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These notes are designed to give a heuristic guide to many of the
basic constructions of differential geometry. They are by no means
complete; nor are they at all exhaustive. Some of the elemen-
tary topics which would be covered by a more complete guide are:
geodesics and conjugate points; Lie derivative and the flow of a vec-
tor field; coordinate construction techniques; GauB-Bonnet Theo-
rem; Bochner formulae; de Rham cohomology; Lie groups. Despite
these and other omissions, I hope that the notes prove useful in
motivating the basic geometric constructions on a manifold.
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1 Surfaces

Outline:

Parameterised surfaces in R?; tangent vectors; metric tensor; normal
vector; directional derivative; covariant derivative; second fundamental form;
principal curvatures; mean and Gauf} identity; Codazzi-Mainardi identity;

Gauf} theorem egregium.

Suppose that S C R? is a surface, with coordinate chart (or local pérameterisation)
X @ (u,v) — X (u,v) = (z(u,v),y(u,v), 2(u,v)) € S.

A fundamentally important observation is that most of the quantities we shall construct
to describe the geometry of S are independent of the choice of coordinate chart. An
index notation will be very useful: we introduce u®, a = 1,2 by

One advantage of an index notation is that the generalisation of many of our calcula-
tions to the case of n-dimensional surfaces in R**!, n > 2, is then very simple; another
advantage is that we may use the Einstein summation convention:

An expression containing a repeated index (for example, V"gf;), implies a
summation over that index,

Vaaf _ivaaf

our = Our

The summation convention allows us to express concisely many otherwise lengthy and
repetitive formulae.
The coordinate tangent vectors to S are the vectors X;, X, in R® defined by

X oX
o= A= g = han
X 00X
X = K= = aw @)

Any tangent vector to S can be written uniquely as a linear combination of the
basis vectors X,, a = 1,2,

2
V=VX,=Y VX,

1=1
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where V%, a = 1,2, are the coefficients of V in the basis X,.
Using the inner product (-,-) for vectors in R3 we define the metric or first funda-

mental form of S, by
g(V, W) =(V,W) ()

for any tangent vectors V, W on S. By linearity we may express the metric in terms of

the components
Jab = g(Xa, Xb) = (XaaXb)

of the metric with respect to the coordinates u®, for example

2
gV, W) = 5" VWlge = VW gy. (3)

a,b=1
The classical notation for the first fundamental form
E =g, F =g, G=gn, (4)

may still be found in many older books on surface theory.
One application of the metric is to describe the length of a curve given in terms of
the coordinates u®. Thus, suppose

vit— (Y1), ¥*(), 0<t<1

defines a curve in S; more precisely, 7 : [0; 1] — R? describes a curve in a coordinate
chart of S, and the curve in S C R3 is given by

ﬁ:Xoy:ti—)X("y(t))ER:;.

Then the length of v is given by

1 d~
length (7) = /0 = (t)ldt

[ O D00

| Vit )

since the tangent vector dy/dt € R? satisfies

I

di _ dy'
dt — dt

Xo=7"Xa

by the chain rule.
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A unit normal vector N to S is determined up to £, and may be described using -
the vector cross product in R? by the formula
X. x X,
| X x X,

This formula does not generalise so easily ! to the case of hypersurfaces in R**!, n > 3,

N =

but this is not a significant problem, since the existence of a normal vector is not in
question.
If f:R* — R, and if v: ¢t —> y(t) € R" is a curve in R", then foy: R — R
is a function of one variable and the chain rule gives
d af dv'
dt Z oxt dt
i 8 f
Y ey
which depends on the tangent vector ¥ € R™ to the curve yv. We call this the directional

(6)

derivative of f in the direction 7,

i 0f
Dif =455 (7)

If V is a vector in R™, based at a point x € R", then we may always find a curve

through z in the direction V (for example, y(t) = z + tV), and then we define the
directional derivative by

i O
Dvf =5 (0)55(a), Q
where z = (0) and V = 4(0). Notice that (7) shows that this expression is independent

of the choice of curve representing V, so the definition (8) is unambiguous. We may
rewrite (8) in the elegant form

of
oz’
which makes the relation with the chain rule very explicit.

Dyf=ViZl

The definition of directional derivative of a function may be easily extended to
vector fields in R™. Thus, for example, if Y, Z are two vector fields in R?, so Y =
(Yi(z,y,2),Y%(z,y,2),Y3(z,y, 2)), then the directional derivative of Z in the direction
Y is the vector field

0 0 3
DyZ = Y'—=Z+Y*—~Z+Y*—
Y oz dy e
. 0
= Y'—Z
oxt
1The generalisation defines the normal vector using n (coordinate) tangent vectors X1, ..., X, and

the (n + 1) cofactors of the (n + 1) X n matrix [X; -+ X,,]
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If Y, Z are vector fields tangent to the surface S, then we may decompose Dy Z into
components tangential and normal to S,

DyZ =VyZ +1(Y,Z)N (9)
where the tangential component
VyZ = (DY Z)tangential (10)

is called the covariant derivative on S of the vector field Z in the direction Y, and the

normal component
(Y, Z) = (DyZ,N) (11)

is the second fundamental form of S. Since

0=Dy((Z,N)) = (DyZ,N)+(Z,DyN),
0= Dy((N,N)) = 2(N,DyN), (12)

it follows that
(Y, Z) = —(Z, Dy N) (13)

and thus we may interpret II geometrically as describing the “bending” of the normal
vector as we move around the surface. It is clear from (13) that I(Y,Z) depends
linearly on the tangent vectors Y, Z;

(Y, Z) = Y Z"I(Xa, X3) (14)

where Y = Y*X, is the expansion of the tangent vector to S in the basis X,, a =1,2
of the tangent vectors to S. Noting that

Dy X, = 8uaXb
2
= Xuw, (15)
we obtain the useful formula
Iy = (X, Xp) = (Xav, N)- (16)

Since X, = 82X/ OutOub = X,,, this implies Iy, = Iy, or in terms of general tangent

vectors Y, Z,
(Y, Z) =0(Z,Y). (17
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Thus the second fundamental form is a symmetric bilinear form on tangent vectors to
S.

The principal curvatures of S are the eigenvalues of Il with respect to the metric g;
equivalently, they are the roots of the polynomial equation

p(\) = det(I — Ag) = 0. ’ (18)

The principal vectors ey, e of Il are tangent vectors which are orthonormal with respect
to g,

gler, e2) =0, gler, e1) = gles, €2) =1,

and which diagonalise II,
II(el, 62) = O, I[(el, 61) = )\1, H(Cg, 62) = )\2

where Ay, A, are the principal curvatures. These relations may be written more suc-
cinctly as

g(ea-veb) = 5ab (19)
]I(ea,eb) = Aaéab, (20)

where 64 = 0if a # b, 0,5 = 1 if a = b, is the Kronecker delta, and where there is no
summation implied by the repeated index a in (20).
From (12) we see that Dy N is tangent to S and depends linearly on Y, so the
Weingarten map
Y — DyN (21)

is a linear transformation of tangent vectors to .S, which may be described using ma-
trices with respect to the basis vectors X, using (13) by

DyN = Yl 4g"X., (22)

where (g?) = (ga5)7" is the inverse metric. Another interpretation of the principal
curvatures is as the negative eigenvalues of the Weingarten map (21), or using (22), as
the eigenvalues of the matrix \

I = g™I,,. (23)

The principal vectors are then the eigenvectors of ]If,, normalised to unit length —
because II,, is symmetric, the Principal Axis Theorem of elementary linear algebra
implies that the eigenvectors of I[Z are orthogonal with respect to ggp.
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The mean curvature H and GauBl curvature K of S are defined using symmetric
functions of the principal curvatures A;, A; by

