92

CLIFFORD MARTINGALES,
THE T(b) THEOREM
AND CAUCHY INTEGRALS

Garth 1. Gaudry

1. INTRODUCTION

Clifford analysis has proved in the last few years to be particularly useful in the
study of singular integrals on curves and surfaces [13], [14], [16], [17], [18] . While
Clifford algebras have enjoyed a deal of popularity and success in mathematical physics
[2, Notes to Chap. 1], [11] and were a subject of much attention from the 1930’s on-
wards [20], the impetus for using them in the study of analysis on curves and surfaces is

recent, and due to R. Coifman.

The purpose of this article is to give some indications of recent work by the author,
in collaboration with R. Long and T. Qian, on Clifford martingales and their application
to the proof of a suitable version of the T'(b) theorem for Clifford-valued functions, and
to the L2-boundedness of the Cauchy principal value integral on Lipschitz surfaces. The
full details are to appear elsewhere. The results are not new, but the methods of proof
are. They are inspired by the paper of Coifman, Jones and Semmes [3]. One half of their
paper gives a proof of the boundedness of the Cauchy integral on Lipschitz curves using
dyadic partitions with respect to arc-length, and the corresponding Haar functions and
martingales. There are significant differences in the present context, in that it is necessary
to construct a novel dual system of left- and right-martingales in order to cope with the

noncommutativity of the Clifford algebra. Full details are to appear elsewhere [11].

It is a pleasure to acknowledge the influence of Michael Cowling and Alan McIntosh,

who encouraged us to carry through this programme of research.
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2. THE CLIFFORD ALGEBRA A4

We begin with the Euclidean space R'*¢, with basis g, e1,...,eq. The Clifford algebra
Ag is the 2%-dimensional algebra generated by {eq,e1,...,eq}, subject to the relations

(i) ee=1;

(i) e =—-1for 1 <j<d;

(iii) ejep = —epej for 1 <j <k < d.

A basis of A;. This is formed as follows. Take any subset S C {1,...,d}. Define the
element eg of Ay as follows. If S = @, put ey = eg = 1. Otherwise, write S = {j; < j2 <

... < Jo}, and put es = ¢j, €5, - - €5, .

Inner product structure. We declare the set {es: S C {1,...,d}} to be orthonormal.
The length of the element z = 3 zges is |z| = (3 2%)/2.

Notable special cases of the Clifford algebra are: d =1, A; ~ C; d = 2, A; = H, the
algebra of quaternions; d = 3, A3 = the Peuls algebra.

Conjugation. This is the real-linear mapping whose action on the basis is given by

- {eg if |91 =0,3 (mod 4)
eqg =
s —es if [S]=1,2 (mod 4)

In particular,
d
(Z Tje;) = zTgeg —Tiey — - — Tgeq.
=0
One of the most important elementary reasons for the utility of the algebra Ay is that it

is possible to invert nonzero vectors within Ag:

1o T
7 = o
If G is the group generated by the nonzero elements of Rt¢—the so-called Clifford group—
then |zy| = |z]||y| for all z,y € G [1].
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Some vector analysis. Let © be an open subset of R1*%, and f = Y. fses a C)-

function with values in A4. The left Dirac operator
d

0
Dl:ZejaTj

j=0
acts on f as follows:

The function f is said to be left monogenic if D;f = 0 in . The concepts of right

Dirac operator and right monogenic function are defined similarly. In particular,

! Ofs
Drf = ZZ aTjest.
j=0 S
We write Df in place of D;f and fD in place of D, f.

Each Dirac operator has a conjugate operator. For instance, D; = E;lzo(a/awj)éj. A
basic fact about a Dirac operator and its conjugate (for both operators acting on the left,
or both on the right) is that

DD =DD = Agyq,
where A4y is the Laplacian on R+,

A function is said to be monogenic in the open set Q C Rt if it is both left- and

right-monogenic in Q.

THEOREM (GREEN’S THEOREM). Let Q C R'*¢ be an open set, U an open set
whose closure lies in §), and is such that QU is an orientable d-manifold, with consistently
defined exterior normal n(y) (y € 8U). Then if f,g € C(Q; Ay),

/ Fyn(y)g(y) do(y) = / (fD)g + f(Dg) dz.
U U

The Caucy kernel is the kernel
—1_F
C(x) =Cq [:L‘Il'l"d,

where ¢4 is the volume of the unit d-sphere. The Cauchy kernel is monogenic where defined,

and is a fundamental solution for D: DC = CD = §; in the distributional sense.
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THEOREM. The notation being as in the preceding theorem, we have

f(z), z€U

[ cw-aymiw dot) - [ cw-a)01)w) dy= {0, s e \T

COROLLARY (CAUCHY'’S THEOREM). If f is left-monogenic, then

f(z), z€U

AUay-@mwﬂwédw={o, ze\T

Proofs of these and other results about basic Clifford analysis can be found in [2].

