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ON WEAK SOLUTIONS OF STOCHASTIC EVOLUTION EQUATIONS
WITH UNBOUNDED COEFFICIENTS
" Beniamin GOLDYS

0. Introduction. We shall consider in this paper weak solutions of the

following stochastic evolution equation:

{ dX=[AX+(X)]dt+g(X)dW , N
a

X(O)=x0, 0=<t<1 ,

where A is a generator of CO-scmigroup S(@), 20, of bounded operators on a
Hilbert space H and W is a cylindrical Wiener process on another Hilbert space
K with covariance operator I. It is well-known that if dim H < oo then (1) has
a global weak solution provided f and g are continuous functions of linear
growth. On the other hand, if dim H = oo then a solution to (1) need not exist
even if g=0 and f is uniformly continuous and bounded and hence some
additional assumptions are necessary.

There are not many results on weak solutions to (1) in infinite
dimension. In those existing two types of conditions appear. Either it is
assumed that A is a coercive operator on some Gelfand triple with compact
injections or (loosely speaking) some invertibility property is imposed on g
in order to allow the use of the Girsanov transformation. This last assumption
is quite restrictive. Recently in [7] an existence result for the equation (1)
was proved under the more general assumption that A is a generator of a
compact semigroup, and f and g are weakly continuous mappings of linear growth

defined on H.
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The aim of this note is to extend the results of [7] to equations with
unbounded coefficients. More precisely it will be assumed that A generates an
analytic and compact semigroup and f and g are defined on some interpolation
spaces of A. Such equations have been the object of extensive study for some
time but the pathwise solutions only were considered, [4], [6].

LPreliminaries. The following conditions are standing assumptions for
the rest of this paper:

- A is a generator of the compact and analytic semigroup S(t), =0, of bounded
operators on H. Without loss of generality it can be assumed that for some M=>1

and positive a
1SN < Me™t

- The drift coefficient f is a measurable mapping from D A(6,2) to H (see
below for the definition of D A(O,Z)).
- The diffusion coefficient g is a measurable mapping from D A(9,2) to the
space of Hilbert-Schmidt operators &Z(K,H) acting from K to H.
The spaces D A(9,2) introduced above are real iriterpolation spaces between

D(A) and H defined, for 0<6<1 as follows:

D,(6,2) = { xeH; uxu2 =7 vl'zeuAS(v)uZdv < oo b
A (7] 0

Let us recall the following properties of these spaces which will be useful in

future: We have, for 0<0<l1
D(A) ¢ D A(9,2) cH

with continuous and dense injections. Moreover, if the injection of D(A) in H

is compact then the above injections are also compact.
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Let us notice that in some important cases we have an explicit representation
of the spaces D A(6,2). Let D be a bounded open domain in R" with sufficiently
smooth boundary. Let A be a second order strongly elliptic differential
operator in D with coefficients which are continuous in the closure of D. This
operator, when considered in H=L2(D) with the domain D(A)=H2(D)mH(1)(D)
(Dirichlet boundary conditions), is a generator of analytic and compact

semigroup in H (see for example [1]). It is well-known also that in this case

129(p) if  0<B<,
D, (0.2)=

Hze(D)nH(l)(D) it 4 <0<l

For more details on the interpolation spaces D A(6,2) see for example [2].

We shall use the following definition of a solution to (1):
Definition. A predictable H-valued process X defined on some filtered
probability space (Q,S‘,(s‘t),P) is said to be a solution to (1) if
a) For t>0 trajectories of X belong to D A(9,2) as. and X is a predictable
process with values in D A(B,Z).
b) There exists on (Q,?,(?‘r’t),P) a K-valued cylindrical Wiener process W such

that the following equation is satisfied in H for any t a.s.:

t t
X = S(t)x0 + 6‘ S(t-s)f(X(s))ds + 8 S(t-s)g(X(s))dW(s).