2H = /\1 + /\2 = gabHab = t’f‘gH, (24)
K = MA= det(Hab)/det(gab). ) (25)

In terms of the classical notation
e=1Iy, f =1, g=1Hy,

we have the formulae
Eg+eG—-2fF

2 = = pm (26)
eg — f?
K = wo—0 (27)

Unlike the second fundamental form II(Y, Z), the covariant derivative Vy Z cannot
depend only on the value of the vectors Y, Z at a point (see (14)), but must involve the
derivative of the coefficients of Z, since the total directional derivative Dy Z involves
the derivative of Z. Explicitly, by expanding Y, Z in the basis X, we obtain

VyZ

(Y“%;Z”) Xy + (Y°2'TS,) X.

d
= Y° <%Z" + Z”FZC> X, (28)

where we have defined the Christoffel symbol T'S, by
Vx, Xy =T X, (29)
Defining T'gp = geal'é, We obtain using (15)
Tabe = gealty = (Vx, X, Xe)
= (Dx, Xy, Xo)
= (Xa, Xe) (30)

which gives a simple formula for computing the Christoffel symbol I'¢, = g°T' 444 and
hence the covariant derivative (28). Remarkably, the Christoffel symbol may be ex-
pressed by formulae which use only the metric gq,

r, (o, L0,  _9
abc — 2 3uagbc 8ubgac 6ucgab )

. 1.,( 8 9 a
ab = 59 (%gbd + g ded ~ %9@) . (31)
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These formulae follow from the useful identity
Dy(g(Y,2)) = g(VvY, Z) + g(Y, Vv Z) (32)

for tangent vectors V,Y, Z to S, which implies in particular

0
Ao = DXa (Q(Xb, XC))

ou®
g(VXa,Xb? X.) + g(va Vx,Xe). (33)

Il

We say that the covariant derivative V is metric-compatible if (32) holds.

Because (31) involves only the metric g, and makes no explicit use of the embedding
X of S in R3, these formulae may be used to define the covariant derivative for an
abstract manifold, as described in later lectures.

It is often very useful to consider a tangent vector V' as equivalent to the differential
operator Dy on functions. The Lie bracket [V, W] of two vector fields V, W on R? for
example is defined via its differential operator Dyy,w; on functions by ’

Dwwf = Dv(Dwf)— Dw(Dvf)
= [Dv, Dwlf, (34)

where [Dy, Dw] denotes the commutator of the differential operators Dy, Dy. By
W =W’ —8— we find that
oI

ding V = Vi—
expanding py

N I A
Dy f = (VJ%ZJW - WJ@V> %f,

using the fact that partial derivatives commute, and thus we see that [V, W] is a vector
field with coefficients 5 5

V,W]' = Vi W' - Wi_—V*, 35

[V, W] 527 507 (35)
If Y, Z are tangent vectors to S, and Y, Z° are their coefficients with respect to the
basis X, a = 1,2 of tangent vectors to S (rather than the basis §; = 5‘2—,-, 1=1,2,3 of
tangent vectors to R3), then their Lie bracket is given by

0

0
a __ b a _ r7b a
¥, 21" = Y' 55 2% — 25 v™, (36)

since the Lie bracket of coordinate tangent vectors vanishes

[Xa, Xs] = 0. (37)



This can be seen most easily by noting that

0 0
Dx,Dx,f = — | =— f(u',v?

Xa be ENC (3ubf(u ) U )) ) (38)
since f can be expressed as a function of the coordinates (u!,u?) on S. Now combining
(28), (31), (36) and (37) yields the identity

VyZ - VY =Y, 2], (39)

which we paraphrase by saying that V is torsion—free.
The Riemann curvature tensor R(U, V,Y, Z) evaluated on tangent vectors U, V)Y, Z
is defined by
RUV,Y,Z) = g((VuVy = Vv Vy = V)Y, Z); (40)

remarkably, this expression which apparently involves second derivatives of the coef-
ficients of Y for example, is in fact linear in just the coefficients (zero’th derivatives)
alone of the vectors U,V,Y, Z. Thus we have

R(U,V,Y,Z) = UV*Y°Z%Rapea (41)
where

Rabcd = R(Xa) Xb’ Xca -Xd)

= g((VXaVXb - VXbVXa)XC) Xd)
0] o . .
= %Fbcd - %Facd + Facrbde —_ FbcPade (42)

since [X,, X;] = 0. Notice in particular from (31) and (42) that the curvature R,p.q may
be expressed by a formula which involves only the metric g,, and its first and second
derivatives. Further properties of the Riemann curvature will be developed later.

Alternatively we may use (42) to express Rgpeq in terms of X and its derivatives
X, = 0X/0u®, Xo = 02°X/0u0ub and Xpp = 0°X/0u®0ubduc. By systematically
expanding into tangential and normal components we may obtain some fundamental
identities of surface theory. From (9), (15), (16) and (29) we have

X = N + FZbXC. (43)
Substituting (43) into the identity

0= cha - Xcab = DXa (ch) - DXb(Xca) (44)
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and taking the normal component gives the Codazzi-Mainardi identity
Ve — Vpllee = 0, (45)

where VII is the covariant derivative of II,

5 ,
VIl = %Hbc — T4 1y — 2 Ty, (46)

which should be compared with the expression (34) for the covariant derivative of a
vector Z.
The tangential component of (44) gives the Gauf identity

Rabcd = Had]Ibc - Hacubd‘ (47)
In particular, this shows that
Raped = —Rpaca = — Rapac (48)

and thus, for surfaces S in R3, essentially the only non—vanishing curvature component
is Ry99;. From (47) we derive a relation between the Gauf} curvature K = \; o, defined
using the bending of the embedding S C R? and the Riemann curvature, defined using
the intrinsic length measure g,;, namely

Rigp1 Rign
M=K = = . 49
i det(gar) 911922 — (912)? (49)

- This is the theorem egregium of Gaufl.
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2 Manifolds
Outline:

examples of manifolds; motivation; coordinate charts; transition func-
tions; smooth functions; definitions of a manifold; Implicit Function Theo-
rem; submanifolds of R™; embedded and immersed submanifolds; tangent
vectors.

The aim of this chapter is to introduce the fundamental concept of a manifold. The
systematic formulation of this definition was a major achievement of early 20th century
geometry, and laid the foundations for a vast amount of work in topology, analysis and
geometry.

Roughly speaking, a manifold is an n—dimensional surface, but without the repre-
sentation into Euclidean space that proved so useful to us when we described surfaces
S in R3. Some examples of useful and common manifolds are

e the n—sphere S™ = {z € R""!; |z| = 1};

e the n—torus 7™ = S! x S! x - -+ x S, which may also be considered as a quotient
space
T — Rn/zn,

or space of equivalence classes of points x,y € R™ under the equivalence

r~y = x—y=(my,---,my,) €LY

e Real Projective Space RP™ = S™/(x ~ —z);
e the space of lines in R? (this turns out to be the same as RP?); 2
e the quotient space SU(2)/U(1), which turns out to be the same as S?;

e the set {(u,v) € S? x S?; ulv}, which turns out to be the same as SO(3), the
real orthogonal group.