3. THE CAUCHY SINGULAR INTEGRAL OPERATOR

Let ¥ be an oriented d-dimensional surface in R**%, n(y) (y € T) the unit normal consistent
with the orientation. The Cauchy (principal value) singular integral is given, for suitable

Ag-valued functions on X, by the formula

Tsf(z) =pv. /I l1+dn(y)f(y) do(y).

For simplicity, we drop “p.v.” from the various integrals in the sequel.

The Cauchy singular integral lies at the heart of the boundary behaviour of harmonic

functions and their conjugates [16].

The theorem, which is proved by Clifford martingale methods, is the following.

THEOREM. The Cauchy singular integral operator is bounded on L*(Z;A,) if ¥ is a
Lipschitz graph.

The manifold ¥ is a Lipschitz graph if © = {A(v)eg + v : v € R%} and A is a scalar-
valued function R? such that [VA(v)| < M. Note that if ¢(v) = A(v)eq + v, then n can be

chosen to be

€g — VA(Z))

n(¢(v)) = JTINVAR
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o(v) — d(u
Taf6) = |¢<v(> : qs(qi(>11)+d

where ¥(v) = eg — VA(v). So we study the mapping

p(v)f($(v)) dv,

h+— / K(u,v)(v)h(v) dv = Th(u),
Re
noting that |1| is both bounded and bounded away from 0.

The boundedness of the Cauchy singular integral operator has already been proved
by a number of other authors, beginning with the breakthrough in [4], using different
approaches. See e.g. [6], [18] and the references given there.

4. CLIFFORD MARTINGALES

Let X be a set, B a o-field of subsets of X, v a nonnegative measure on B, and {F,}>

a nondecreasing family of o-fields satisfying the following conditions:
(i) UZ,Fn generates B;
(i) NZeFn = {2, X};

(iil) the measure v is o-finite on B, and on each F,.

The standard conditional expectation. If F is a sub-o-field of B such that » is o-finite
on F, then we can write X = Uj U; where U; € F and v(U;) < +oo. If f is an Ag-valued
B-measurable function which is integrable on each set of finite v-measure, we say that it is
(B,v,Ay) or, when B is understood, f € Ll (X, Ay).
We can define the standard conditional expectation of such a function “given F” E(f|F)

locally integrable and write f € L

1
loc
by defining it on each U;. We get this way a function that is F-measurable, and such that

1) | BF) dv= [ 7w

for each set A € F of finite v-measure. If f is integrable, (1) holds for all 4 € F.

Clifford right- and left-conditional expectations. Keeping in mind the discussion
in §3, let ¥ € L°°(X;A,), and suppose that E’(d)[]’) # 0 ae. If f € Ll (B,v,Aq), the
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left- and right-conditional ezpectations E* and E” of f with respect to F are given by:

E'(f) = E\(f|F) = E(|F) T E(p f|F)
E"(f) = E"(f|IF) = E(f$|F)E(p|F)".

If h and k are appropriately restricted Ag-valued functions, we define

(h, k) = /X hipk dv.

The pseudo-accretivity condition. Naturally enough, the operators E! and E” do

not behave well without some further restriction on .

PROPOSITION 1. If1 < p < oo, the operator E' (resp. E") is bounded on LP if and
only if there exists a constant Cy > 0 such that

2) Cy' <|E@|F)(z)| < Co  for ae. z.

A function that satisfies the condition (2) is called pseudo-accretive. We assume that
the function v is pseudo-accretive with respect to all of our sub-o-fields of B, with a
uniform constant Cy. Under this assumption, standard martingale formulas have their

analogues in the new setting, with appropriate changes. E.g.

i) fAz/)E'(f) dv = [,f dv (f € LMX;A4),A€ F; or f e L} (X;Ag),A €
F,v(A4) < 400).

(i) If g € L°(F,dv; Ay), then
E'(fg) = E'(f)g.
(ili) We have (A7 f,Al g}y =0, foralln#m, and f,g € L3(dv;Ay).

Denote by E(f) the left-conditional expectation E'( f|F,).
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Definition (Littlewood-Paley square function). If f € Ll _(X;A,), the left-martin-
gale with respect to {Fn}>,, generated by f is the sequence {f1}=, = {EL(f)}>,. The

left-Littlewood-Paley square function is
2 1
S'(f) = (FLecl® + D 1ALF)
oo ,

if the imit f! = lim,__, EL(f) exists pointwise a.e.. (If v(X) < 400, f! ., is constant;
if (X) = +o0, and f is integrable, then f'__ =0.)

