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and so D(exp(a)) = O. But a simple calculation shows that

D(exp(a)) = exp(a).Da. Thus

D(a) = 1.D(a) = exp(-a).exp(a).D(a) = 0,

where the first equality follows from the derivation identity, and the fact

that D(1) = O.

2.12 COROLLARY Let X be a compact space. Then there are no non-zero,

continuous derivations from C(X) into any topological C(X)-module.

Proof Let E ©be a topological C(X)-module, and let D be a continuous
derivation from C(X) 1into E. We shall show that D(h) =0 (h € C(X)).
Clearly it is sufficient to consider the case where h is a real-valued,
continuous function on X. But then the function 1ih satisfies condition

(ii) of Proposition 2.11. Thus D(h) = O.

In particular, C(X) is always weakly (F)-amenable.
The main new result in this paper is the following theorem. We shall
not give a proof of this result until §5. We would be interested in any

similar result for more general uniform algebras.

2.13 THEOREM Let X be a compact plane set. Then R(X) = C(X) if and
only if there are no non-zero, continuous derivations from R(X) into any

locally bounded (F)-R(X)-module.

Thus, for any compact plane set X, R(X) = C(X) if and only if R(X)
is weakly (F)—amenable‘
We shall develop the tools needed to prove this theorem in the next two

sections.
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3. wEAK-L' AND THE LP SPACES

NOTATION Let X be a locally compact space. Then we denote by M(X) the

Banach space of all complex, regular Borel measures on X.

3.1 DEFINITION Let X ©be a locally compact space, and let p be a
positive measure on X. Then weak—L1 with respect to 1, denoted by
Li(X,du), is the set of all equivalence classes of Borel measurable

functions f on X satisfying

sup tp({x € X: |[f(x)] > t}) < o,
t>0

where the equivalence relation is almost everywhere equality with respect to

TR
For the rest of this section X will be a fixed compact space, and u
a positive measure on X. We define a function Il.lI on Li(X,du) by
IFN = sup tp({x € X: [F(x)] > t}) (F € LLA(X,dp)).
t>0
3.2 LEMMA
(i) If f,g e Li(X,du), and A € (0,1), then f+g € Li(X,du) and

If+gh < (A7 HHEN + (1-A)'1ugu).
In particular, Wf+gl = 2(Ifl+ligl).

(ii) If f e Li(X,du) and o € C, then af € Li(X,du) and

Hafll = JollIfl.

(1i1) (Li(X,du),H.H) is a quasi-normed space.
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(iv) The quasi-norm .1l is continuous on (Li(X,du],H.H).
Proof (i) This is clear from the inclusion
{x € Xe [f(x)+g(x)] > t} € {x e X: [f(x)] > At} v {x € X:'|g(x)| > (1-Aa)t}.

(ii) This is trivial, and (iii) follows easily, since Ifll = 0 if and only
if f is zero a.e. (u) (f € Li(X,du)).
(iv) Let g e Li(X,du), and let (fh) be a sequence of elements in

Li(X,du) converging to g. Then by (i), for each A € (0,1) and n € N,

we have

gl = A hiE —gi + (1-0)"tnE_ )
n n ’

and
HE = 7ME —gh + (1-2) " lig)
n n :

Thus

lin sup If Il = (1-0) " Yigh = (1-2)72 1im inf £l (e (0,1)).
n-o0 n-00

The result now follows, on letting A tend to O.

The following results are well known, but we are unable to give a

reference, and so we include proofs for the sake of completeness.

3.3 LEMMA Let g be a measurable function on X, and suppose that (fn)
is a sequence of elements of Li(X,du) with fn > g a.e. (p), and with

sup{anH:n € N} < . Then g € Li(X,du) and

lim sup If -gll = lim sup If -f I. (1)
n-w m, N0

Proof Take ne N, and t > 0. We have
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pli{x € X:Ifn(x)-g(x)l > t})

1A

[2¢] 2]
u{ U n {xe X:Ifn(x)-fm(x)l >t} ]
k=1 m=k

1A

"lim sup pu({x € X: I (x)-f (x)] > t})
m->o0 .

1A

1 ..
T lim sup an me.
m->

It follows that fn— g e Li(X,du), and that

ufn— gl = 1lim sup an- me.
m-e0

Thus g e Li(X,du), and (1) holds.