2More precisely and more generally, the space of affine lines in R™ is an open dense subset of
G, (n+1), the Grassmanian of two planes (through 0) in R™*!. This may be seen by identifying a line
£ C R™ with the line (£,1) C R™*!, which spans a unique 2-plane through 0 in R™"*!. The missing
lines correspond to the Gy, at infinity in Gy (ni1)-
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For some of these examples, it’s not immediately obvious how they might be realised
as subsets of some Euclidean space, and even less obvious that any such representation
is an essential feature of the set. Instead, we aim to consider these sets independent of
any particular representation as a subset of some R™.

A key observation on the path to constructing such an intrinsic definition of “sur-
face” is that for a parameterised surface X : (u!,v?) — X (u',v?) € S C R3? many
(but not alll) of the computations may be written solely in terms of the coordinates
(u*) and quantities which may be defined as functions of (u®), such as gub, Rapea, €te.
The definition of manifold below will start with coordinate charts, but (somehow) not
make any reference to any ambient Euclidean space.

For another clue about the general definition of manifold, consider the definition of
a C* (or C* k > 1) function on S C R®. If f : S — R, then one possible definition
of C* would require that f be the restriction of some C® function f : R® —s R.. This
obvious definition has the aesthetic drawback that it involves values of f at points
which do not lie on S. Note that this idea of extension away from S is implicitly used
in many of the surface theory calculations of the previous chapter, for example, in
constructing the covariant derivative Vy Z of two tangential vector fields from the R?
directional (R3-covariant) derivative Dy Z = Dy Z.

An alternative definition of C° uses the coordinates (u®): we can require that the

composition

(u) — X (") — (X (),
foX:UCR?> — R

is C*° as a map of Euclidean spaces, where it is classical what is meant by “f o X is
C°°”. Similarly we may define spaces of Holder—continuous functions C*<, or Sobolev
spaces WP — but in these cases, setting up the Banach or Hilbert space norms requires
further work.

A major problem with working with a coordinate definition is that of ensuring that
the definition is independent of the choice of coordinates; for a surface such as the
2-sphere S C R3, not only are many different choices of coordinates available, but
also the whole surface cannot be covered by a single coordinate system. Thus we must
consider the effect of a change in coordinates. Suppose X : (u*) — X (u) € S, and
Y : (v°) — Y (v*) € S are parameterisations of S C R?, then if the regions of S
covered by the two parameterisations overlap, we may consider the transition function

w2 X (u) =Y(v)v—Y;l>v,
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or heuristically, v = v(u) = (Y~ o X)(u). Since
foX =(foY)o (Y oX),

the two coordinate representations of f : S — R are related by the transition function
u+— v(u) = (Y' o X)(u), and we may relate differentiability of f in u to differen-
tiability of f in v by using the chain rule of multivariable calculus and the (assumed)
smoothness of the transition function u — v(u). This imposes a compatibility con-
dition on the coordinate choices, namely that the resulting transition functions have
sufficient regularity (eg C*, CF etc).

We can now construct the definition of a manifold. An n—-dimensional (topological)
manifold M is a set with a topology which is

(a) Hausdorff (i.e. if z,y € M, x # y, then there are open sets U C M, V C M such
that z € U, ye Vand UNV = @),

(b) Separable (i.e. the topology on M has a basis of open sets which is countable);
and

(c) Locally Euclidean (i.e. for any x € M, there is an open set z € U C M and a
homeomorphism ¢ : U — ¢(U) € R™).

(Recall that a homeomorphism is a continuous bijection with a continuous inverse).
The condition of Hausdorff can be relaxed, at the cost of allowing some relatively
bizarre spaces to qualify as manifolds. The separability condition is needed to en-
sure paracompactness, which in turn is used to ensure the existence of partitions of
unity; these are essential in many constructions, such as deriving the existence of a
Riemannian metric on M, and in defining integration on M.

The map
p:UCM—R"

is called a coordinate chart (about z). The coordinate charts ¢ : U — R™, o : V —
R™ are C*~compatible, k < oo, if the transition function

poyy l:p(UNV) — R"

is C* as a map between Euclidean spaces. Notice that the coordinate charts we are
using (¢ : U € M — R"™) go the opposite direction to the parameterisations X : U C
R? — S C R? we used when considering surfaces in R?; this turns out to be more

convenient.
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A C*-atlas of the manifold M is a family of coordinate charts
O = {(¢a,Uy) : @ € A}
(where A is the indexing set of the family), such that the sets U,, a € A, cover M

M= U,

a€A

and such that the transition functions ¢os = ¢ © qul
¢aﬂ : ¢,B(Ua N U/j) — R", Oz,,B cA

are all C*. A mazimal C* atlas is an atlas which contains all C* compatible coordinate
charts; because

Pay = Pap © Ppy,
at least where both functions are defined, and because the composition of C* functions
is again C* it follows that in order to construct a maximal C* atlas, it suffices to find
just one family of C*-compatible coordinate charts which covers M. Finally, a C*
manifold is a topological manifold with a C* maximal atlas.

Henceforth, for simplicity we will consider all manifolds to be C*°, unless explicitly
indicated otherwise; the changes needed to consider C* manifolds are usually very
minor. We also use smooth as a synonym for C*°.

It’s easy to see that R™ is a smooth manifold, since the identity map Id : R* — R"
defines a chart which covers all of R™ and hence gives a C* atlas.

The definition of a smooth function f: M — R is now clear: we must have the
composition

fa=Ffod7"  ¢a(Us) — R

a smooth function, for every coordinate chart (¢, Us) on M. Again, because

fﬂ = fa°¢aﬂ

where both functions are defined, and because ¢35 € C* always, it follows that this
definition is consistent, and smoothness need only be verified on single atlas of charts.
Similarly, a map f : M™ — N" between manifolds is C*° if the maps

zﬁiofogb;l:qﬁa(Ua)EML)N&—)R"

are C*, for all charts (¢4, U,) on M and (¢;, V;) on N. Now, an important example
of maps between two manifolds is provided by curves; a C* curve in M is a C'*™ map

v:R — M.
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The graph of a smooth function f: R — RP?,
graph(f) = {(z, f(z)) € R"'?, z € R"}
is a smooth manifold if we give graph(f) the topology induced by the inclusion
graph(f) < R,
since we have a C'™ atlas given by the single coordinate chart
¢: graph(f) — R", (2, /(2)) > .

(Subtle point: if f € C*, k < oo is not smooth, then this construction still shows
graph(f) is a C'* manifold, but the inclusion graph(f) < R™*? will no longer be a
C°° map between manifolds).

The space S® C R™! is not a graph, but it can be locally represented as a graph
(over some coordinate n—plane, for example). This provides a covering of S™ by co-
ordinate charts, and it is easy to check that the resulting transition functions are C*
and hence S™ with the topology induced from R™*! is a smooth manifold. More gener-
ally, any connected subset of R¥ which can locally be represented as a graph of a C*®
function is a smooth manifold, by the same argument.

This leads to the general question: when can the level set F~1(0) = {z € R", F(z) =
0}, where F': R® — R™, m < n, be given a manifold structure? By the above dis-
cussion, it suffices to show that F~1(0) is locally described as a graph, over some
coordinate plane for example. Conditions which ensure this is possible are provided by

Theorem 1 (Implicit Function Theorem) .

Suppose f : R® — R™, m < n, is C®°, let R" = R"™ x R™ = {(u,v) : u €
R™™, v € R™} and suppose D, f is an invertible m x m matriz at py = (uo, vo) with
f(ug,v9) = 0. Then there is an open neighbourhood U C R™™ of ug and a smooth
function g : U — R™ such that g(ug) = vo and

fu,g(u)) =0, YueU.

