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FORMATION OF SINGULARITIES IN SOLUTIONS OF THE NONLINEAR
SCHRODINGER EQUATION WITH CRITICAL POWER NONLINEARITY

Havato NAWA

1. INTRODUCTION AND RESULTS

In this paper, the author would like to report his results of recent papers [23-28] concerning
the nonlinear Schrédinger equation with critical power nonlinearity (NSC). Our main results are
Theorem A (“L? concentration” phenomena [23, 24 , 26]), Theorem B (Asymptotics of blow-up
solutions [27, 28]) and Theorem C (existence of “blow-up” solutions in the energy spéce HY(RY)
[27, 28]). Moreover, in Sect. 4, he shall briefly mention the further results.

We start with a review of the Cauchy problem for the nonlinear Schrddinger equation:

C(p)

(NS) 21'% + Au+ |[ufP~lu =0, (t,z) € Ry x RV,
(IV) u(0,z) = up(z), ze RN,

Here i = /=1, up € HY(RY) and A is the Laplace operator on RV, The unique local existence
of solutions of C(p) is well known for 1 < p < 2* -1 (2* = Wzi_‘% ifN23 =c0if N=12)
For any up € H!(R™), there exist a unique solution u(t,z) of C(p) in C([0, Trn); HY(RN)) for some
Tom € (0, 00] (maximal existence time), and u(t) satisfies the following three conservation laws of L2,

the energy and the momentum:

()l = lluoll, (1.1)
Epr1(u(t) = | Vu(®))? ~ 5 f_ Cle®IF = Ep1(uo), (1.2)
S‘[KN Vu(t, z)u(t, z)dz = S‘/]KN Vug(z)up(z)dz (1.3)

for t € [0,T}), where ||-|| and || -||p+1 denotes the L? norm and LP*! norm respectively. Furthermore
Tm = oo or T, < oo and limy_,7,, ||Vu(t)|| = co. For details, see, e.g., [11,12,14].

As for the existence and non-existence of global solutions of C(p), the following is well known.

{i) If 1 <p < 1+ 4, there exists a global solution u € Cy(R; H*(RY)), for any up € H*(RY), where
Co(R; HY(RY)) = C(R; HY(RY)) N L= (R; H(RN)). See [11,12,14].

(il) If 1+ 4 < p < 2* — 1, there is a subset B € H'(R") such that for any uo € B the solution of
C(p) blows up, i.e. the L? norm of its gradient explodes in finite time Tp,. See [13,29,30,31,36].



168

As we have seen above, the number p =1+ —,‘37 is the critical number for the existence of blow-up

solutions of C(p). In what follows, we refer to (NS) with p =1+ & as (NSC), i.e.,

(Nsc) - Qi% + Au+ julFu =0,

and we shall use the notations

E(v) = E;(v), o=2+ %

The nonlinear Schrodinger equation of the form (NSC) is of physical interest, because (NSC) with
N = 2 arises in a theory of the stationary self-focusig of a laser beam propagating along the t-axis
in a nonlinear medium (see i.e. [1,2,15,40]). We may say that the blow-up of solution corresponds
to the focusing of the laser beam.
 Recently, many mathematicians have studied the formation of singularities in blow-up solutions
of (NSC) near blow-up time (e.g., {7, 15, 19, 20, 21, 22, 23-29, 35, 37, 38]). Here, it is worth
while to note that (NSC) has a remarkable property that it is invariant under-the pseudo-conformal
transformations (see e.y.,[7,29] and (1.5) below). This symmetry seems to be closely related to
the structure of solutions of (NSC) (see e.g., Weinstein [37,38], Nawa aﬁd M. Tsutsumi [29] and
Cazenave and Weisler [7]): in the super critical case (p > 1 + 4), Merle [19] suggested that every
. blow-up solution of (NS) has a strong limit in L? at blow-up time; in the critical case (p =1+ —1'37),
Nawa [23,24] and Weinstein [38] showed that every blow-up solution of (NSC) loses its L? continuity
at blow-up time because of the concentration of its L? mass (see also Merle [20], Merle and Y.
Tsutsumi [21], and Y. Tsutsumi [35]). Moreover we know how amount the blow-up solution of

(NSC) concentrate their L2 mass. Precisely, we can prove [23, 24, 26] (see also [38]):

Theorem A. Let Q be a nontrivial solution of the elliptic equation

(A1) - AQ-Q+1QIFQ =0
such that

2 el Vel?

= #* = T e
(A2) 51l .,E@EKN) llollz

. 2 2, o
= lgxf,N{—nvn%;n\hu?——lwn §0}.
Ue.H;é%&) g a

Let u(t) be the singular solution of (NSC) such that

(a3) Jim V()] = lip Ju(®)lls = oo
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for some T,, € (0,00]. We put

1
(A4) ) = ———7,

[HOIH
(A.5) u(t, z) = A(t) Fult, \(t)z),
o AT (“E’Tii’f (,,1‘;& Jesal®® z”%)) |
(1) Then we have
(A7) Az |QIP

and we have that, for any € € (0, 1), there are constans K > 0 and Tp > 0, and there is a right
continuous function v(-) € L2 ([To, Trn); RY) such that

loc
(A.8) ’ / lu(t, 2 + Ay (1)) de 2 (1 - )4, t € [To,Tm),
lz~y|S RA(t)

for any R 2 K. Moreover if A > %||uw(0)||2, then we have v(-) € C([To, Tm); RY).
(2) Suppose in addition that ||u(0)||? < 2||Q||2. Then by (1), we have 4(-) € C([To, Tm); RY).