Everything that we have described for left martingales applies, with appropriate

changes, to right martingales.

Littlewood-Paley estimates for L2. In the case of the standard martingales { £, f}>,_,
L%-estimates for the Littlewood-Paley square function are quite straightforward to prove.
In the Clifford case, there are some technical difficulties to overcome. This can be done
by using variants of techniques that appear in [9], and in Garsia’s book [10]. See also [5]
and [15].

THEOREM (LITTLEWOQOOD-PALEY). There exists a constant C > 0, depending
only on Cy and d, such that

3) CHIS(NLs < Ifllu, < CUS(HIIL.,

for all f € L%(X;A4), where S denotes either S or S".

There are variants of (3) for L? (1 < p < +00), but we shall not need them.
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5. A PAIR-BASIS CLIFFORD-HAAR SYSTEM IN R‘

Let X = R?, B be the Borel o-field, and v be Lebesgue measure. Start with 7y the o-field
generated by the family 7y of cubes of side length 1, having corners at the points of the

integer lattice.

Bisect each cube I € Zy: I = I; U I,, as shown in Fig, 1 (illustration in R?):

X, A

I

\j

Fig. 1.

Let T, be the collection of such sets I;, (j = 1,2) formed from atoms I € Ty, and let
.7:1 = J(Il).

Next divide each atom I € F; by dissection by a hyperplane orthogonal to the zs-axis,

as illustrated in Fig. 2. 4

Fig. 2.



100

Let Z, be the collection of such sets I, (j = 1,2), and let F, = 0(Z3). Continue in
this manner, passing at each stage to dissection by a hyperplane orthogonal to the next

axis, proceeding cyclically around the set of axes.

The atoms in the o-field F_; are constructed by doubling atoms of Fy in the z4-
direction, and then generating the corresponding o-field F_;; then doubling the resulting
atoms in the z4_;-direction—and so on. The collection of all of the atoms (of the various

sizes) is denoted Z. Its elements are called dyadic quasi-cubes.

Haar functions: classical case. If I is a dyadic interval of R, of length 2=, which is

bisected as shown in Fig. 3,

)
\J

Fig. 3.

then the standard martingale difference on I is given by

En+1f - E'nf = (2n/2X11 - 2n/2X12af>(2n/2XI1 - 2n/2X1,2)

=aI<aI,f)

say.

Clifford Haar system (left-martingales). We consider a typical atom I € Z,_;,
which has been bisected as illustrated in Fig. 1: I = I, U I, (I1, Iz € I,).

LEMMA. ForeachI €I, 1,I=1UlI,,(I; €1,), there is a pair ay, B; of Aj-valued

functions and a positive constant C such that
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(i) ar = aiXp +a2Xp, (4 € Ag);
Br=b1X5, +bXy,, (bj € Ag);
(ii) for all f € LL _(R%Ay),
Anf(z) = ar(@)(fr, f)y (z€I)

(iii) CI|=% < |as(z)| < C|I|~% and C'|I|7% < |Br(e)| < C|I|73 for all z € I
and all I;

(iv) Jvardz= [Brp dz=0.

Proof. This amounts to choosing the coefficients ay, az and by, b so that (ii) holds, and

then normalising so that (iii) holds. Care needs to be taken with noncommutativity.

6. PROOF OF L2-BOUNDEDNESS OF THE CAUCHY OPERATOR

Recall that we are dealing with the operator
fro [ Bwo)so)f () do = T,

say. If f € L%(R% Ay), then by the Littlewood-Paley theorem,

F=Y Anf=> arBr,fv
-0 I

and, at least formally,

T(f) = T(pas)(Bs,f) ¢—Za1 (Br, T(has)) (B, Fly

JeT

—ZOHZ (Br, T(vas))wlBr, o

So, if f ~ {(Bs,fw}s, then T(Jf) is determined by multiplication of the coefficient
sequence {(87, )y} by the matrix ({81, T(as))y), ;- Proving L?-boundedness is there-
fore equivalent to proving boundedness, on ¢%(Z; Ad); of the operator determined by the
matrix (ur5) = ((Br, T(pa J))¢) Ly In proving this, we use the following variant of Schur’s

lemma.
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LEMMA (SCHUR’S LEMMA). Suppose there exists a family of positive numbers

(wry) and a constant C such that
(1) E lwsurs| < Cwy (I €1I)
J

and

(@) D lwnurgl<Cw;  (JEI).
I

Then the matrix (us;) defines a bounded operator on £2(T; Ag).

In fact, it is shown that the conditions (i) and (ii) hold, with w; = |J|*, where t is any

number between % — —} and %

Crucial properties of K (standard kernel conditions). The kernel K obtained
by transporting the Cauchy integral to an integral on R? (see Section 3) satisfies certain

standard estimates, usually known as “standard kernel conditions”. They are as follows:

(2) IK(z,)] <Cle —yl™  (z#y);

: o — | .