Proof : Consider F: R® — R", F(u,v) = (u, f(u,v)). Clearly F is C*° and

DF =

Inm Duf
0 D.f
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is invertible where D, f is invertible. In particular, DF(ug,vp) is invertible, and the
Inverse Function Theorem gives a C* function G : R® — R" which is an inverse of
F in some neighbourhood of (uqg, vg),

F(G(z,y)) = (z,y) e R x R™,
for (x,y) near (uo, f(uo,v0)) = (uo,0). Write G(z,y) = (91(5'3731)»92(50,?/))»’30

F(G(z,y)) = Flo,9) = (01(z,y), f(91(2,9), 92(2, 9)))
= (a:,y)
Hence ¢;(z,y) = z, and
y = f(z, 02(z,v))
for (z,y) near (ug,0). Defining g(u) = g2(u,0) gives

0= f(u,g(u)) for u near uo,

and thus g is the required C* inverse function. B

The practically useful form of this is
Corollary 2 Suppose f: R" — R™, m < n and yo € R™ are such that
rank Df(z) =m

at all points x for which f(z) = yo. Then f~(yo) = {z € R™; f(z) =yo} is a smooth
manifold under the topology induced from R™.

Proof : The rank condition implies that D, f is invertible, for v in some coordinate
plane, and hence by the Implicit Function Theorem, f~!(y,) is always locally repre-
sentable as a graph over some coordinate plane. B

Another way of stating this is that f~!(yo) is an embedded submanifold. More gen-
erally, f : M™ — N™ is an embedding if the induced topology on M from its inclusion
in N coincides with the topology on M, and if f : M — f(M) is a diffeomorphism,
i.e. a smooth map with a smooth inverse. If f: M — N is locally an embedding
(i.e. for every z € M, there is a neighbourhood € U C M such that f|y is an em-
bedding), then f is an immersion. Note that an immersed submanifold can still have
self-intersections.

Example: It was claimed earlier that the set M = {(u,v) € S? x S%,u L v} is a
manifold. To show this, note that M = f~1(0) where

fFiRO—R: f(u,0) = (uf’ - 1,0 - 1,(u,v))’, u,veR?
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and thus

2ut 0
Df=1| 0 20
vt

Now rank(Df) = 3 at points (u,v) where f(u,v) = 0, so the Corollary applies to
show M is a manifold. The identification with SO(3) is obtained by noting that points
(u,v) € M are in one-to-one correspondence with orthonormal frames, by (u,v) +—
(u, v, u X v).
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3 Vectors and Tensors

Outline:

tangent vectors and covectors; coordinate vectors; differentials; tangent
and cotangent bundles; vector fields; tensor and exterior algebras; push
forward and pull back maps; Riemannian manifold.

Now that we have a general definition of manifold, we turn to the problem of
constructing appropriate generalisations of geometric entities such as tangent vectors
and metrics. We start by defining tangent vectors.

Definition 3 A tangent vector at po € M is an equivalence class of curves, under the
equivalence relation v ~ § defined by

7(0) = 6(0) = po
and for some coordinate chart ¢ : U — R", py € U,
(¢07)'(0) = (¢06)(0). (50)

Here ¢oy: R — R" is a curve in R", and (¢ o v)'(0) is its tangent vector in R™ at
t = 0. Note that the chain rule ensures that the condition (50) is in fact independent
of the choice of chart (¢, U) and hence the equivalence relation ~ is well defined.

The directional derivative is defined using representing curves. If v is a tangent
vector at z € M, and f: M — R, then

D)) = 7 07(1)

t=0

where v : R — M is any curve representing v. Again the chain rule and (50)
combine to show this definition is independent of the choice of representing curve «y for
v. Explicitly, if ¢ : U — R™ is a chart about pg, then we set

foy=fo¢lopoy=fo7q

where f =fo¢7l:¢(U) — Rand ¥ = ¢ovy: R —> R" are both maps between
FEuclidean spaces. Then

d . d5
GUeno = pi-Fo
= Df(g @) To0) by (50)

d
= a(f 0 6)(0),
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where § : R — M is another representative of v.

If : U — R™ U C M is a coordinate chart, then we define the coordinate
tangent vectors (of the chart ¢) as the tangent vectors of the coordinate lines -; :
R— M it=1,---,n

%(t) = ¢~ (¢(po) + tes),
where e; = (0,---,0,1,0,---,0), ¢ = 1,---,n are the standard basis vectors in R™

If we (temporarily) continue with the notation f=fogpl: #(U) — R and let
z = (z',---2") be the usual Cartesian coordinates on ¢(U) C R™ so that ¢ has the

coordinate representation ¢ = (¢!, -, ™), then
d d «
a(f 0%)(0) = 7 (¢(po) + tes) »
_ of .
= 2L (oo0)) 51)

that is, the directional derivative in the coordinate tangent vector direction is just the
usual partial derivative, when all calculations are translated to R™ using the chart ¢.
This will be an extremely useful observation. For example, we adopt the notation 0;
for the coordinate tangent vector, and then (51) may be rewritten as

Darf () = 2 (6(n).

If we now agree to forego the f notation, then this can be written more simply as

Dof = of =i (52)

We now show that the coordinate tangent vectors form a basis for the vector space of
tangent vectors (at the point pg). If v is a tangent vector at py with representing curve
v:R — M and f: M — R is any function, then

d -

va = EZ, 0’7(0)

and in the z* coordinates, 5(t) = (¢ 0 v)(t) = (3(t),---,5™(t)). By the chain rule and
(52),
_of &F
b.j = ort dt ©

= 5(0) Daf. (53)
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If we let v' = f;yi(O), then the curve

n

8(t) = ¢ He(po) +1)_v'e;)

i=1
= ¢7H(e(po) + (0", -+, 0"))
satisfies from (53),
D.f = $(F 26)(0)
and hence ¢ is a representing curve for v, since two vectors are the same exactly when
their directional derivative operators agree on all smooth functions. ‘The identification

of v with (v!,--- v") € R™ via the “standard representing curve” § then gives a vector
space structure to the set of tangent vectors at py which satisfies, by (53),

v =0, (54)

That is, {01,---,0,} is a basis for the tangent vectors. It is not hard to verify that
this vector space structure is independent of the choice of coordinate chart.

Ifweletr;, : R — R,i=1,---,n denote the standard Cartesian coordinate
functions and if (¢, U) is a chart on M, then the n functions

tt=r0¢:U—R, i=1,---,n (55)

are called the coordinate functions of (¢,U) and we may write ¢ = (x!,--- z™). This
notation can be very usefully abused. For example, if (¢, V) is another chart with
po € UNV and if we let 4* = r; 0 9 denote the coordinate functions of 1, then the
respective coordinate tangent vectors d,,, 0, are related by

oy’
Opi = =—=0y;
ai = 5O (56)
where the function y(z) = (y'(zt,---,2"),-- -, y"(z,---,2")), vy : (U NV) — R",

is just the transition function,

y=vo¢™t=(riopog™). (57)
Appropriately, the proof of (56) follows from the chain rule. Let zg = ¢(po), then
3}
Dof = 5n(fod™)(w)
3

= o=((fev™) oo d™) (a0)
9 -1 dy

oV ) 5z (o)
o Do

£,
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The vector space of tangent vectors at p € M is denoted T, M, and the space of
all tangent vectors on M is TM = Upep T, M; TM has a natural manifold structure
based on charts derived from coordinate charts on M. There is a natural projection
TM — M defined by (p,v) — p where v € T, M, so that the fibre over p € M is the
tangent space at p. A section of T'M is a lifting p — v,, or in other words, a vector
field on M. The space of all smooth vector fields is denoted X (M).