Remark 1.1. (1) The equation (A.1) is a time-independent version of (NSC) and arises in various
domain of physics. See [3,6,27,28,32,36] for the existence of positive solutions of (A.2) and for the
associated minimization problems. The standard argument shows that @ € S (the space of C™
functions of rapid decreasing). We can also prove that E(Q) = 0. '

(2) By the first equality in (A.2) and the conservation law (1.2), we see that if |luo|l < ||Q]], the
corresponding solution exists globally in time. For this, see Weinstein [36, 37]. Furthermore the
initail datum Q(a:)e‘““"z/ 2 Jeads to the blow-up solution which blows up at time ¢t = 1 (see [29,37]).
In this sense, the estimate (A.7) is optimal.

(3) The formula (A.8) tells us that the focusing of a laser beam could be understood mathematically
as “L? concentration” phenomena of blow-up solutions of (NSC). The quantity A measures the “size”
of the “largest” singularity, since the blow-up solution, in genaral, has several L?-concentration

points (see Merle [20] and Theorem B of this paper).

However the profiles of blow-up solutions had not been investigated so well.

It is worth while to note here that the nonlinear Schrédinger equation (NS) also derived from a
field equation for 2 quantum mechanical nonrelativistic many body system in the semi classical limit
(e.g. [11]). Hence it is expected that the solution of nonlinear Schrddinger equation involves a many

body character in its behavior. Therefore, in general, it seems difficult to trace directly the dynamics
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of blow-up solutions. In other words, we may not expect the clear “trajectories”of singularities as
in Theorem A (2) generally.

Concerning the asymptotic behavior of blow-up solution of (NSC), the following results were
known. o v
(I) Let u(¢) be a solution of (NSC) such that ||u(t)|| = ||Q]| and ||Vu(t)]] — oo as t — Ty, for some
T, € (0,00]. Then we have, for A(t) = [[Vu(t)|| "1,

PoFue 3o - 50)e@ -0 -0 s t—Tn (14)

for some #(t) € RY and 4(t) € R (Weinstein [37]). '
(11) Let u(t) be a solution of (NSC) such that zu(t) € LZ(RN) and ||Vu(t)|| — co as t — Ty, for
some T, € (0, 00). If u(t) satisfies ||(z — a)u(t)]| — 0 (t — Tin), then u(t) must be of the form:

ez (—ilzee,v)? t 20(0,0) |t (o gty
(T —1t) exp< (T — 1) v Tl =0 Ty —t e , (1.5)

where V (£, z) is also a solution of (NSC) in C{R; H*(BY)NL2(RY; |z|2dx)) such that E(V(¢)) = 0,
and where

(a,v)=z—a+v Yy
zi(a,v) =z — - —
¢ T

for an appropriate v € BY (Nawa and M.Tsutsumi [29]). .
(I1) For given L points {a',a?,--- ,a%} € RY, there exist a blow-up solution u(t) of (NSC) such
that

L
ut) = Y Q)| —0 as t— Ty, (1.6)
=1 .
where . - '
=t () a5 ) o

for Trn, € (0,00) (Merle [20]).

Remark 1.2. (1) Q(z)e**/2, which is a standing wave solution of (NSC), is transformed into Q7 by
the Space—time transformation appearing in the left hand side of (2.2) with @ = o’ and v = 0. We
call this transformation pseudo-conformal transformation. Since we have E(Q(-)e!/2) =0, Q7 is a
blow-up solution of (NSC) such that ||(z — a7 )u(t)|| — 0 (t — Tim) by virtue of (II).

(2) These results require additional conditions on initial data (or solutions): |lug]l = ||Q]| for (I);
|z|ug € L¥*(RN) for (II) and (III).

In [27, 28], the author investigated the asymptotic profile of generic H* blow-up soluton of (NSC)

to obtain:
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Theorem B. Let u(t) be the singular solution of (NSC) such that