(b) |K(z,y) — K(z', )] SCW, provided 0 < |z — 2’| < %|w—y|;
o

(¢) |K(y,z) — K(y,z")| < C]xl—z—z% under the same conditions as in (b).

The verification of the Schur lemma conditions for ({87, T(1hay))y) rests on (a)-(c)
and the monogenicity of the Cauchy kernel. One has to take careful account of the relative
sizes of the atoms I, J, and their relative disposition (e.g. whether one meets the other).

These estimates are lengthy. For complete details, see [11].
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7. THE CLIFFORD T(B) THEOREM

The systematic use which we have made of the “coefficients”

(an T8 = [[ ax@@ K@ bw)8s) dody

gives a pointer to the 7'(b) theorem. (The expression above is of course only formal, as it

stands.) See [18] for an account of various forms of the T'(b) theorem.

Let b; and b, be two pseudoaccretive functions. (In the Cauchy theorem setting, we
had by = by = ¢.) Denote by S the span, over Ay, of the set of characteristic functions of
dyadic quasi-cubes. Suppose that T is a right-Clifford-linear mapping from 5§ into the
space (Sb2)* of left-Clifford-linear functionals on Sbs.

Definition. Let A = {(z,y) : z # y}. We say that T is assoctated with o standard
Calderdn-Zygmund kernel K if there is a C™ function K on R% x R¥\A, with values in
Ay, and a number §: 0 < § <1, such that

(a) IK(2,9)] < c—f—w- (@ #v);

|z

T
(b) K (2,y) — K(z,50)] + |K(,2) — K(yo,2)| < c|—'f—_—yl|3'¢g

if 0 < |y — yo| < 3ly — z|; and
() T(byf)(gba) = / / o(@)ba(@)K (2, )by(v) f(y) dedy

for all f,¢g € S having disjoint supports. Note that, under these assumptions, there is no

problem with the convergence of the right-hand side of (c).

Dually, let T* be a left-Clifford-linear mapping from Sb, into the space of right-linear
functionals on 4;S. Suppose that

T(b1f)(gbe) = Tt(gbz)(blf)

for all f,g € S. Then T" is associated, in the obvious way, with the kernel K(y, z).
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Definition of T(b;). The function b; is in L*°, so T(b;) has no a priori meaning.
Following David-Journé [7], it is defined as follows. Fix g € S; so ¢ vanishes off a compact
set. We want to make sense of Tby(gbs). This cannot be done, in general, but it can if
J gbs dz = 0. Choose f; € S so that f; =1 on a nefghbourhood of supp (g), say a set
twice the size. See Fig. 5.

| |

l I

=]

1 | y

L ______ i
Fig.4

Then T'(b; f1) makes sense, by hypothesis. So we have to define T'(by f3)(gb2), whefe
f2 =1 — f1. This is where the condition [ gbs dz = 0 comes in. Fix z¢ € supp (g), and
write formally
(#) /g(w)bz(x)K(m’y) dz = / 9(2)ba(z)[K(z,y) — K(z0,y)] dz

supp (9)
Now the point is that the right side of (#) can be integrated against b1(y)f2(y), because
|z — 2| < 1|z — y| and |K(z,y) — K(z0,y)| is O(|z — y|**?), while & ranges over the set
enclosed in the solid line above. In summary, T'b; makes sense as a left-linear functional

on the subspace (Sby)o consisting of functions having integral 0.

Definition. If ¢ € L] _(dv;A,), the BMO-norm of ¢ is defined to be

~ ~ 1
¢lleMo = sup | En(l$ — En16|*) ]| %-

Definition. We say that T6; € BMO if there is a function ¢, say, that is locally in-
tegrable, belongs to BMO, and is such that (g,T(b1))s, = (g, ¢)s, for all g € (Sbp)e. A

similar interpretation applies to T%(bs).
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Definition. The operator T, associated with a standard Calderén-Zygmund kernel, is

weakly bounded if there is a constant C such that
ITb1Xq(X@b2)| < ClQ

for all dyadic quasi-cubes Q.

THEOREM (CLIFFORD T(B) THEOREM). Let T and T" be as above. Then the
operator T is extendible to a bounded linear operator from b;L%(R%; A4)) to L2(R%; A4)b,
if and only if

(a) T(by),T*(bs) € BMO;

(b) T is weakly bounded.

The proof uses rather similar estimates to those used to prove the boundedness of the
Cauchy singular integral . See [11] for complete details. The one-dimensional case of the

theorem appears in [6]. Some of our estimates follow the lines of arguments given in [6].
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