It is well-known [3] that if the process X is a solution to (1) then

t t t
X(@®) = Xy + Ag X(s)ds + 6 f(X(s))ds + 5 g(X(s))dW(s). ¥))]

In order to prove existence of solutions to (1) we shall make use of the

following infinite-dimensional version of the Riemann-Liouville operator Ra
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defined for any o<l:

t a-1
Raf(t) = [ (t-8) " " S(t-s)f(s)ds .
0

The properties of the operator R given in the lemma below are crucial for the

existence proof in the next section.

Lemma 1. a) For any CO-semigroup S, the operator Ra is bounded from LP(0,1;H)
into C(0,1;H) provided ap>1;

b) If the operators S(t) are compact for t>0 then the operator Roc is also
compact from Lp(O,l;H) into C(0,1;H) provided op>1;

¢) If S is an analytic semigroup, then Ra is a bounded operator from LP(0,1;H)
to C)“(O,I;D A(6,2)) (the space of hglder-continuous functions with exponent A)

with A < - 6 - % providedoc>9+—}1). .

Part a) of this lemma is well-known (see [5]). Part b) was proved in [7]. The
last part is an easy consequence of Lemma 2 from [5].

Now let us consider an H-valued stochastic process Z defined as follows:

3
(1) = JO‘ S(t-s)D(s)dW(s). -

The process @ is a predictable &2(K,H)-va1ued process with the property:

L 2
E [ 19(s)15ds <eo,
0

where ﬁZ(K,H) denotes the space of Hilbert-Schmidt operators with the norm

i, . We shall need the following lemma which was proved in [5].
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Lemma 2. Assume that a< %— Then

_ sinmo
Z(t) = = RaY(t)
with

t
Y(0) = § (t-5)" %S (t-5)D(s)dW(s).
0

2. Existence result. In this section we shall formulate and prove the main

result of this note.

Theorem 1. Assume that the two conditions below are satisfied.

a) Mappings f and g are defined on some D A(6,2) with 9<—é— and moreover
Hfeon + ||g(x)||2 <c(l + nxne).

b) For any yeH the mappings x-<f(x),y> and x-<g(x)y,y> are continuous on
D A(9,2).

Then there exists a solution to the equation (1). Moreover the process tOX(t)
is continuous in D A(6,2), and for t>0, the process X is Hoélder continuous in

D A(G,Z) with any exponent A < é— - —;— - 8 provided % - % -06>0.

This theorem generalizes to the nonlipschitz case some results from [4] and
[6]. However, the method of the proof does not allow one to consider the
limiting case 9=—%—. It is well known that in this case some additional
assumptions on g are necessary.

Proof. In order to prove this theorem we start with a definition of Peano-like
approximations for the solution of the equation (1). For n>1 the sequence of

D A(G,Z)-valued processes. X n is defined in the following way:

t t
X, = Sx, + 6 S(t-9)f (s)ds + 6‘ S(t-s)g,(s)dW(s)
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for 120, where £ (s) = f(X (¢ (), and g (5) = g(X (& () with & (5) = lz‘_n

k k+1
for—n<ss o7 .

We assume at first that xoeD A(G,Z). Then it can be easily checked that the
processes X L, are well-defined and continuous in D A(6,2). A much stronger

property of these approximations is proved below.
Lemma 3. For any 6 <-§- we have

sup sup EiX 1P < o
n211) tSII) n"o

provided
4
2 <P <7grr-

Proof. Clearly we have

t
EiX 18 < 3p-1 [IS(x, 1 + E 1 ! S(E-9)f, (5)ds 15 +
t -1
+ Ell § S(t-s)g (1AW (s) ug ]=3P [ + 1L + Ll
0

We shall estimate now each of the terms Il’ 12, I3separately. Since g€ D A(6,2)

and the semigroup S is a contraction on D A(9,2),
= p
I1 = uS(t)xnu6 < ilxolle.
Now we consider IZ:

t p t 2 p/2
12 =E | g S(t-s)fn(s)ds g <E g It S(t—s)fn(s) g ds =
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t oo p/2
=E |5 5129y AS(-s+VE (5) 12 dvds <
0 0
t oo _ p/2
sMPE |1 5 v @stn? () 1? dvds ] =
0 0

/2

t P t
E[ 5 @9 ut ©n® ds ] br (t-5)P® Euf 1P ds,
0

where

t R ) p/2
c=M | rul®® amZa | .
0
The last estimate is a bit more complicated. Let us denote
t
) = 8 S(t-s)g ($)AW(s).