(B.1) limsup || Vu(t)|| = limsup ||u(t)||, = oo
t—Tm t—Tm

for some T, € (0,00|. Let {t,} be any sequence such that

(B:2) Sap lu(®)llo = lu(tn)llo-

stn]
For this {t,}, we put

1

B.3 An - ——-
3 lu(ta) 5"

and, we consider the scaled functions
(B.4) un(t, ) = MF a(tn = 22, 0n2)

for t € [0,t,/A2). Then there exists a subsequence of {u,} (still denoted by {u,}), which satisfies
the following properties: there exist
(i) a finite number of nontrivial solutions u!,w?, ---, ul of (NSC) in Cy(Ry; H*(RN)) with
E(w)=0and S [y Vol (t,z)ui(t,z)dz =0 (j =1,2,--- L), and
(ii) sequences {1}, {72}, -+, {v} in RN with limn e |73 — 78| = 00 (5 # k),
such that, for any T > 0,

| L
B.5) lim sup ||un(t,-)=Y 4/(t,- —~)| =0,
( Jim, sup | unt, ) Z_jl (
L
(B.6) lim sup || Vun(t,-) = > VI (t, — )|l =0,
n00 10,7 i=1
L .
(B.7) lim sup [lun(t, )= > (¢, =) — ¢alt, )|[=0,
n—oo tE[O,T] =
where
it Lo )
(B.8) ¢n(t,~)=exp(5ﬁ)* un(0,~)—ZU’(0,-—7i) .
j=1
Furthermore we have
L .
(B.9) luoll® 2 > Il (@)1 2 LIIQI>.

=1
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where Q Is a nontrivial solution of (A.1) and (A.2).

Remark 1.8. (1) If the solution satisfies lim sdpt-_,fm IVu®)] = oo, then we have, by the energy
conservation law limsup,_,7. ||u(t)|ls = co. So, (B.1) is always assured. If Tr, < co,.we have (B.1) .
with limsup replaced by lim. We can choose a sequence as in (B.2), since we have (B.1).

(2) The scaled function u,, in (B.4) also solves (NSC), and satisfies ||un (t)|| = ||u(t)]| and E(un(t)) =
X2 E(u(t)). This is a special feature of (NSC).

(3) The estimate (B.9) is a consequence of E(u7) = 0 and the characterization of the ground state
of Q (see (A.2)). - »
(4) A typical examle of zero energy and zero momentum solution of (NSC) in L (R, ; H*(RN)) is
Q(z)eit/2,

(5) If u(0,z) is radially symmetric, i.e.” u(O,z) = u(0,|z|), we have L = 1 and v} = 0 in this
theorem. If w(0,z) has the same L? norm of the ground state Q(z), i.e. [|u(0)|| = ||Q|l, then we
have (B.7) with L =1 and ¢, =0.

Each w/ can be considered to correspond to the “strong” singularity in blow-up solution, since

one has, by (B.7),

: L
lim sup [lult, ) =Y wh(t,-) = éalt, )| =0, (18)
N0 e[t —A2T L, ] i=1 ‘
where
X 1 St =t x—'y,{)\n

u%(t,r)=/\1,:,/2u’< T ) (1.9)

~ 1 in—t =z

Pult,z) = /\—L\,ﬁsﬁn (T’/\—n) . (1.10)

We note that there is a possibility that $n produce “weak” singularities, around which the rate of
blow-up is lower than ||u(t)||,. Thus we may say that the term }:;;1 ul (¢, -) is the top term of the
asymptotic expansion of blow-up solution near the blow-up time T,,. If N 2 2, “weak” singularities
may form a N —1 dimensional manifold as in the case of semilinear heat equations (Giga and Kohn
[10]). If $n produce no singularity, we can safely say that the blow-up set consists of finite number
of points as in the case of one-dimensional semilinear heat equations (Chen and Matano [8]).
However, there still remains a possibility of “ergodic” or “chaotic” behavior of singularities, since
(as is mentioned after Theorem A) the solution of nonlinear Schrédinger equation involves a many
body character in its behavior. Each “singularity” {u,} considered to be “a cluster” or “a particle”

in the analogy of many body Schrédinger equation. If the remainder term gn(t, z) plays a role of
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long range potentials, the motion of “clusters” will be very complicated. Thus the expression of

Theorem B using the sequence of scaled solutions (B.4) may be a considerable one.

Remark 1.4. As in the proof of [Theroem C;24], we can show that if u(0) € H'(RY) N L?(|z|?dz),
then
sup il <00 (=1,2,---,L) (1.11)
neN .
in Theorem B.
In the next section, we shall sketch the proof of Theorem B, in which we shall need the following

Theorem C [28].

Theorem C. Let p 2 1+ 4. If the initial datum ug(z) = u(0, z) satisfies
= N

(‘3 Jen Vo (z)mdm) ?

l[uol? ’

then the corresponding solution u(t) of C(p) satisfies

(C.1) Epy1(uo) <

(C.2) sup || Vau(t)|| = oo,

t€[0,Tm)

where T,, is the maximal existence time, i.e., u(t) blows up in finite time:

Jm [[Vu@ll = lim Ju(®)le = oo
for some T,,, < co; or grows up at infinity:

limsup || Vu(¢)|| = limsup ||u(t)|lc = oo.
t—o0 t—oo
This theorem will play a crucial role to prove the finiteness of “singularities” in Theorem B (see

Sect.2), and Theorem C itself is also an improvement of previous results concerning the existence

of blow-up solution of (NS) in the sence that we do not require additional conditions on initial data

except (C.1). We note here that the condition (C.1) can be reduced to the one that
Ept1(up) <0, (1.12)
since (NS) is invariant under the Galilei transformations:
u(t, ) — u(t, z — vt) ex‘p (iv T — %v2t> , veRN, (1.13)

