WORST-CASE IDENTIFICATION OF LINEAR SYSTEMS:
EXISTENCE AND COMPLEXITY
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Abstract. In the identification of linear systems the aim is to estimate the impulse response to
within a given tolerance based on a finite number of noisy observations of the output. Whether this is
possible depends upon the model set, that is, the set of impulse responses to which that of the system
is assumed to belong. We give conditions on the model set which ensure that such identification is
possible and also briefly review recent results concerning the complexity of identification, that is, the
minimum number of required output samples.

AMS subject classifications. 62G05,62G20.

1. Introduction. The objective of time-domain system identification is to esti-
mate the unknown impulse response h of the system by measuring its response to a
carefully chosen input signal u. The output signal y is the sum of the system response
to u and a noise term 7, that is,

y=u*xh+mn, (1.1)

where * denotes a convolution. It is assumed that h belongs to some prescribed model
set M, and an estimate h* is made on the basis of a finite number of output values y
and the known input signal u. Worst-case identification requires a prescribed upper
bound on the approximation error, that is, the estimate A* must differ from h in norm
by no more than some specified amount. It also differs from stochastic identification
[8] in that it presupposes no statistical properties of the noise i other than a uniform
bound.

Such identification is possible only for certain types of model sets. In these cases
the minimum number of sample output values required for identification has practical
significance. This is the complexity of identification.

Worst-case identification has been studied in a variety of settings, involving dis-
crete and continuous model sets, and various time domain and frequency domain
based norms. We shall give conditions that guarantee that worst-case identification is
possible within a given model set, and briefly describe known results concerning the
complezity of identification in some commonly used model sets. These include the
discrete finite impulse response (F'IR) systems and discrete exogenous autoregressive
(ARX) model sets, and their continuous counterparts.

The reader is also encouraged to read the review articles [10] and [15]. The
first of these focuses on convergence issues and on the computation of optimal or
near-optimal algorithms, and the second also addresses model validation and control
relevancy issues.

2. Identification via functionals. In this section we give the framework for
worst-case identification within an arbitrary model set. In the discrete case (1.1)
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becomes

k
y(k) = u(k — )h(j) +n(k) for k > 0,

=0

and for continuous systems it has the form

i
y(t) = /0 w(t = OYR(S) dC + n(t) for t > 0.

In ezch case the estimate h* is based upon the input u and a finite number of values
of the output y. For discrete systems these are usually the first NV values, and for
continuous systems the sample points are typically successive integer multiples of a
fixed number. The maps h — (u * h)(k) and h — (u * h)(¢x) are linear functionals,
and so worst-case identification in both the discrete and continuous cases fits within
a more general framework, which we now describe.

Suppose that X is a normed linear space and that 1, 2,... ,@nN are continuous
linear functionals on X'. Suppose also that

Yk = @r(h) +mr and |nx| < dfor 1 <k <N, (2.1)

where h is an unknown element of a given subset M of X. The aim is to estimate h
on the basis of the noisy observations yj of the functional values ¢ (h). Problems of
this type have been studied in [11].

The feasibility set S(p,y,d) contains all elements of M that satisfy (2.1) for some
noise term 7, and hence are consistent with the data y = (y1,92,... ,yn), the finite
set ¢ = (¢1,¥2, ... ,on) of test functionals and the noise bound 4. Thus

S(p,y,0) ={h' € M : |yp —pp(h')| <dfor 1<k <N}

The elements of S(p,y,d) are the possible candidates for the true system response,
and hence the size of this set determines the bounds for the worst-case identification
error. Recall that the diameter and radius of a subset K of the normed space X are
defined by

diamK = sup ||z1 — 22| and radK = inf sup ||z — || .
z1,22€K cEX geic

A point ¢ € X for which sup,¢x ||z — ¢|| = radK is called a centre of K. The diameter
and radius are related by the inequalities

%diamlC < radK < diam/C.

Since each element of S(p,y,d) is a candidate for h, any bound for the set of
possible identification errors ||h — h*|| must be at least as large as radS(p, y,d).. This
lower limit is achieved if h* is a centre of S(yp, v, d), and algorithms that produce such
estimates are called central. However central algorithms are often hard to construct,
and so we shall assume merely that h* is given by an interpolatory algorithm, that
is, h* € S(p,y,d8). In this case diamS(p,y,d) is a bound for the set of possible
identification errors. Furthermore, diamS(p,y,d) is the smallest bound that works
for all interpolatory algorithms. For this reason we regard diamS(y, y, d) as a measure
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of the local worst-case identification error. It is local in the sense that it is a bound
for the identification error that applies for a given set of output data y.