Constructions with a vector space V' (such as forming the dual space V*, the tensor
products V®---® V@ V*®---® V* and the exterior products A* V) can be easily
carried over to the tangent bundle T'M, by simply applying them to each vector space
T,M,p € M. We now briefly review these vector space constructions.

If V is a vector space then the dual space V* is the vector space of linear functionals
n:V — R. The dual basis of V*, dual to a basis vy, -, v, of V, is the set of linear
functionals {n’,j = 1,...,n} satisfying

7 (v;) = 6, i=1,...,n.

In particular, if y = a*v; € V, then 7/ (y) = a’.

The dual vector space of T, M is called the space of cotangent vectors or simply
covectors and is denoted by T;M. The cotangent bundle T*M is the space of all
covectors, T*M = U,ep T, M, and also is naturally a manifold, of dimension 2n. Just
as tangent vectors are naturally associated with curves in the manifold, there is a
geometric interpretation of cotangent vectors, based on functions:

Given any function f : M — R, there is a linear functional df on tangent vectors
defined for v € T, M by

df (v) = D, f. (58)
The linearity of df follows from the coordinate representation (53). Denoting the

restriction of df to vectors at the point p by df, (similarly we may indicate that a
vector v is based at p by writing v,), we have

df, € T; M.

A natural basis for T ;M can be derived from a coordinate chart. The differentials dx?
of the coordinate functions z* : U — R satisfy

dx'(9;) = Do,(a’)
0

dzi

~i
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where & = 2'0 ¢7! : R®* — R, #* = r;, and hence
da'(9;) =46}, 1<4,j<n.

In other words, {dz!,---,dz"} is the basis of Ty M dual to the coordinate vector basis
(81,0} of T,M.
The expansion of df in the basis dz*,i = 1,...,n is obtained by noting that

of
d 3i =Dy f = -
f( ) 6tf 81_1
and hence of
which should be compared with the chain rule.
The tensor product of two vector spaces V, W, with bases {vy, - -+, vn}, {w1, -+, wm}

respectively, is the vector space V @ W with basis
{vi®@we,1<i<n, 1<a<m};
hence V ® W has dimension nm, and there is a natural product operation
VW —VOW

which is linear in each factor. If y = y'v; € V, z = 2w, € W, then
n m .
YRz = Z Z(y’z“) U; ® Wg;
=1 a=1

it is straightforward to verify that this definition is independent of the choices of bases
of V,W. Tterating this construction gives the space of (r, s)-tensors,

RV =V - VeV'®---V*, (60)

T s

which are well-defined since the tensor product ® is associative, (UQ V)@ W =
U® (V®W). However, the tensor product is not commutative, since there is no
unique identification of V@ V @ W with W ® V ® V for example. Alternatively,

’Ui®’Uj;£Uj®’Ui, SO

(y'v) ® (27v)) = y'& vi®u;
# ¥ v v = (2'v) @ ().
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Tensors in ®° V* are identified with multilinear functionals on V. For example if
a, B € V* then a ® [ is the bilinear functional defined by

(@®B)(y,2) =aly) B(2), VyzeV.

A section of the bundle 7 M is a choice of (0,2)-tensor or bilinear form on tangent
vectors, at each point p € M. We have encountered two examples of such animals in
the lecture on surfaces, namely the metric tensor,

g = gij dz* @ da? (61)

which satisfies g;; = g;; (symmetric) and g;; > 0 (positive definite). Here g;; are the
coefficients of the metric tensor with respect to the local basis dz* ® da?, 1 < i,j < n,
of TISO’Q)M , and thus by duality of 8; and dz? we have g;; = g(8;, 9;).

A Riemannian manifold is an n-dimensional manifold with a metric g — a symmet-
ric positive definite bilinear form on vectors. Note that this definition of metric does
not make any reference to any relation with the metric induced from an immersion in
any Euclidean space; in fact, a priori it is far from clear whether or not a given metric
can be realised by an immersion into some R*. That this is indeed true is the content
of a deep theorem of John Nash.

The second example (0, 2)-tensor is the second fundamental form 0. Again this is
also symmetric, but not in general positive definite. In local coordinates (u®) on the
surface S we have

I = I, du’® ® du’,

where Iy, = (N, Xop).
Defining ®°V = R, the tensor algebra space

®V:é®’V:R@V@(V®V)@---
r=0

has the structure of an associative algebra over R with identity 1 € ®°V, and product
operation ®. Taking the quotient of @ V by the two-sided ideal (v ® v) generated by
elements of the form v ® v, v € V, gives the exterior algebra of V,

AV =QV/waw). (62)

The tensor product ® in @ V' descends to AV to give the wedge product A on AV

since
vAv=0 forallveV (63)
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in AV by the definition (62), it follows from linearity that
vAw=-wAv forallv,weV. (64)
Consequently a basis of A*V = ®*(V) / (v ® v) is given by
vy Ao Ay, 1<4 <ig<---<ipg<n
and hence '
dim AV = (Z) = k'(Tn——_IS‘_’ k<n
and A*V = 0 for k > n. It follows by repeated application of (64) that

BAra=(-1)anp,  forae AV, Be V. (65)

We may identify A*V* as the space of alternating, or totally antisymmetric, multi-
linear forms on V in one of two ways. We shall use the dual pairing

(A B)(v,w) = a(v)B(w) - a(w)Bw) fora,Be AV, v,weV,
and more generally,

(o A ANag)(wr, ... wg) = Z (—1)"’"(")011(1110(1)) < 0 (Wok))- (66)
o€perm(1,...,k)

The other identification would insert a factor of 1/2 in the first relation, and 1/k! in
the general relation (66). The convention adopted here has the advantage that the
bases vy, I = (i1,...,0), 1 <143 < -+ < i < n and n' are dual, n’(vy) = §}. The
interior or cut product ¢, : A**1V* — AFV* is defined using the identification with
alternating forms by

(L) (wy, ..., wg) = a(v,ws, ..., w), (67)

where v € V is any vector. Note that ¢, o ¢, = 0 by the alternating property. The
exterior or wedge product €y : AFV* — AFF1V* i defined similarly,

ea=ANa, AEVH (68)
and we note the interesting iden’bity

Exty + L€y = A(v) AV veV. (69)
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As before, we may apply the exterior product construction to the tangent or cotan-
gent bundles, yielding the spaces ATM, and A T*M. The space A*(M) of sections of
the bundle A*T*M is particularly important — sections of A*(M) are called k—forms.
Note that 1-form is thus a synonym for cotangent vector field, since A'V = V.

A map ¢ : M™ — N™ of manifolds may be used to transport objects from one
manifold to the other. For example, if v : R — M is a curve through p € M then
$povy:R — N is a curve through ¢(p) € N. The push forward ¢,v, of the tangent
vector v, = 7/(0) to v at p is then the tangent vector at ¢(p) to ¢ o~y. Other notations
for push forward are

$v = (¢07)'(0) = dg(v) = Tg(v).

Note that although individual vectors may be pushed forward, the push forward of a
vector field is not a vector field — a point ¢ € N may have more than one preimage
under ¢, or none at all. One example of push forward of a vector has already been
given — the tangent vectors X, to a surface may be viewed as the push forward of the
coordinate tangent vectors in U C R2,

Xo = Xi(Oya) = X.(84).
Iface T4,V is a covector on N, then ¢*« is the covector at p € M defined by
(¢p*a)(v) = a(d.v), VoveT,M, (70)

and is called the pull back of . Unlike the push forward of a vector field, the pull back
of a covector field is always a covector field. Note that if f : N — R then we may also
define the pull back of f by ¢*f = fo¢: M — R, and then we have an interesting
relationship with the differential,

d(¢"f) = ¢*(df). (71)

We also note that ¢* respects the algebra structure of AM ie. ¢*(aAB) = ¢*(a)Ad*(B),
which follows from the linearity of ¢*, ¢, and the definition of ¢* applied to A*T*N.
In particular, ¢* : A¥(N) — A*(M).
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4 Curvature

Outline:

Covariant derivative; curvature tensor; gradient and Laplace operators;
exterior derivative; Cartan calculus; connection matrix; structure equa-
tions; Bianchi identities.