3.4 LEMMA If p is finite and p € (0,1), then Li(X,du) is contained

in Lp(X,du), and the inclusion map is continuous.
Proof Take f,g € Li(X,du). Then

j 1£(x) - g() 1P dulx)
X

oo}

I pyp_lu({x e X [f(x) - g(x)| > y}) dy

0
s ®
- s p-1 p-2
= inf | p(X) | py “dy + lf-gll | py “dy
¥>0 0 ¥

1A

((X)+p(1-p) 1) ue-giP.

3.5 LEMMA If u is o-finite, then (Li(X,du),H.H) is complete.
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Proof Let (fn) be a Cauchy sequence in Li(X,du). We shall show that

(fn) converges in Li(X,du). Clearly

sup If_ Il < o,
neN

and, by Proposition 2.8,

lim sup IIf -f Il = 0.
n'm
m, N>
It follows from Lemma 3.3 that we need only show that some subsequence of
(fn) converges a.e. (u) on X. For this, we may assume that p 1is finite,

as the general case follows by a diagonalization argument.

By Lemma 3.4, (fn) is a Cauchy sequence in L1H(X,du), and so for
some subsequence (f )00 we have
n, k=1

172

du(x) < 2_k

J l fn (x) - fn(x) (k € N).
k+1 k
X

Thus '

~18

172
J l foo(x) - fn(x) dp(x) < w.

o1 Tg+1 k
X
It follows that
0 1/2
) I £fo(x) - £ (x) <w a.e. (W),
Ok+1 g
k=1
and hence that
0
z ‘ f (x) - £ (x) <o a.e. (u).
Pk+1
k=1

This shows that (fn ) converges a.e. (), as required.
k
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Remark The last part of the above proof is essentially the proof that

L“/2 is complete.
3.6 LEMMA

(i) For each p e (0,1), Lp(X,du) is a locally bounded
(F)—Lw(X,du)—module with respect to pointwise multiplication.
(i1) If 7 is o-finite, then Li(X,du) is a locally bounded

(F)—Lm(X,du)—module with respect to pointwise multiplication.
Proof Part (i) is clear. For part (ii), note that

If.gl = HmeHgH (f e Lw(X,du), g € Li(X,du)).
The following result is an easy consequence of Lemma 3.6.

3.7 PROPOSITION Let X be a compact plane set, and let pun be a finite,
positive Borel measure supported on X. Then Li(X,du) is a locally

bounded (F)-C(X)-module with respect to pointwise multiplication.

4. THE BEURLING AND CAUCHY TRANSFORMS

Let p e M(C). We set

dlpl(w)

~ _ 1
plz) = = =

C

(z € C),

where the integrand is defined as +o when w = z. For those z € C with

1(z) < o, we set
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~ _ 1 dulw)
wiz) = T f W—zZ
Cc

Note that for all such z we have pu({z}) = 0.

It follows from Fubini’s theorem that ﬁ € L;OC(C,dm), and so

~

(TS L1

OC(C,dm) also. The function p 1is called the Cauchy transform of

1
K.
For each € > 0, we set
_ 1 dp(w)
(Beu)(z) == { > (z € C).
(w-2)
|w-z|ze
We set
(Bym)(z) = sup (B u)(z)] (z € C).
€
>0
We also set
(Bu)(z) = lim (Be“)(Z) (2)
seOf

for those =z € C for which this limit exists.
The function Bu is called the Beurling transform of .

By the Radon-Nikodym theorem, the map

£ > fdm, L1(C,dm) — M(C),

is an isometric linear embedding whose range is the set of elements of M(C)
which are absolutely continuous with respect to m. From now on we shall
identify L1(®,dm) with its embedded image.

The following result is a special case of an important result of
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Calderén-Zygmund theory ([11,p.42]).

4.1 PROPOSITION

(i) Let f e L}(c,dm), and set dp = fdm. Then the limit in (2) exists
a.e. (m).

(ii) B, maps Ll(C,dm) into Li(C,dm), and there exists a constant C, > O

1
with

IIB,fll = Clﬂfﬂl (f e Ll(C,dm)L

Thus B and B, both map Ll(m,dm) continuously into Li(C,dm). For
our purposes we need to extend this result by showing that B and B, also
map M(C) continuously into Li(C,dm). These results are known "folk"
theorems, but we 1include proofs because there seem to be no explicit
statements of these results in the literature. First we shall modify the

usual definition of dyadic square, (see, for example, [5,p.136]).

4.2 DEFINITION A dyadic square is a subset of R2 of the form
[an , 2%(k+1) ] x [2“1 ,2"(1+1) ]

for some k, 1, n € Z.

Note that if two dyadic squares have non-empty intersection, then one

must contain the other.