The (global) worst-case identification error E(yp,d), for a given set of test func-
tionals ¢ and noise bound 4, is the supremum of the local worst-case errors, taken
over all possible output data y. Thus

E(p,0) = sup diamS(p,y,d). (2:2)
yeCN

We say that ¢ is a (4, 7)-identifying set for M if E(p, §) < 7, and that M is identifiable
if for each 7 > 0 there is a finite (4, 7)-identifying set for M for some § > 0. In other
words M is identifiable if it is possible to estimate elements of M to any specified
accuracy using any interpolatory algorithm and noisy outputs of a finite set of test
functionals, provided only that the noise is sufficiently small.

We say that a model set M is absolutely convez if A1 fi + Az fo € M whenever f;
and f € M and |A1| + |A2] < 1. For absolutely convex model sets the feasibility set
S(y,0, ), which consists of all elements of M consistent with the zero noisy response
to the functionals yy, is greatest in diameter.

Proposition 2.1. If M is absolutely convez then
diamS (¢, y,6) < diamS(p,0,8) for any y € CN.

Proof. If hy,hy € S(p,y,d) then (hy — he)/2 € M by absolute convexity. Fur-
thermore,

ok ((he = h2)/2)] < [(pr(h1) — y)/2)| + [(pr(h2) —yr)/2)| < 6/2+6/2=16

for 1 < k < N, and so (h1 — h2)/2 € S(y,0,6). A similar argument shows that
(h2 — h1)/2 € S(,0,6). So

lhy = hall = |I(h1 — h2)/2 — (h2 — h1)/2|| < diamS(p, 0, ),

and the result follows. 1]

It follows from Proposition 2.1 that if M is absolutely convex then E(p,d) =
diamS(p, 0, ). Furthermore, in this case S(y,0, §) is also absolutely convex, and so

diamS(y, 0,48) = 2radS(p, 0, 8) = sup{||h|| : h € S(®,0,d)}.

This leads to the following useful criterion for identifiability in absolutely convex
model sets.

Lemma 2.1. Linear functionals @1, p2,03,...,¢on form a (6, 7)-identifying set
for the absolutely convex model set M if and only if

sup |¢x(h)| > 6 for each h € M, (2.3)
1<k<N
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where M, ={h € M : ||h|| = 1}.

We say that a finite set (1,2, -. ,@n) satisfying (2.3) is a (6, 7)-cover for M.
Clearly each (9, 7)-identifying set for M is a (9, 7)-cover for M, and by Lemma 2.1 the
converse is also true if M is absolutely convex. The following result is a generalization
of Lemma 2.1 that applies to model sets that are not necessarily absolutely convex.
For any model set M we write M# for the set

M#* ={(z-y)/2: 3,y e M}.
Note that M = M#* if M is absolutely convex.

Lemma 2.2. Each (8, 7)-cover for M#* is a (6,27)-identifying set for M.

Proof. Suppose that ¢ = (¢1,02,... ,¢n) is a (8, 7)-cover for M#, y € CV and
that hi, he € S(p,y,6).. Then, as in the proof of Proposition 2.1, |¢x((h1 — h2)/2)] <
d for each k. Now (h; — hy)/2 € M#, and since ¢ is a (J, 7)-cover for M# it follows
that ||(hy — h2)/2|| < 7. Therefore diamS(p,y,d) < 27, and since y is arbitrary it
follows that E(p,d) < 27. O

The following theorem describes the relationship between compactness and iden-
tifiability in closed, absolutely convex model sets. The proof is given in Section 5.

Theorem 2.1. An absolutely convex subset M of a normed space is identifiable
if and only if each closed and bounded subset of M is compact.

An easy modification establishes the following criterion for identifiability of model
sets which are not absolutely convex.

Theorem 2.2. A subset M of a normed space is identifiable if each closed and
bounded subset of M# is compact.

3. Identification via convolution. We return now to the problem of more
practical interest, where the functionals used for identification are of the form ¢(h) =
(u * h)(t), where u is the chosen input signal and ¢ belongs to a specified set of real
numbers. We say that M is #-identifiable if M is identifiable using this restricted
set of linear functionals. Clearly any *-identifiable model set is identifiable. We give
conditions on the underlying normed space which ensure that identifiable model sets
are *-identifiable. For the sake of simplicity we deal with discrete and continuous
model sets separately.