Using the directional derivative and a metric on a manifold allows us to generalise
several geometric constructions of surface theory, in particular, the covariant derivative
and curvature.

The covariant derivative on a surface is a map V : X(M) x X(M) — X(M)
satisfying the basic derivation rules,

VxfY = DxfY+ fVxY, (72)
VixV = fVxY, (73)

for any vector fields X,Y € X (M) and function f € C®°(M), and the metric compati-
bility and torsion-free conditions

Dx(9(Y,2)) = g(VxY,Z)+g(Y,VxZ), (74)

[X,Y] = VxY —-VyX. (75)

The Levi—Civita identity

9(VxY,Z) = §(Dx(g(Y,2))+ Dy(9(X, Z)) — Dz(9(X,Y))
——g(Y, [X,Z])—g(X,[Y,Z])-}—g(Z,[X,Y])) (76)

defines the covariant derivative on any Riemannian manifold, and is easily seen to
have the required properties (72), (73), (74), (75). It also follows that V is uniquely
determined by these properties.

There are two interesting special cases of (76). If we restrict attention to coordinate
tangent vector fields d;, then [9;,9;] = 0 and (76) gives the Christoffel symbol formula

Liig = 9(Ve,0;,0k)

= (8igik + 0;9ik — Okgij)- (77)
If on the other hand we restrict attention to vector fields ey,...,e, forming an or-
thonormal frame
g(ei,ej) = 0jj
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(or more generally, g(e;, e;) = const), then the first three terms in (76) drop out and
we obtain

9(Vees,er) = 5 (9(ex, [eir €5]) — g(es [ej, ex]) — glej [es ex)) - (78)

In particular, the connection 1-forms w;; defined by

wi;(X) = g(ei, Vxe;), (79)
are antisymmetric wj; = —w;; and may be computed explicitly by
wij(er) = 5 (g(less 5], ex) — g(es, [ej, ex]) + g(ej, [es, ex])) - (80)

The covariant derivative may be extended to act on tensors more general than just
vector fields, by requiring the obvious linearity and derivation rules (cf. (72)), together
with a Leibnitz or product rule property. Thus, for example, V acting on (2, 0)-tensors

satisfies
VYeZ)=(VY)®Z+Y ®(VZ),

and V acting on a cotangent field « satisfies
Dy(O&(Z)) = (VYQ)(Z) + a(VyZ)

Obvious extensions of these properties define V on all (r,s)-tensors. Note that if
we regard the direction of the covariant derivative as unspecified, then the covariant
derivative of an (r, s)-tensor is an (r, s + 1)-tensor.

An index notation is widely used for the covariant derivative. For example, if
Y =Y10; is a vector field, then the covariant derivative is the (1,1)-tensor

VY = Y0, ®ds’
= (8;(v") +Y*Ti,) 0, ® da, (81)
and the covariant derivative of a covector field is
Va = a;;ds' ® dd?
= (Bj(ai) - akl“?i) dz' ® dz’. (82)

The formula (46) for the covariant derivative of the (0,2)-tensor II is a direct general-
isation of (82). More directly exploiting the Leibnitz rule, we have a coordinate-free
description of the covariant derivative of II:

(VxI)(Y, 2) = Dx(I(Y, 2)) - W(VxY, Z) - I(Y, Vx2). (83)
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Comparing (74) with (83), we see that the metric compatibility condition is equivalent
to Vg =0.
The Riemann curvature tensor is defined as before on vector fields X,Y,Z, W €
X (M) by
R(X,Y,Z,W)=g((VxVy = VyVx = Vixy))Z,W). , (84)
That this is in fact a tensor, ie. a multilinear function in each of the four slots, follows
from the definition, the derivation property (72) and the definition of the Lie bracket.
First, it is immediately clear that R(X,Y, Z, fW) = fR(X,Y, Z, W) for any function
f e C®(M). Since
[fX,Y]=fIX,Y] - Dyf X (85)

we have
R(fX,Y,Z,W) = fR(X,Y,Z,W)+9(-=DyfVxZ—V (_pysx)Z,W) = fR(X,Y,Z, W).

This shows also that R(X, fY,Z, W) = fR(X,Y,Z,W), by the antisymmetry of R in
the first two slots. The final most remarkable cancellation is verified as follows:

RX,Y,fZ,W) = g(Vx(fVvyZ+DyfZ)-Vy(fVxZ+DxfZ), W)
- 9(fVixnZ, W) = g(Dixy1f Z,W)
= g(DxfVyZ+DxDyfZ+DyfVxZ W)
—g(DyfVxZ+DyDxfZ+DxfVyZ W)
- 9(Dixyf Z,W)+ fR(X,Y, Z,W)
= fR(X,Y,Z,W).
Thus the Riemann curvature depends only on the values of the vectors and not on the
first or second derivatives; in other words, Riem = R(-,-,-,-) is a (0,4)-tensor. By the
linearity property and expanding all vectors in a basis frame of coordinate vectors, we
may write R(X,Y, Z, W) in index form
R(X,Y,Z,W) = XYIZ*W* R,
Rijee = R(0;,0;, 0k, 0)
= 9((Va,Ve; — Vo, V5,)0k, )
= 0i(Tjre) — 0;(Tire) — IjpTitp + T Ljep. (86)
The expressions (75), (86) show that R;jx, depends polynomially on the first and second

derivatives of the metric g;;. Clearly, the curvature tensor of R" with the standard
metric g;; = 6;; vanishes, as might have been expected.
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Note that it is not essential that indices refer to a basis frame of coordinate vectors
01, ...,0, — already with the connection 1-form w;; we have seen an example where
the indices refer to an orthonormal frame of vectors ey, ...,e,. In general, the frame
used to define the indices in any formula will be either understood, or explicitly men-
tioned. Particularly in Riemannian geometry, it is often much more useful to perform
computations in an orthonormal frame rather than a coordinate frame.

The curvature tensor has a number of symmetries, the first being the obvious
R(X,Y,Z, W)= —R(Y, X, Z,W). Expanding out the identity

(DXDY —DyDx — D[X,Y]) 9(Z,W)=0

shows that
R(X,Y,Z,W)=—-R(X,Y,W, 2), (87)

whilst the first Bianchi identity
R(X,Y,Z W)+ RY,Z, X, W)+ R(Z, X, Y,W)=0 (88)
follows from the definition by a straightforward computation,

R(X,Y,Z, W)+ R(Y, Z,X,W) + R(Z,X,Y,W)

= g(VxVyZ - VyVxZ - VixyZ
+Vy VX = V VX — VX
+VVY = VxV,Y — Vigx¥, W)

= g(VxlY, Z] - Vy[X, Z] + V4[X, Y]
- VixyZ — Viyz1 X = Vizx)Y, W)

= g((X, [V, 2]+ [V, [Z, X]] + [Z,[X, Y], W)

— 0,

since the Lie bracket satisfies the easily verified Jacobi identity
X, 1Y, Z)) + 1Y, 2, X]) + [2,[X, Y]] = 0. (59)
Finally, combining (87), (88) gives a symmetry between the (12) and (34) positions,
R(X,Y,Z,W) = R(Z,W,X,Y) (90)
as follows:

9R(X,Y,Z,W) = —R(Y,Z,X,W)—R(Z,X,Y,W)
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+R(Y,W,X,Z)+ R(W, X,Y, Z)
R(X,Y,Z, W)+ R(X,Y, Z,W)
+R(Y, Z,W,X) + R(Z,X,W,Y)
= —R(ZW)Y,X)-RW,ZX,Y)

= 2R(Z,W,X,Y).