The blow-up of negative energy solutions had been proved under some conditions: |z|uy € L2(R")

(Glassey [13]) while this is an important class of initial data and quite reasonable physically;
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N = 2 and wug is radially symmetric (Ogawa-Y.Tsutsumi[30]); N = 1 and p = 1 + % (Ogawa-
Y.Tsutsumi[31]). Hence the results of Ogawa-Tsutsumi [30,31] ensure théﬁ Theorem C with T, < o0
holds true for the case of N = 1, and of N 2 2 and u(0) being radially symmetric. We may say that
Theorem C is a weak version of a theorem which has long been speculated. Here “weak” means that
Theorem C does not assert, that every negative energy initial datum leads to the blow-up solution
of C(p) There remains a possibility that T, = co. i

We shall give the sketch of proof of Theorem C in Sect.3.

Remark 1.5. Of corse, for the proof of Theorem B, we need Theorem C in the case of p = 1 + —ﬁ—,
only. In [28], one can find the proof of Theorem C for p = 1+ % under the assumption (1.12)
instead of (C.1). However the argument also works for p > 1 + % with slight modifications. The
properties in Theorem B that E(uw/) = 0 and & fn%N YVl (¢, z)ui(t, z)dz =0 (j = 1,2, -, L) are the
byproduct of Theorem C.

2. SKETCH OF PROOF OF THEOREM B

In this section, we shall give the sketch of Theorem B under the assumption that Theorem C
holds true.

Theorem B seems to be closely related to a phenomenon which has been observed in various non-
linear problems by the name of bubble theorem or concentrated compactness theorem (for example,
see [4,16,17,18,22,33,34]). In fact, the proof of this theorem is inspired by Brézis and Coron [4].
One may find that the underlying idea being the method of concentrated compactness due to Lions
[17,18]. However, we do not use the general method of it. Our basic tool is the compactness device
as in Lieb [16] (see also Brézis and Lieb [6] and Frohlich, Lieb and Loss [9]). We extend Lieb’s
compactness lemma to space-time one, with which the Ascoli-Arzela theorem plays a crucial role in
our analysis working with the scaled solutions of (NSC) defined by (B.4). The use of the general
method of concentrated compactness in the study of blow-up problem for the nonlinear Schrédinger
equation can be traced back to Weinstein [37]. '

The following proposition is the heart of the matter.

Proposition 2.1. Let {v,} be an equibounded family in C([0,T); H*(R™)) such that

2’%{ + A + [on| P o = gn, 2.1)

sup |lun(8)]ls # 0. (2:2)
(0,7}
Here {gn} is an equibounded family in C([0, TY; L (BRM)) such that, for any R > 0,

lim Suri)l‘} lgn(t, lor = 0, ’ (2-3)

n0 g0
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where % + % = 1. Then there exists
(i) a nontrivial solution v of (NSC) in C([0,T); H*(RN)) and
(i) a sequence {y.} C RV
such that for @ € RY and for some subsequence (still denoted by the same letter),
Tp =n(-, - +7m) —v  weakly* in L*°([0, T); H(RN)),
U, — v strongly in C([0,T]; L%(2)) for a € [2, 2*)

asn — co.

Furthermore we have
[ M — [T — 0| ® T —v) — |0 > 0

strongly in  C([0,T}; L",(IRN)),

lim sup / “?fn]"‘ — [Up —w]|* = ]'u|°‘|d:c =0, a€][2,2%),
" tel0,T) JRY
T .
lim {E(@n) — E(¥n —v) — E(v)}dt =0,
n—oo O
and for any t € [0, T

Jim {E(@.(1)) - E((. —v)(®) - E(u())} = 0.

(2.4)
(2.5)

(2.6)

(2.9)

We can safely say that our analysis investigates, by means of Proposition 2.1, how the “dichotomy”

(in the terminology of concentrated compactness) occurs in the sequence {u,} . Theorem B asserts

that u, behaves like a finite superposition of zero energy time global solutions of (NSC) (see (B.5)

- (B.7)).

One can easily see that the scaled function w,, satisfies

225 & A + unFun = 0,

ot
llen (@ = lluoll,

sup |lun(t)l, =1 forany T >0,
t€(0,T)

E(un(t)) = A2 E(ug) (= 0) asn — co.

(2.10)
(2.11)
(2.12)

(2.13)

From (2.10), (2.11) and (2.12), it follows that {u,} is an equi-bounded family in L= (R, ; H!(RM)).