Then we have

oo p/2
L, =E 1 Z@) 1§ = E [ ! V728 Asmzay 1 av ] <

,1-20 20V
75—

]

tr
p—
o §

p/2
I ASMZ) 12 (2be 2%Vdy) ] ,

where O<b<a. Now it follows from Jensen’s inequality that

1B § WP(-20)72 5 3-PI2 POV Ag()Z() 1P(2be 2PVay) <

Vp(l—29)/2 epbv

A
@]
—

o §

E 1 ASWZ(®) 1P dv

with C1=(2b)(2'p)/ 2. Now using known properties of stochastic integrals (see

for example [8]) we get
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t p/2
,SCf T P120)/2 POV Bl L asiv)g 15 ds | dvs
1o 0 n

< C I vp(l -26)/2 pbv

4
Er llAS(t—s+v)gn(s)Ilg dsdv £
O 0

t
<¢C, J‘ T yP(1-20)/2 PPV E & jAS-s+v)iP ugn(s)ug dsdv <
0

o i
< ¢/, ({vp(l'ze)/ 2PV P PACESHY) (154 PEIg (5)1Bdsdv <
0

sc;c,MP Typ(1-20)/2 J‘ (ts+v) P Eng (915 dsdv =
0

t
= C/C,C ¢ () PED2 £yg 1B as

with

Ce":

o 8

A(1-26)2 \p
T | W@

Now taking into account all the above estimates and using the assumptions of

the theorem, we get, for some constant D independent of n,
p DO p
Ean(t)ue < D[ 1+ g(ps) E||Xn(§n(s))ne ds +

{
+ () PEOD2 gy & b ds

Let us define now the function F (t) = sup EuX n(s)!lg . It can be easily seen
s<t

that

t
EIX_ (015 < DI1 + ! 9P E s 1,
where

2e+i
I3=2_p( )



124

We need now the following simple

Lemma 4. For a nonnegative nondecreasing function u, let v be defined as

follows:

a-1 Sb-l

t
v(t) = J (t-s) u(s)ds
0

with a,b > 0, a+b-1>0. Then v is nondecreasing.
It follows immediately from this lemma that
t B'l
F (1) £ D[1 + [ (t-5) F_(s)ds 1.
n 0 n
Lemma 7.1.2. from [9] implies that

sup sup Fn(t) < oo,
n21 <1
Lemma 3 follows.

Let us introduce now, for a<-é— the sequence of processes Yn by the

formula

t
Y = g - S(t-9)g (X 9)AW(s).

Then

1 1
JEny_onPdt < C_ JE
o " Py

t ) p/2
£ 2°‘nS(t-s)gn(s)u§ds] dt €

A

1 (1 p/2
< CMP J‘E[ 55222 (1+1X_E_ ()13)ds ] dt <
p O 0 n-n

1t
<A+BET [f(t-s)’zauxn(& n(s))ug)ds] dt
010
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for some constants A and B. Now Young’s inequality yields

fEllY ®1Pdt < A + B, J‘ EnX (€, (s))up ds S A + By .r F_(s)ds
19

with
1 p/2
I—B[fs'zad] .
0

Hence the processes Yn are uniformly bounded in LP for p satisfying the

assumptions of Lemma 3. It follows from Lemma 2 that
Xn(t) = S(t)xo + R]fn(t) + RocYn(t)'

Processes Yn and fn have their laws concentrated on LP (0,1;H) and in fact it
follows from Lemma 3 that those laws form a tight family on LP(0,1;H). Now
Lemma 2 implies that the family of measures corresponding to the processes Xn
is tight on C(0,1;H). But in view of Lemma 3 and Lemma 1 an appropriate
version of Dubinsky’s Lemma (see for example [10]) implies that this family of
measures is also tight on Lp((),l;D A(6,2)). Skorochod’s theorem implies that we
can, eventually changing the probability space, pick up a subsequence of Xn
which is convergent to a certain process X in LP©,1;D A(6,2)) and C(0,1;H)
simultaneously. Standard arguments, see [7], show that X is a solution to (1).