The definition of Riem can be written in terms of a commutator of covariant deriva-
tives R(X,Y, Z, W) = g(R(X,Y)Z, W), where

R(X,Y)Z =(VxVy —VyVx — V[x,y])Z. (91)
In index notation and with a coordinate frame we have
R(X, Y)Z = XinZk R,;jkl 8¢

where Riji* = RijipgP* and (gi;) = (g;") is the inverse metric. This process of raising
and lowering of indices using the metric and its inverse, corresponds to the canonical
isomorphisms between T, M and T;M defined by the inner product g. Using the -;
notation for covariant derivative yields the so-called Ricci identity

Zl — 23 = ZPRyp". (92)

Applying the metric isomorphism to the differential df of a function f € C*(M)
gives the gradient operator,

gradf = f.,9" 8; = VIf 0; = f79;, (93)
where f; = 0;f. Another way of stating the definition of gradf is
g(gradf, X) = Dx f = df(X), for all vectors X. (94)

Taking the covariant derivative of gradf gives the Hessian, or second covariant deriva-
tive matrix of f,

Vil = fuj = 8:0;f — Ti0kf, (95)
and the trace of V2f is the Laplace-Beltrami operator of the metric g
Agf = gijf B7]

oridzs U 9xk

_ 10 i OF
- S (v L), (%)
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where /g = /det g.

Another method for describing the curvature and covariant derivatives was de-
veloped by E. Cartan, and uses orthonormal frames and forms, rather than vectors.
Because forms behave better than vectors under maps of manifolds, the Cartan calculus
is frequently better suited to actual computations.

For this we need the exterior derivative operator

d: A¥(M) — AY(M), k>0, (97)
which is a linear first order differential operator satisfying
(a) d(f) =df, for f € C=(M);
(b) d(aAB)=daA B+ (—1)*aAdB, for a € A*(M);
(c) d>=0.

These properties uniquely determine d, since they lead to an explicit expression for d
in any local coordinate system. Firstly, (a) determines d acting on A(M) = C°(M).
By (b) and (c), for any two functions f,g € C*°(M) we have

d(fdg) = df Adg+ fd(dg)
= df Ndg,

which determines d on A!(M) since all 1-forms may be written as a linear combination
of terms of the form fdg. Now

dgi A+ ANdge = d(gidga A -+~ Ndgk) — grd(dga A+ Adgk), k22,
and thus by induction it follows that
d(dgy A -+ Adgk) =0
for any functions g1, ..., gr. Hence
d(fdgi A~ Ndgk) =df Adgi A--- Adgy (98)

which shows that the conditions (a), (b), (c) determine d on A*(M). To show that
this definition is consistent, we note that any k-form may be written as o = adz™ A
... Adz* = arydz’ where the coefficients a;,..;, = a; are uniquely determined and
I = (i <--- <) is a multi-index. Then the local definition

da = a—al.—dxi Adz?, (99)
ozt
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satisfies the required properties, and (98) shows that any definition of d is unique (since
the differentials dg; are defined already), hence there exists a unique operator with the
properties (a), (b), (c). By iterating (99) we see that the property d? = 0 reflects the
commutativity of second partial derivatives.

By combining (71) and (98) we see that d behaves naturally under pullback by a
map ¢: M — N,

¢*(da) = d(¢*a), Va € A(N). (100)

By computing in local coordinates, we can easily show that for any o € A'(M) and

vector fields X,Y € X (M),

da(X,Y) = Dx(a(Y)) — Dy(a(X)) — a([X, Y]). (101)

A standard exercise relates d acting on A(R?) to the classical differential operators
div, grad and curl.

Now suppose ey, ...,e, is an orthonormal frame, and let 6y,...,0, be the dual
covector frame. From (101) we have

dbi(ej er) = —0i([ej,ex))
= - g(e’i7 Vej €k — Vekej)
= wij(ex) — wik(e;)

= —(wie A O2) (&5, ),
which gives Cartan’s first structure equation
do; + wi; A 9]' =0, (102)

where w;; = g(e;, Ve;) is the connection 1-form. A similar computation yields the
second structure equation,
dwij + wik A wij = g (103)

where (2;; is the curvature 2-form and is related to the Riemann curvature tensor by
Qij = —5Rijuelr A O, (104)

where the indices in R;ji refer to components in the basis ey, ..., €.
The first Bianchi identity (88) is equivalent to

Qi AB; =0 (105
J J
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and is derived (much more easily this time!) by taking the exterior derivative of (102).
Taking the exterior derivative of €;; using (103) gives the Cartan form of the second

Bianchi identity
d€i; + wie A Qg — Qg Awi; =0, (106)

which is equivalent to
(VxR)(Y, Z)W + (VyR)(Z, X)W + (VzR)(X, Y)W =0, (107)

a form which can be verified directly, but not so simply, from the definition of Riem
and V Riem. The index notation versions of (105) and (106) are

Riijie =0,  Rijppem) =0, (108)

where enclosing indices in square brackets indicates a total antisymmetrisation over
those indices, ie. [ijk] = §(ijk — ikj + jki — jik + kij — kji).
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5 Integration and Stokes’ Theorem
Outline:

Orientation of a manifold; volume form; integration of an n-form; man-
ifold with boundary; Stokes’ Theorem; divergence, Gaufl and Stokes’ for-
mulae; integration by parts; Green’s formulae.

As the first step in understanding the process of integration on a manifold M™,
assume w € A™(M) is supported in a single coordinate neighbourhood U C M. Let
(z*) be the local coordinates and 9; = 0,: be the coordinate tangent vectors. We define
the integral of w over M by

/szan(alA...Aan) acr, (109)

where dL? is the n-dimensional Lebesgue measure and w(o A...Ad,) = w(dy, ..., )
is the multilinear pairing between w and the infinitesimal coordinate parallelepiped
Oy A ... A Oy, normalised by (dz' A ... Adz™)(8; A ... A8,) = 1. To see that this
definition is independent of the choice of coordinate chart, suppose y = (y*) = y(z) is
some other coordinate chart covering the support of w. The alternating property and
(56) imply that

/R W@ A ... ABy)dLT

dzh dx'n n
= /;{'nw (gy-l—ale VANPA a—ynamm> d[’y

oz n
[ow (det (8yj) Ot /\...A@zn> dL;
/ (Ot A A Bu) det 22 dgn
R~ z Ay y

/ W (Bt A ... A Byn) AL, (110)

Il

by the change of variables formula for Lebesgue measure

det g?i acr, (111)

ALy = |det 2

assuming we also have the orientation condition

9y
P 112
det8x>0’ (112)
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restricting the admissible coordinate charts.

We say that M is orientable if there is u € A™(M) such that u # 0 everywhere in M;
an oriented coordinate chart then is required to satisfy u(d;A...A8,) > 0. Equivalently,
an orientable manifold is one with a covering by coordinate charts satisfying (112).