Thus, by Proposition 2.1, there exist
(i) 2 nontrivial solution u! of (NSC) in C([0, c0); H}(RM))

(ii) a sequence {yi} C RY
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such that for Q € BV and for some subsequence (still denoted by the same letter),
ul =un(-, - +yl) = ul weakly* in L°°([0, 00); H}(BM)), (2.14)
ul — ! strongly in C([0, T); L*(R)) (2.15)
for o € [2, 2%) as n — co. Furthermore we have
b Ful = Jul — w! | (u), = u!) = [u![Ful =0 (2.16)

strongly in C([0, T); L7 (RN)),

lim sup / [lusl® = Jup —u!|* = u!|*|dz =0, a€[2,27), (2.17)
R 4e(0,T) JRNY
T
lim / {E(u}) - E(u} —u') - E@u!)}dt =0, (2.18)
n—0o0 0
and, for any t € Ry
Jim {E(up(t)) = E((up —u")(®) - E(w!()} =0. (2.19)

Suppose that limsup,,_, |lul —u!lls # 0. ul — u! satisfies

Blul —u! \
2:202 %) | Al — ) 4k — ol (uh - ') = g, (2.20)
where
g (t62) = —(Jul” — fud — wll” = [ul[7) (¢, ). (2.21)

We note here that (2.16) implies that for any {z,} C B" and for any 7' > 0,

lim sup ||gn(t + zn)|le = 0. (2.22)

n—oo te(0,T
Clearly {u} —u!} is an equi-bounded famlly in ([0, 00); HY(RN)). At this stage we apply Propo-
sition 2.1 to {u} —u!}.

We iteratively use Proposition 2.1 to construct u’’s, and we have
J
lim {E(un(t)) - B((uh —w)))} = D E(u*(1)). (2.23)
k=1

Here the important thing is the finiteness of u7’s. If the iteration were not terminated at some finite

index, we would have by the construction of u’’s that

lim lim sup ||(u] - )|, =0. (2.24)

j—oon—oo te(0, T
>

The formula (2.23) together with (2.13) and (2.24) yields that

ler& zi:E(uk(t) < lxm lim suplll( I —ud)(B)]|2 = 0. (2.25)

On the other hand, since each v/ is in L®([0, c0); H!(R")) and solves(NSC), Theorem C tells us
that E(u’) 2 0 for any j. From this fact and (2.25), we have E(v/) = 0 for any 5. Thus we
have ||u/|| 2 ||Q|| for any j (see the definition of Q in Theorem A), which lead to a contradiction.

Therefoe we obtain L < co.
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3. SKETCH OF PROOF OF THEOREM C

In this section, we shall sketch the proof of Theorem C for p =1+ %. We can prove the other
cases (p > 1+ +) analogously.
We begin with

Lemma.3.1. Let ® € W4™(RN), and let 2¥ = V& = 2(¥!, U2 ... IN), Then H' solution u(t)
of C(p) (p € (1,2*)) satisfies, for any t, ¢ty € R,

(U5, u®) ) = (T, u(to)?) + A(V@k(S)-VU(S),U(S))dS- (3.1)
and .
(@), [u(®)]?) = (D(to), [ulto)*) + 2%/t (u(s), ¥(s)Vu(s))ds. (32)

Furthermore we have the genegalized dilation identity:

—2(u(t), \Il(t) - Vu(t)) + 28 (u(to), ¥(to) - Vu(to))

§+ 7 ds (V- \I/(s)lu(s)lp"'l) 2§R/ ds (8u(s), 0 (s)Bkuls))
+ % /to ds (A(V - 9), [u(s)]?); (3.3)

and the generalized “variance” (or pseudo-conformal) identity:
(@), [u(t)?) = (2(to), [u(to)?) + 2St(ulto), ¥(to) - Vu(to)) + t* Ep1(uo)
t s 2
-I—/ ds/ d7’<
to to p+1
t s
- 2/ ds/ dr ((6:; — %Bi\llj)&-u(T) , 0;u(T))
to to
t s
+ %/ ds/ dr(A(V -0, u(n)?). (3.4)
to to

(V- ¥(r)+2) - V- ¥(r), Iu(f)|p+l>

Proof. This lemma is an analogue of Ehrenfest’s law in quantum mechanics. We give a formal
calculation below. It can be easily justified by approximating the initial datum ug with a sequence
in H2(R") (see Kato [14]). We use the following notations: Lu = (2i0; + A)u; F = F(u) =
—|ulPlu; [A, B] = AB — BA;0 = a(t,z)8; + b(t,z) - V + c(t.z); (zf,9) = Z(f,9),z € C. Let u(t)
satisfy Lu = F(u). Then we have (Ehrenfest’s law)

Zza(u, vu) = (u, 0F) — (F,ou) + (u, [£,0u). (3.5)

Putting © = ¥4tV (the generalized generator of Galilean transformations), we have (3.1). One can

easily obtain (3.2) from (3.3) with 9 = ®. In order to obtain (3.3), we put ® = 2t8, + ¥ -V + $V®
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(the generalized generator of space-time dilations). Combining (3.2) and (3.3), we obtain (3.4) with

the help of the energy conservation law (1.2).