*
NOTATION Let Q Dbe a dyadic square. We shall denote by Q the closed

square which has the same centre as Q, but 23/2

times the side length of
Q. Let a € C, and r > 0. Then Ala,r) denotes the set

{z € C:|z-a| < r}.



114

4.3 DEFINITION Let pn e M(C), and let z € €. Then we set

(M) (z) = sup { —13 jul(A(z,r)) : ¢ >0 } .

nr

4.4 PROPOSITION [10,p.137]1 Let u € M(C). Then My e Li(C,dm), and

IMull = Sl

4.5 PROPOSITION [10,p.142]1 Let un € M(C) with p L m. Then

lim 1 lui(A(z,r)) =0 a.e. (m).
r->0+ nr

NOTATION Let F be a Borel subset of € with 0 < m(F) < w. We set
i = m(E) " u(F) (ke M),

and we call Mg the average of M over F. For any real-valued,
measurable function f on C, and t > 0, we shall denote the set

{z e C:f(z) > t} by {f > t}.

Let p e M(C), and let t > 0. We shall denote by @t(u) the set of
all dyadic squares Q satisfying:

(1) Ipl(Q) > tm(Q);

(ii) if Q’ is a dyadic square strictly containing Q, then
[l (Q") = tm(Q’).

It is clear that @t(u) is countable, and that
2 {m(Q):Q e @t(u)} =< llul/t (3)

since the dyadic squares in @t(u) are pairwise disjoint. It is also clear

that
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|l (Q) = 4tm(Q) (Q e €t(u)L

We are now in a position to prove the results that we shall need in §5.
We shall first deal with a special case. The proof of this result is very
close to the proof of Proposition 4.1 to be found in [11], with only slight

modifications needed to replace functions by measures.

4.6 LEMMA Let p be a finite, positive Borel measure on C, with p 1 m.

Then Byu € Li(@,dm). Furthermore, there is a constant C2 > 0 which does

not depend on u, with
1Bkl = Cyllul.
Proof Take t > 0. We shall estimate m({B,u > t}). We set
* *
Q = W{Q:qQ ¢ E’t(u)}, Q =WU{Q:Qe i’é‘t(u)}.

¥
By (3) we have m(Q ) = 8lul/t.
We next show that p(C \ Q) = 0. To see this, let F be a Borel set
with m(F) = 0 on which p is supported. It follows from the definition of

Q that for any dyadic square Q,
n(Q \ Q) = tm(Q). (4)

Given € > 0, we can cover F with countably many dyadic squares (Qn)

satisfying

oo}

2 m(Q ) < e/t. (5)
n=1 n

Thus, by (4) and (5),



116
2] o0
p(C\N Q) =ZulQ \Q) =t ZmlQ) < e.
n n
n=1 n=1
Since € > 0 was arbitrary, it follows that u(C \ Q) = 0, as claimed.

We now set
g= Z {prQ:Q €€ (W, B=p- gin
Thus f 1is supported on Q, Hng = llpht, W = Z2Hull, and

B(Q) =0 (Q e €t(u)). (8)

Also

joe]
*
T
!

= B,g + BB,
and so
m({B,u > t})
= m({B,g > t/2}) + m({B,B > t/2}).

Thus, by Proposition 4.1,

m({Byp > t}) = 2C Hpl/t + m({B,B > t/2}). (7)

1

E3
Since m(Q ) = 8lul/t, it follows that
¥
m({Beu > t}y) = (2C1+8)Huu/t + m({z € C \ Q :(B,BR)(z) > t/2). (8)

We now estimate B, on C \ Q.  We first enumerate ﬁt(u) as
{Ql,Qz,...}, and for each j, we denote the centre of the square Qj by
wj. The fact that @t(u) may be finite will not cause any difficulty in the
following.

Take € > 0, and z € C \ Q. Then

1 dp(w)  _ 1 dg(w)

(BB)(2) = sz = z - J = (9)
(w-2) . (w-2)
|w-z | z¢ J Q\A(z, )

To estimate |(B£B)(z)|, we proceed with a slight modification of the
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argument on pages 43, 44 of [11]. For each Qj we consider separately the
two cases:

(a) Qj n Alz,e) = ¢;

(b) Qj S C \ Alz,e).

In case (a), since z € C \ Q*, we have diam(Q.) = 2 dist(z,Qj) < 2e.
Thus

Qj \ A(z,e) € A(z,3e) \ Alz,e).

In case (b), we have Qj = Qj \ A(z,e).

