved t.!he same (among ot,lilier 

·~.hings) i'or X, Y Talagrandl compac:1ta. and Kenderov in I.:Jt3] 

generalized! his !'esult, :for Gul 'ko compact. spaces. Combirlling 

:some results rrom KChK] and [N] 'if/le can obtain t,ne desired 

(:onclusion f'or X. Y which are Radon~Nikodym compacts (see 

, Theorem !:L 6). T.!:1e widest, class (t.o our knoWJlege) o:f 

c:ompact spaces such that, f'or every X, Y in it 1l x ~ has 

t,lhe :former property, is the class o~ 

:fragmelr<t.able 1::oimpact;a;. : 

so called 

and each nonempt.y 

subset :Z o:f X there is a nonem~:rLy relatively open sl!Abset. 

U o:f Z such t.hat, p-diam(U) s e. The space X is said to 

p on it. which 
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The class o:f :fragment.ahle spaces cont.ains t.he 

Radon-Nikodym compact.s and <in increasing generalit.y> all 

Eberlein compact.a, all Talagrand compact.a and all Gul'ko 

compact. spaces <see [Rl>. It. is st.able 

t.opological operat.ions, :for inst.ance 

under 

under 

various 

count.able 

product.s, count.able unions <o:f closed subset.s>, cont.inuous 

images <see [RJ, 

:fragment.able, t.hen 

Proposit.ion 

C<X>* wit.h 

2.8>. Moreover, 

t.he weak st.ar 

i:f X 

t.opology 

is 

is 

:fragment.able as well <see [Rl, Theorem 3.1}. We will prove our 

"Djubin-like" result. :for X, Y :fragment.able compact.s. 

3.!1aia result.. 

3.1.Tbeorem. Let. X and Y be :fragment.able Hausdor:f:f compact. 

spaces. Then t.be set. o:f all cont.inuous :funct.ions :f e C<X x Y>, 

for which t.be corresponding game G:r bas unique solut.ion, 

cont.ains a dense G6 subset. o:f t.be space C<X x Y> equipped wit.b 

t.be usual uni:form convergence norm. 

Proof". 

Let. us consider t.be mult.ivalued mapping 

S : CCX X Y) ----> Z X ~ 

assigning t.o each cont.inuous :funct.ion :f t.be set. o:f 

solut.ions t.o t.be t.wo-person zero-sum game Gr. Here t.be domain 

~pace is endowed t.be uni:form convergence t.opology ~nd t.be 

range space is endowed t.be product. t.opology inberit.ed :from 
... ... ... ... <C<X> ,w ) X <C<Y> .w }. 

We need t.be :following 

3.2.Lemma. The above de:fined mapping S is usco. 

Proo:f o:f t.be lemma. 

Because o:f t.be compact.ness o:f Z x ~. it. su:f:fices t.o 

show t.bat. t.be graph o:f S is closed. Let. < :fa >aEA and 
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{ <126 , v 6 ) } aeA be two co~ve:r·gent. l!lliet.!Zl l!l'it.b 

v c? respect.! ve ly and such t.hat. ( 1-la, 

every a e A. Since 

ii ~ :f 0 II + 

t.ends t.o zero, we get. 

.f.f :fad.~-Boidva ---) .fJ' :if'od#.<odr"'o· 

Similarly 

:!for every fixed 

inequali t.ies 

J' J' f' ad~dv a s J' J :f 0dt~ladll:·a s f J' f'.,.,-1~""""'~~ 

limit .. s f' 0 

e S(:t'a) :for 

which are :f;ul:filled :ll'or every a and! :for every :f'1xed 

p e v e ~ we conclude t .. hat. 

:for every ~ e ~. v e ~. i .. e. (p0 ,v0 ) is a solut.ion 

to t.he gaime gene!N.ii'tedl by 1: 0 • This means t.hat. t.lhle gi'<?tiplh! crt S 

is a closed subset. of' ( CO! x 'lD, IL II ) x < ~ x ~. w$1 ) .lril 

Since X is a f'ragl!lel!l'i:..able col!~pact. space, Theorem 3. :1 

of [R] yields t.hat. C<X)*endowed wit.h t.he weak s~ar is 

is also 

f'ragment.able. Similar arguments show that. ~ is :fragment.able. 

iJsing ~he st.abilit.y properties of' t.he class o;f I'ragment.able 

spaces <see Proposition 2.8, (d) :from [Rl), we conclude that 

is Now 

correspondem::e S is def'ined on t.he complete metric space 

(CCX x 1D, II. II) and it.s range space is the f'ragmentable 

compact ~ x ~. There:fore there exist.s a dense and G0 subset 

A of (C(X x Y). II. II) such t.hat S has t.he propert.y (>~'~) at. 

every point. of' A Csee [Rl, Proposition 2.5). The :following 

lemma completes the proof' of' the theorem 

3., 3. Lemma. Let. S have t.he property (>~'~) at. :f 0 and 
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Le. 