Now we turn to the proof of Theorem C. We argue by contradiction: We assume that the solution

u(t) of C(1 + ) exists globaly in time in the space Cy([0,00); H*(RY)), and u(t) satisfies

M= Sup lu@ll HY(@N) < (3.6)
E(u(t)) = E(u) = —Ep <0. (3.7)

We take any sequence {t,} such that ¢, — oo as n — oo, and put
Un(t, ) = u(t + tn, z). (3.8)

In what follows, we shall often extract subsequences without mentioning this fact. We note that

{un} is a bounded sequece in L® (R, ; H'(RV)), and satisfies

- lun S > 5 Eo, (3.9)

E(un(t)) = —Eo (3.10)

for any t € [0,00) by (3.6). In the same way as in the proof of Theorem B, we iteratively use

Proposition 2.1 to obtain

Lemma 3.2. There exists
(i) a family of solutions of (NSC) in Cy(B; H*(BM)): 2y = {w},w?, -}, and
(i) a family of sequences in RY: By = {{y] .}, {v.},--}
such that we have
=0 (122) (3.11)

J
> k.
k=2

and, for some subsequence (still denoted by the same letter), we have

lim
n—oo

w%,n =un(t, - + yi_n) — wll £ 0, (3.12)
win= (uli -ul ) @+l — w0 (G2), (3.13)

weakly* in L®(R,; H'(RN)) and strongly in C([0, T}; L4(Q)) forany T > 0,Q € RN and o € [2,2*),

and

tim sup [ [l I = o~ wll® - fu|*fde = o (3.14)
n—00 4e(0,T) JRN ! ’

lim {E(w{,n) ~ E(wl, —wl) - E(w{)} dt =0, (3.15)
0 .

n—oo
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and, for any t € R,

lim {B(w] () - B((wl, - w])(t) - E(w](®) } =0,

n—oco

lim (ol 213 = 1]~ w))@)12) Z b (012,

J
Jim {B(wla(0) = E((wd,, — D) } = 3 Buk©).

k=1

Furthermore, we have: If L = #2; < oo,

lim Sup ”(wln w) (Ol zo@yy =0,

n=00 40, T

lim sup sup/ [(wk, —wh)(t, z)|2dz p = 0;
"% 4e(0,7) | yeRN J|z—y|<R

If#A =0
Jhm lim S[uP (i, = w])®)llLe@ry =0
—00 N—00 te ,
lim lim sup { sup / [(w? - —wl)(t, )2z} =
IO N0 4e(0,T) | yeRN J|z—y|<R
for any R > 0.

From (3.18), there exists a number k(1) € N such that D(wk(l) ) < 0. We put

w(t, z) = w2, z),
so that we have

ul € Cy([0, 00); HY(RM))
Zz%t— + Aul + |u1[7‘7u =0,
lu@l = llu* (), ~Er=E(u' () <0.

Next stage we consider

wlt, zy =ul(t + i, 2).

Just as in the case of {u,}, we obtain a family of solutions of (NSC) 2y = {wi, w3, -

them we can find a function

ul{t,z) = w‘;m(t, z) for somek(2) € N

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)
(3.26)

(3.27)

-}. Among

(3.28)
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such that
u? € Cy([0, o0); HY(RN)) (3.29)
2i67”: + A2 + [u?|Fu? =0, (3.30)
@) = [W*(O)ll, —E2 = E(?(t)) <O. (3.31)

Repeating the arguements above, we obtain a family {u’} of solutions of (NSC) such that

w € Cy([0, c0); HY(RM)) (3.32)
21%‘; + A+ | Rl =0, (3.33)
(@)l = 7 O)ll, —E;=E(/(t)) <0. (3.34)

For this family of solutions of (NSC), we have

Lemma 3.3. For each j, we introduce

j = imi W (t,z)? . .
NSV
Then we have
QI £ W1 (0)? £ Dy, (3.36)
W (01> = D; 10 (5 1L) (3.37)
BE(w) < —E* (3.38)

for some positive constant E* for sufficiently large j.

Furthermore, if ||u*(0)||? = D, for some finite | € N, we have #{u/} = < 0.

One can prove this lemma by the construction of u7’s.

As in the proof of Theorem A (2) (see [24, 27]), we have, by the definition of D;, that
Lemma 3.4. We take 7 large enough to obtain
lw? (0)]1? < 2D;.

(This is possible by Lemma 3.3.) For any € € (0,1), there is a constant R; > 0 such that there

exists a Lipshitz continuous function v;(-) € C ([T}, 0); RY) such that

/l @) e 2 (1= e/)D;, b [Ty 00, (3.36)
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for any R 2 R; and for some T; > 0.