It now follows from (9) that

e

| (B_B) ()|
B 32 aLw) |, 1 d|B](w)
T m ( 2 T 2
3 w-z) [w-z |
Q A(z,3e)\A(z, €)
<iy [ { WD 1 L sl (az, 36)).
J Q;

Thus
BB () =T ‘ J B |y g9(Mg)(2).
(w—z)
Jq
J
We now take the supremum over € to obtain
1mmum|s%z'f@W); + 9(M8) (2). (10)
3 (w-z)
%

We set
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(w—z)2

J

f(z) = 1 Z ’ [ ag(w) ( (zeC\ 9*).
n
J

Q

Since B(Qj) = 0 for each j, we obtain

f(z) = % Z l { [ r 1 ) ] dp(w) I (z e C\ ﬂ*).
J

(w—z)2 (w,-2z)
J

We now estimate the size of this integrand for each j. Clearly

%
w-z| =z |w.,~z|/2 (weQ,, zeC\Q, ).
| | | 3 | QJ QJ

Thus

1 1 2
> " ) =< |w-w,| sup { 3 }
{w-z) (wj—z) J Eer |&-z]

16 Iw—wjl
5—“—3 (WGQJ)
|w.-z]|
J

This gives us the estimate

[ w-w.]| %
f(z) = J —J 418w (zeC\Q).

3
|w.~z]|
J

alo
N

Q.
J
From (10) we have

n({z € C\ Q:(B,B)(z) > t/2})

m{z € €\ Q :£(z) > t/4}) + n({9(MB) > t/4})

A

A

)

[ [r(z) ancz) + 162 npu ] ,
C\Q*
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by Proposition 4.4, since |[BIIl = 2llull. But

Jf(z) dm(z)
¥

C\Q
i |w-w .|
< 16 J
= _nz J‘——?dm(z) dlgl(w)
. J |w.-z]
I, pgt Y
J QJ.
r lw-w.]|
. lw.-z]|
Yoy dian(Q.)
J |z wjl_ iam Qj
|w-w |
= J —~ diBl(w) = 16BN = 32lull.
dlam(Q )
Q
Thus
m({z € €\ @ :(B,B)(z) > t/2}) = 776lul/t . (11)

To conclude the proof, we combine (8) and (11) to obtain
m({B,B > t}) = (2C1+784)Huﬂ/t.

Take C2 = 2C1+784.

The general result is now an easy consequence of the above preliminary

results.

4.7 THEOREM There is a constant C3 > 0 such that

Byl € Li(@,dm) and [IBypull = C31Ipll (n e M(CT)).
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Proof This follows from the previous result, and Proposition 4.1, on

applying the Lebesgue and Jordan decomposition theorems.

We conclude this section with a proof that the Beurling transform maps

M(C) into Li(C,dm).

4.8 THEOREM Let p € M(C). Then the limit in (2) exists a.e. (m), and

the Beurling transform maps M(C) continuously into Li(C,dm).

Proof By the Lebesgue decomposition theorem, u = o + fdm for some o L m

and f € Ll(C,dm).

For each v € M(C), and for each w e € with (Buw)(w) < o, we set

Ev(w) = lim sup Re(Bev)(w) - lim inf Re(Bev)(w) + 1im sup Im(Bev)(w)
-0+ -0+ €50+

- lim inf Im(st)(w).
-0+

o

Clearly 0 = (Ev)(w) = 4(B,v)(w) a.e. (m).

We shall show that (Eu)(w)

0 a.e. (m). By Proposition 4.1, Eu = Ec
a.e. (m), so we shall work with o.

Set

9’={z €€ : lim Lz lel(A(z,r)) = 0 }
r-0+ nr

78 = {w € C: (Eo)(w) = g} (e > 0),

By Proposition 4.5, m(C \ ¥) = 0. Take z € ¥, and € > 0. We shall
show that 98 has full area density at =z. Given m > 0, there exists

8 > 0 such that

—lglcl(A(z,r)) < en (0 <r < 8).
nr '

Take r € (0,8), and set o« = Xp(z, 1) do. Then
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(Ec)(w) = (Ea)(w) = 4(Bya)(w)
a.e. (m) on A(z,r). Thus

m({w € A(z,r): (E0) (w) > e}) = m({B,a > £/4}) = 4C,llall/e < 4C mr’y.

and so

1
— m(.“f€ n A(z,r)) =21 - 403n (r < 8).

nr
This shows that 76 has full area density at z.
» Thus for each € > O, 78 has full area density at a.e. (m) point of
C, and hence m(C \ ﬂé) = 0. ‘It follows that (E¢)(w) =0 a.e. (m), as
claimed.
The continuity of the Beurling transform is now a trivial consequence

of Theorem 4.7.