Let us assume now that the initial condition X lies in H. Take a sequence of
initial conditions xneD A(9,2) and such that X, converges to x in H. It follows
from the first part of the proof that for each X, we can choose a solution X,
to equation (1) starting from X, (in fact this choice can be made measurable).
Our aim now is to find uniform bounds for X n similar to those obtained in

Lemma 3. We start from an obvious inequality

EIX_ "p 3p-1 [nS(ex “p +E J“ S(-9)f(X (s))ds ||p +
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t
+ EIl [ S(E-5)g(X ()AW() 1§ ] = 3p-1 [ + L, + 1],
0

We can estimate 12 and I3 in the same way as in the proof of Lemma 3 and

obtain
: -pb p
I2 < P (J; (t-s) p (1+EuX n(s)ue) ds,

1-p(20+1)/2

t
I, <CC pcecp 8 (t-s) 1+E1X n(s)ug) ds.

The first term has to be estimated differently:

1-20

t 5 . |P2
I, = 18(x B=1|rv IAS(t+v)x_1° dv| <
n 0 n

t 4 R p/2
< MP [ 5 v ()2 dv] uxnup =
0
t ~ p/2 )
= MP [ F ol (12 qu ] P8 nxnup =c¢P® uxnup i
0

Taking those estimates together we get
EixX o1 < D[ P9 + 19 P8 Eux (1D ds +
n’'e = 0 n*>’"0

1-p(20+1)/2

t
+ I (t-s) Euxn(s)ug ds.
0

Let us define now the function

- po p
Gn(t) = 22};{) (s Elan(s)Ile).

Then in view of Lemma 4 we have
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" aBl P8
G () £ D[1 + [ (t-5) S G_(s)ds 1.
n 0 n

All constants in the above inequalities have the same meaning as in the first

part of the proof. Once more Lemma 7.1.2. of [9] implies that

sup sup Gn(t) < oo,
n=1 t<1

Given the above estimate the remaining part of the proof is exactly the same
as for Xg€ D A(6,2).
Regularity properties of a solution follow easily from its continuity in

H and Lemmas 1 and 2.

References

[11 Agmon S.A. (1965) Lectures on elliptic boundary value problems, Van
Nostrand.

[2] Butzer P., Berens H. (1967) Semigroups of operators and approximation,
Springer-Verlag.

[3] Chojnowska-Michalik A. (1979) Stochastid differential equations in
Hilbert spaces, in Banach Center Publications vol.5 p.53-74, PWN Warsaw.

[4] DaPrato G. (1985) Maximal regularity for stochastic convolutions and
applications to stochastic evolution equations in Hilbert spaces, in L.Arnold
and P.Kotelenez (eds) Stochastic space-time models and limit theorems,
D.Reidel Publishing Company, p.41-52.

[5] DaPrato G., Kwapien S., Zabczyk J. (1987) Regularity of solutions of
linear stochastic equations in Hilbert spaces, Stochastics 23 p. 1-23.

[6] DaPrato, Zabczyk J., forthcoming book.

[7] Gatarek D., Goldys B. On weak solutions of stochastic equations in

Hilbert spaces, submitted.



128

[8] Goldys B. (1990) On some regularity properties of solutions to stochastic
evolution equations in Hilbert . spaces, Colloquium Mathematicum 58(2)
p-327-338.

[91 Hemry D. (1981) Geometric theory of semilinear parabolic equations,
Lecture Notes in Mathematics 840, Springer-Verlag.

[10] Lions J.L. (1969) Quelques méthodes de résolution des problémes aux

limites non linéaires, Dunod, Gauthier Villars.

Beniamin GOLDYS
The University of New South Wales
School of Mathematics, Department of Statistics

P.O. Box 1, Kensington, NSW 2033, Australia