The problem of integrating a general w € A™(M) is reduced to the case of support
within a coordinate neighbourhood by the use of a partition of unity: a family of
functions A, € C®(M), a € A, satisfying 0 < Au(p) < 1 and 3, Ap(p) = 1 for all
p € M, where only a finite number of terms in the sum are non-zero. If M is separable,
then a partition of unity exists subordinate to any locally finite covering of M.

Writing w = 3, Aow and using the linearity of [, then determines f;, w. Note that
this definition of [, w depends strongly on the choice of orientation p € A™(M) of
M: denoting by —M the manifold with the reverse orientation —u, we have f(_ myw =
—Juw.

If ¢ : M™ — N™ and if & € A™(N) then the integral of o over M is defined

naturally by pull-back:
o= o*(a). 113
/¢(M) /M () (113)

This applies in particular to the situation where M is a submanifold of N and ¢ is the
inclusion map, which shows that there is a natural dual pairing between A4*(N) and
k-dimensional submanifolds of IV, given by integration along the submanifold.

On an oriented Riemannian manifold we may normalise the orientation form to
satisfy ||u|| = 1, where ||u|| denotes the metric length. This normalised n-form is called
the volume form of M. In local (oriented) coordinates we have

1= 1/det(g) dz' A ... Ada™, (114)

where det(g) = det(g;), 9i; = 9(;,9;). Under a change of coordinates y = y(z) we
have

k £
det(g(@xi,ﬁxj)) = det (ay (8yk,8yz)ai>

B_xig oxI
2

det(g(Oyr, Oye)),

Il

ay*
det =—
l ¢ or?

and thus the volume form g defined by (114) is independent of the choice of oriented
coordinate system.

If M is Riemannian but not oriented then it is still possible to define an integral for
functions (but not n-forms), by using the measure 4/det(g) dL% in coordinate patches.
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Although viable and sometimes useful, this non-oriented integral does not satisfy the
very elegant Stokes’ Theorem, a.k.a. the generalised fundamental theorem of calculus.

In order to state Stokes’ theorem, we need a definition of manifold with boundary.
This is a pair (M, 9M) where M is a smooth manifold under the induced topology from
M C MUOM, and where points in M admit boundary coordinate charts. A boundary
coordinate chart is (¢, U), U C M UM, where ¢ : U — R = {(z,...,2"),2z" > 0}
and as usual we require the boundary charts to be C'*°-compatible in the interior set M,
and such that the charts (¢|apr, UNIM) define a C* structure on M. The definitions
of tangent vector, smooth function etc, extend naturally to the case of a manifold with
boundary. Note, however, that C®°(M UdM) # C*(M).

If M is oriented by p € A"(M), then there is a natural induced orientation on OM
defined by (—1)"8; A ...0,_1, where (z!,...,z") is any oriented boundary coordinate
chart with the boundary defined by z™ > 0 (ie. 9, is inward pointing). The induced
orientation form on OM is then i = —ig, u.

Theorem 4 (Stokes) Suppose (M,0M) is an oriented manifold with boundary, and

w € AYM). Then
/M dw = faM w. (115)

Proof : By invoking a partition of unity we may distinguish two cases, with w sup-
ported in either an interior coordinate chart or a boundary chart. In the interior case,
by linearity we may assume w = f(z)dz? A ... A dz" with f € C®(R"), and then
dw = 5% fdzt A ... Adz™ By Fubini’s theorem we have

/M dw

Il

/ dw(@ A ... AB,) dLC”
Rn

of
= —— dL?
ROzl %

/ 1( * g—;dazl) dz? - - dz",
R~ —00

which vanishes by the fundamental theorem of calculus, since f has compact support.

If w is supported in a boundary chart (¢, U) with boundary defined by z” > 0, then
we distinguish two subcases,

(a) w= f(z)dz' A... Adz"1; and

(b) w= f(z)dz® A ... Adz"
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In case (a) we have
= (- k}"“ d?v A...Adz",

and thus
Afdw = jgidw(al/\...k&,)dﬁg
= (-t f _!(0 gfm ;da:}~-~dx"“r
= (7t [ dot e
= (=B" f f(a',0) dCt
Since

W((=1)"0pt A ... ABgn—r) = (=1)"f(2',0)

on OM, we see that the final expression is just §,,, w as required.

The final subcase (b) with w not involving dz™ is computed similarly, but the interior
integral is now [27 a—zT f(2',0) dz' which again vanishes by the fundamental theorem
of calculus and the compact support of f. E

If M is an oriented Riemannian manifold and y is the metric volume form, then we
can define the divergence of a vector field X € X (M) by

divX p = d(ixp)- (116)
In coordinates,
1
divX = det g )
v Vdet g ( ¢
= X’z (117

The divergence form of Stokes’s theorem is thus

/M divX p = i)M Lx I, (118)

which we may write in a more familiar form by noting that the induced oriented volume
form on OM is defined by fi = t,u, where n € T,(M UOM), p € OM, is the outward
pointing unit normal to @M. This implies that

expr = g(X,n¥ + a term involving dz®,

so that 7
f;dva u= f’m ¢( X, n)it (119)
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This reduces to the well-known Gaufl and Green’s formulae in dimensions: 3 and 2
respectively. o

A more general form of (119) is sometlmes useful, for example when integrating
along a null hypersurface in a Lorentzian manifold, where the metric volume form
vanishes and it is not possible to define a unit length normal vector If pand fi
are orientation forms on M and OM respectively, then there is a 1-form v such that
uw=v A vis called a conormal to 8M . Then ('118) gives

[ duxm=§ vxm (120)

To derive the classical Stokes” theorem for the integral of curl V' over a surface S
in R?® we need to pull back from the surface to R? with the parameterisation map
X:UCR?— SCR?. Details are left as an exercise.

Several useful identities may be obtained from the divergence form of Stokes’ the-
orem. Choosing a vector field of the form fX, where f € C®(M) and X € X(M), we
find a

/M (fdivX + Dx(f)) doas = }é F9(X,n)ds, (121)

where we use the common notation dvy = p and dS = f for the volume forms of M
and OM respectively.
Comparing (93), (96) and (117) we see that

Ay f = div(gradf); (122)
the divergence identity applied with X = gradf gives
/M A,f dv = 72 _ Dafds, (123)

where D, f is the outer normal derivative of f. Combining (121) and (123) gives the
Green’s identities for two functions ¢, ¢ € C*(M),

/M WApdy = — /M g(grads, grady) dv + jé _¥DagdS,  (124)
[ @0 —980) dv = § (WDt~ 6D) dS. (125)

These identities enable us to integrate by parts over a manifold, and turn out to be
very useful in studying the functions and operators associated with M. For example,
we have '

Corollary 5 Suppose M is a connected compact oriented manifold without bourdary.
The only harmonic functions (ie. satisfying Ag¢ = 0) on M are constants.
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Proof : Applying (124) with ¢ = 9 gives

/M PN dv + /M g(grade, grade) dv = }‘gM ¢ D,¢dS.

Since OM = @ and A ¢ = 0 this gives

/M g(grad¢, gradg) dv = 0.

Since g is positive definite, it follows that grad¢ = 0 identically, hence ¢ is constant.
]

In a similar fashion we may prove uniqueness for solutions u € C?(M) of the
Dirichlet problem

(126)
u = ¢ on OM

Agu = f in M }
where f € C°(M) and ¢ € C°(OM) are given. For, suppose u;,uy are two solutions
of (126), then the difference w = u; — us satisfies the Dirichlet problem with f = 0
and zero boundary conditions. The previous argument carries over and shows that w

is constant, hence w = 0 identically by the zero boundary conditions.
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