In what follows, by space-time translations, we always assume that
T;=0, and ;(0)=0, (3.37)
and we can also assume that
(VY (0), v/ (0)) =0 (3.38)

by Galilei transformations: indeed; if not, taking v = —S(Vu/(0), w/(0)) / |[u?(0)||? yields that
H(V(u (0)e™ ™), v/ (0)e’*) =0

and ) )

(Ve (0), wI(0))*
llw? (0)2

To go further, we need the fine property of «y; found in Lemma 3.4. Following Ogawa - Y.Tsutsumi

[30,31), here we introduce a W3 (R) 6dd function

E (v (0)e™®) = E (u/(0)) - < E(4(0)). (3.39)

T, 0Sr<l,
r—{r-1)3 187 <14 2,
$(r) = , L (3.40)
smooth, (¢'S0) 1+ -J=<r<2,
0, 28,
and put, for m > 0,
z z T
Bm(@) =2 [ dm(s)ds, (3.42)
0
where 7 = |z|. Here we note that
o K
e < Eerenmed =
|3x! dm(r)| S 5, 1=0,1,2,3, (3.43)
V&(z) = 2§¢m(r) =20, (z), (3.44)

The following lemma shows that we can take +;(t), for an appropriate time interval long enough,

as the approximate center of mass y§¥(t) defined by (3.50) in Lemma 3.5 below.

Lemma 3.5. Let € > 0 be arbitrary number such that e < 1/520, and put

; 1/2
EHWMW—%> , (3.45)

V&G =2N(1+Cy)M (5 + w7 (0)]]2
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where Cy is a positive constant defined by

Cy= sup sup [V, (2)](< o)
1SkEN zeRW

independent of j (see (3.41) and (3.43)). We take j large enough to obtain

lw?O)|> = D; _ ¢

llw? (0)]2 2’

so that we have

V&G < 2N(1 + Cy)M/z.

(This is possible by Lemma 3.3 and ||u?(0)|| 2 ||Q||.) For v/, we put
() = (Laor,, [ ()17 1w (0)]I7,
where Yoo, is as in (3.39). Then, we have
%0 € G0, 3R,1QN/ Va7 ),

and there are constants R; > 0 such that

Ol < V&, te[03R;]Q/vE),

/; <an [/ (¢, z + 457 (1))Pdz 2 (1 —¢/2)D;, ¢ € [0,3R;]|QU/V/E).

(3.46)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

Proof. We shall show that v3* to satisfy (3.52) and (3.53) for sufficiently large j such that we have

€; < N(1+ Cy¢)Me. From Lemma 3.4 we know that

[ 1954 5D 2 (1= /20D, ¢ 0,00).

If |v;(t)| £ 10R;, we have

K2, (=% (), [? @1%) + 7Ol ()1 ~ (Taor,, [ ()%

(3.54)

- [ +f (¥, = B O + 2O O = Faor, b (1)) d
llz—; (IS Ry llz—=;(8)I2 Rs)

llz—7; ()2 Rs] llz—; ()12 Ry

e w2 - D;

<52, (WO - (1- 5) ;) s 5o, (54 LEOLZD8) oy

1 .
Rl 2
< RO

(3.55)
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We have used the fact that
(Tm(- =), W OF) /17 0] < 2m (3.56)

for any y € RY and m > 0. We also here note that v2*(t) = (¥a0r;, |u? (t)[?)/[lv? (0)||? is almost
the center of the mass, and (Ug, (- — v;(¢)), [v7()|?) /|lu? (0)||? is almost the center of the “cluster”.
By (3.55) and (3.56), “the center of the mass” v2¥(¢) = (Yaor;, v ()[2)/||u’ (0)||? satisfies

1
I’)’;v(t) - ’)’j(t)l < 2R] -+ ER] < 3Rj, (357)
/|z|<4a- i (6,2 + 3 (2))Pdz 2 (1 - €)D; (3.58)

as far as |y;(¢)] £ 10R;. From (3.1) with ¥* = Uy, , we have that 7” € C*([0,00);RY). On the
other hand, we have from (1.3), (3.38) and (3.1) with ¥* = %, that

a(e)l < 22 |(V¥5or, - Vui(t), @) / I Q)1

/ llw? (012

/ (1 - V¥ 5.) - Vi () (t)dz
RN

<2+CoN | ]!Vuj(t)liuj(t)ldx / 1O
117(0))* - D; “2
< 2N(1+ny)M< 17 (0) “2 7 (O)]]
<& /el (3.59)

as far as B(v;(t); R;) C B(0;20R;). Now we set
t; =inf{t > 0;|y;(t)| = 9R;}.
If t £ t;, then we have
e (&) =% (@) <3R5, ()] < vE/lel.
Hence we have from (6.50) and (6.59) that
2 3R;(|Qll/v/E,
s0 that we have
() = 9R;, € [0,3R5[1Q1/ /). (3.60)

Thus we obtain

[ on WO @ e 2 A= e/2)Ds, 1 DIRIRIVE. (38D
z|S4R;
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Proof of Theorem B concluded
Let € > 0 be arbitrary such that

max (o, KLU 2 (1 +2) + W 20w I O + )

800
1 E*
< min ( 550" 4 ) (3.62)
where Cy = H“ st=5w (see Theorem A). We take j large enough to obtain (3.48) and (3.49). By virtue

of Lemma 3.5 and its proof, there exists a positive constant R; > max(K>/10,1) (for convinience)

such that we have that for any R > 10R;
[ widsz0-e2D; e 3R 0Ql/E), (363)
|z|SR

where Ko is the positive constant appearing in (3.43).