'l'o pt•ove t.his 'i\!e Ji.'•ec&ll.l Elliil ale!!<~eillit.:O!I"3f f"a::::t. l'!:'rom t.he 

gailrr!e t.heory, rrnaW~!ely t.hat, f"or evel~J' f" e CCil: x Y) SCf') is t.he 

cartesialil px·odluc:t, o:f the set, 

f"irst 

II a 

have 

{ f.l e:t 
0 

Cwhic11t is; 

player) and 

{ l'.J t~ E ~ 

( )'{) D 1' 

~na:;~E ")j_ min { .u :lt' 

called t.he set. o:i"'\> 

U"le set 

!iffiax 
,. ., J'J' :1l' d.gudv 10• 

min { rn~ax 
.,. ... .f.!' ? 

yl = fCx,yl- £.aCx>. 

!Ilia X { 111li:n { .f .ff' 01dj.tdV v e 

max { mh11 { .f .ff' E:d~.Kh.> v e 

di~JdP ?·' 

op;t.irr~al 

: iJ E qr. 

O!.Jd~y IIJ! 

~ } 12 

~ } jJ 

respectively. Then :for every J.l e :IE 

min { J'.f:f edlldv 

min { f ff' 0 d#Jdv 

e !i } : #1 •IE Jt } } 

st.:rat.eg:ies of' t..he 

} "" 

e (It } . v e ~ } } 

E ~ } and 

e :it } 

with IIJ!(a) ) I) we 
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iSIIll't. 

opti~l!al f'or t.he filr'st. player in t.!ti.e gaMe generat.edi by 

Let. us denote by V t.he OJPell1l. subset~ { 12 <a at : ~J(a) > 
0 ) x ~ o1"' ill x ~· We proved ·tt.a't f'or every positive 

:runct.ion 

and 

f's: e COi: X Y) 

n v "" 0. As 

hio1S t.h<e Jll'Olj)elrt.y 

can 

<~o• 
(!01) 

be found f'or which II :r ~ 

e 'll this cont.:K'adict.s ' ; 

at. the point. Ill 

!I $ IE: 

t.he :fact 

Let. 1.us consider t.he particular case when t..he SJpace Y 

is a singlet.on, i.e. Y={y 0 ). Then CClD aiDHdl CCiD ,,. coincide 

¥i'~Lh t.be real line !R and :1.1 is a sill1l.gle point. set. {::!.}. Each 

continuous :funct.ion f' e C<X X n "" CCli£ X {y (l}) is ident.if'ied 

wit.h t,he tunct.ion g<x) - f'(:x,y e C(XJ!. l'l!oreover, :I:' or 12 E 

CClO~ t.lhe pair (~, 1) pl!'ovides a solut.ion o!~ U!He game 

~:enerarWA:;d by :f(:x, y 0) i:f and only l:f' 

supp 1.1 c { :X 
0 

e X : max { g(x) X E X } }. 

Therefore, such a game will have u:rdque solution just. 

in the case when t.he set. { X: g(:x0 ) = max { g(:x): xaX } } 

is a singlet.oJn. Irn this way we get the f'ollowing corolla<Jr'Y 

<see [Ki], [K2l and [KR21 :for more ~eneral reSJult.s). 

3. 4. Coroll.a!'y. If' X is a. f'ragment.able C<OMJPact., t.hen the set. 

roil: all :tunu:t.ions g e C<X) which aU.ain their maximum at. just. 

3. 5. Remarks. Let. us not.e that. i:f X is an 'l.mcountable pro::duct. 

of' segments [0,1] or X = (~ ' ~. where ~ is the set of' 

then no f'unctiorn g e CCX) aU~;;.drns it.a m<::mimum at. just. one 

poirnt.. For t.hese spaces theorem 3. 1 is not, valid and t.here:for'e 

t.hey are not. :fragment.able, 
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