5. DERIVATIONS FROM R(X)

With the theory developed in sections 3 and 4, we can now work towards
a proof of Theorem 2.13.

In the following, let X be a compact plane set for which
R(X) # C(X), and let u be a non-zero element of M(C) supported on X,

~

and annihilating R(X). It is standard that p =0 off X, and that it is
not true that ﬁ =0 a.e. (m) on €. Thus LIX is a non-zero element of
Li(X,dm). The statement of equality in the next lemma is due to O’Farrell:
it can be found on page 379 of [9], where the Beurling transform of a

distribution with compact support is defined as a distribution. We shall

supply a proof of the equality of the corresponding elements of Li(@,dm).

5.1 LEMMA Let f € RO(X). Then
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£/(2) n(z) = B(£fu)(z) - £(z) (Bw)(z),

and

IA

I£°(2) w(z)| = B, (£u)(z) + 1£(2)|(Bu)(z)

a.e. (m) on X.

Proof We set
$={zeX: ulz) < .

By the comment immediately following the definition of

lul({z}) =0 (z € ¥).

Let z, € ¥. Then there exists g € RO(X) with

f(w) - f(zo) - (w—zo)f’(zo)
(we X\ {20}).

glw) =
2
(W“ZO)

We know that both g and f’(zo)/(w—zo) belong to Ll(X,dlul), that

Al

I glw) du(w) = 0,
X

and that

A=

f’(zo) ~
J — dp(w) = f'(zo) u(zo).

w-z
X

Since [ul({zo}) = 0, it follows that
(£ (2))/(w-z)? € L' (X, dlul)

and that

f(w)-f(zo)
J du(w)

Al

f’(zo) u(zo) =
(w—zo)
X
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1 f(w)-f(zg)
= lim = J 5 du(w)
-0+ (w—zo)
X\A(zo,e)

iig+( Be(fu)(zo) - f(zo) (Beu)(zo)),

because Iul({zo}) =0 and p is supported on X.
It is now clear that f’(z) u(z) = B(fu)(z) - £(z)(Bu)(z) a.e. (m) on

¥, and that
[£7(z) plz)| = B, (fu)(z) + [£(2)|(Bepl(z) (z € ¥).
Since m(X \ ¥) = 0, the result now follows.

5.2 THEOREM Let X be a compact plane set such that R(X) # C(X), let p
be a non-zero element of M(C) supported on X such that p L R(X), and

~

set h = u|X. Then the map

D:fe> £7.h, R (X) — Li(X,dn)

is a non-zero, continuous linear operator, and the extension D of D to

R(X) is a non-zero, continuous derivation, given by
D(f) = B(fu) |X - f.(Bu)IX (f € R(X)).

Proof The continuity of the linear operator D, and the fact that D
extends D are immediate consequences of Lemma 5.1, and Theorems 4.7, 4.8.
The derivation identity is obvious. Since D(Z) = h, a non-zero element of

Li(X,dm), the result is proved.

Note that the continuity of D follows from Theorem 4.7, and does not
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need Theorem 4.8.
Theorem 2.13 now follows, because if X 1is a compact plane set with
R(X) = C(X), then Theorem 5.2 provides a non-zero continuous derivation from

R(X) 1into a locally bounded (F)=R(X)-module.

We shall conclude with another condition that R(X) satisfies whenever

it is non-trivial.

5.3 THEOREM Let X be a compact plane set such that R(X) # C(X). Then

there exists C > 0 with

inf{|f'(z)|:z e X} =C IfIX (f e RO(X)). (12)

Proof Let p and D be as in 5.2. Then D(f) = £’/.D(Z2) (f RO(X)).
Set Q = {D(f):f e RO(X), IflX = 1}. Clearly Q 1is a bounded subset
of Li(X,dm). Suppose, for a contradiction, that (12) is not satisfied for

any C > 0. Let (fn) be a sequence in RO(X) satisfying

IfnlX =1, inf{lfn (z)l:z e X} =zn (n € N),

and set g, = 1/fn’ (n € N). Then g, > 0 wuniformly on X, and so
D(Z) =g .f '.D(Z2) = g .D(f ) >0 as n > .
n’ 'n n n

Thus D(Z) = 0, a contradiction of 5.2.

Note in particular that if X is Wermer’s Swiss cheese [12] for which
R(X) has no non-zero continuous point derivations, then condition (12)
still holds.

I should like to thank A. G. O’Farrell for helpful discussions and

guidance on Calderén-Zygmund theory.
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