The rest of the proof is a modification of the argument performed in Glassey [13] and Ogawa.
— Y. Tsutsumi. [30, 31]. We shall work with a modified “variance identity” (3.4) together with a
suitable weight-functioﬁ ®. Let ¢(r) be as in (3.40), and put, for m > 0,

U5, (2) = dmloe) = md(=), (k=1,2,--,N), (3.64)
N Ty
Om(z) =2 / Sm(s)ds, (3.65)
k=170
where z = (21,2, -+ ,zx) € RN. Here we note that
ot K
gaqu(r)l < Rﬁ 1=0,1,2,3, (3.43)
V®,,(z) = 2T (z) = 2(¥} (21), U2, (22), - - -, U (zn)). (3.66)

we take ¥ and @ in (3.4) with p =1+ 4 as [ollows:

\I/(t,x) = @20}23- (.’E), q)(t, I) = &’ZORj (:L‘)

Then we have

(Ba0r;, 1w/ () |2) = (Poor,, [u?(0)[2) + 2St(u? (0), Ta0r, - Vod (0)) + t2E(w (0))
/ ds/ d7'< V Ta0r; +2> — V- Tgp;, luj(t)|a>
— 25)}/ ds/ d7-< ik — O; \IJ20R )aiuj(t), 6kuj(t)>
+ §/0 ds/0 d’T A(V Tor,), luj(t)|2>

=141+ +1V. (3.67)
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One can easily deduce from the first term I that
1< Kol[u(0)[*(20R;)? + 2Kol|u(0)||> M (20R;)¢ — E*t?.

We recall from the proof of Lemma 3.5 that for R > 10R;

/[Wz] WP < (WO - (1-5) D) = (S + 01 - D))

e, WOP-D;,
< (5+ 200D o < o2

as long as ¢ € [0,3R;]|Ql|/,/€5). Using this, we get

2 ~ ~ .
<; (V - Waor, + 2) —~V - Woog,, lUJ(t)|6>

A

2 ~ - )
A |>20R;) ; ((|v . ‘IJQOle + 2) + lv ' \I’ZORj l) |u-7(t,:z:)]”d:1:
z|> 5

174N

2 (NKy +2)+ NK;) | (¢, )| dz
g . [lz]>20R;}

A

§ ((NKy +2) + NK1) 2Cn (e[[u(O)) N (ellu(0)| + M).

Here we have used that fact that for v € HY(RV)

1% (1a) > 20m,]) = 280072 (2 108,y PV (1] > 10R,))

which follows easily from 10R; > K5 and

Ixellg € Cullxol F IV Ow)lI?,

where
x@ =1~ (Zion,(n), r=lal

Consequently we obtain

<

Qe

We shall estimate the third term II1. Noting that 1 — 8, %%z (z£) 2 0, we have

— 2R <(5ik — 8,0k, )80 (1), B (t)>

N
—2%R / > (1 = 8 U5, (2x)) 1040’ (2, ) [P dz

> N
YRY o1

A

0.

((NK1 +2) + NK1) 20w (eu(O))* N (el[u(0)I|? + M)t* < %E‘V-

(3.68)

(3.69)

(3.70)

(3.71)

(3.72)

(3.73)
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Hence we get
Iro. (3.74)
Making use of (3.69), one can easily obtain

< 1_Ks
= 2(20R;)?

Collecting the estimates (3.67), (3.68), (3.72), (3.74) and (6,75), we have

1

2
K3E”u(0)” t2 < ZE*tz’ (375)

ellu(0)]|*? < 300

(@20r,, 147 (1)%) £ Kollu(0)|*(20R;)* + 2Ko|u(0)[|*M (20R;)t ~ %E*t2~ (3.76)

Therefore, we can show that
(®20r,, [v (2R;11QI//E5)1%)
1 L1
<R? (400K0||u(0)||2 + 800Ky ||u(0)||>?M — — 2E ;>

VEi j

for sufficiently small e (and sufficiently large 7). Thus, we reach a contradiction.

4. FURTHER RESULTS AND REMARKS

Our method can be applied to the following Hartree type equation with N = 3:

2,-%1; +Au+(VxuPlu=0, (4z)eR, xRV, (41)
where
1
V(z) = Ed (4.2)

and * denotes the convolution in RY. It is worth while to note here that the equation (4.1) — (4.2)
is also invariant under the pseudo-conformal transformations as well as (NSC). We have frequently
used the symmetric prdperty of (NSC) in both the proofs of Theorems B and C. Moreover our

method works for the following system of nonlinear Schrédinger equation:

21@ + Au+ vufPu=0, (t,z) e Ry x R,
(4.3) a
21'5{ + Av + |'u,l2v =0, (ta I) eRy x R?.

This equation is closely related to the (BCS) theory of superconductivity (J. Bardeen, L. N. Cooper
and J. R. Schrieffer. Phys. Rev., 108 (1957)). The blow-up of solutions of (4.3) may correspond to
the formation of “Cooper pairs” on the Fermi surface: note that the “singulaities” in Theorem B
are described by zero energy and zero momentum solutions.

In [41], we discuss the inverse problem of Theorem B.
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