3.1. Discrete systems. Here we assume that the model set M is a closed subset
of a normed sequence space X C £*°, where £*° is the Banach space of all bounded
sequences. We assume also that the norm topology on X is finer than the topology
induced by the £°° norm, that is, we assume that there exists C' > 0 such that

Ifllee < ClISIl for each f € X. 3.1
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Condition (3.1) ensures that the convolution functionals arising from any fixed £!
sequence are uniformly continuous. To see this suppose that ¥ € #! and that for each
n >0, ¥, is the linear functional defined on X by

U,.(f) = (= f)(n) for each f € X. (3.2)
Then by (3.1),

> (m)f(n—m)

m=0

and so ||¥,|| < C||¢||, for each n > 0.
The following theorem shows that condition (3.1) on the underlying normed space

is enough to ensure that identifiable model sets are *-identifiable. The proof is given

in Section 5.

1n(f) = <l 1fllee < Clllly 11£11

Theorem 3.1. Suppose that X is a normed subspace of £*°, and that the norm
topology on X is finer than the topology induced by the co-norm. Suppose also that
M is an absolutely convex subset of X. Then M is x-identifiable if and only if each
closed and bounded subset of M is compact.

Furthermore the proof of Theorem 3.1 can be modified to establish the following
result.

Theorem 3.2. Suppose that X is a normed subspace of £*°, and that the norm
topology on X is finer than the topology induced by the co-norm. Then a subset M is
of X is x-identifiable if each closed and bounded subset of M¥* is compact.

The £ norm of a sequence f is given by ||f|l, = (3°72, If(n)[P)/? , for 1 < p <
00, and ||f|l,, = sup,>o|f(n)|- Since ||f|l,, < [Ifll, for any sequence f and any
1 < p < o0, condition (3.1) is satisfied by each of the ¢? norms.

The HP norm of f is defined in terms of its z-transform f(z) = Yoo o f(n)2™.
If f € £>° then f(z) is analytic in the open unit disc |z| < 1. The H? norm of f is

defined by
1 27
11l = tim (5 |

and the H*° norm is defined by ||f||ge = sup|;j<1 lf(z)l .

To establish (3.1) for the H? norms we argue as follows. By Cauchy’s integral
formula we have, for eachn € Zt and 0 <r < 1,

O e (L2

1/p

Foeo)|' a0)

where C, is the circle |z| = r. Therefore

d <" | fllg 7 ANl -
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It follows that || f||,, < ||f|lg» for any sequence f and any 1 < p < co. This leads to
the following corollary of Theorem 3.2.

Corollary 3.1. Suppose that M is a subset of 7 or HP, where 1 < p < co. Then
M is x-identifiable if and only if each closed and bounded subset of M#* is compact.

If M is absolutely convex, then M# may be replaced by M in Corollary 3.1.

3.1.1. Applications. Three important classes of discrete model sets have been
studied in the literature, and will be considered in detail below. These are the
FIR model sets [1], [4], [7] and [14], the so-called bounded model sets [5], and the
ARX (n,n — 1) model sets [3].

FIR Models. The appropriate model set for a discrete F'IR system is Py, the set
of all ‘polynomial’ sequences h = (h(j))$2, for which h(j) = 0 for all j > n, where
n is a fixed positive integer. Each P,, is an n-dimensional linear subspace of ## and
of H?, for any 1 < p < co. So P, is absolutely convex, and its closed and bounded
subsets are compact. It follows from Corollary 3.1 that P, is *-identifiable in any £?
or H? norm.

Bounded model sets. The model sets K(g) are introduced in [13]. For each non-
negative sequence g in 1,

K(g) = {h = (h(n))3 : [h(n)| < g(n) for each n > 0}.

For systems in which the terms of the impulse response sequence are known to decay
exponentially a model set (g), where g(n) = A™ and 0 < X\ < 1, is appropriate. Any
model set of the form K(g) is absolutely convex, and compact in any £ or H? norm.
So by Corollary 3.1 it is *-identifiable in any £P or H? norm.

Discrete ARX models. A discrete ARX system is governed by a constant-coefficient
difference equation and the z-transform of the impulse response is a rational function.
For such systems the sets V(n,r) form a useful class of model sets. These are defined
forn > 1 and 0 < 7 < 1 and consist of all ARX(n,n — 1) models with poles, if
any, lying outside the circle |z2| > r~!. Thus V(n,r) is the set of all sequences h,
whose transfer functions have the form h(z) = p(z)/q(z), where p(z) is a polynomial
of degree less than n, ¢(z) is a polynomial of degree at most n and the zeros of q(z)
lie outside the circle |z| =r~1.

The sequences in V(n, r) are linear combinations of sequences of the form (k7 A*)$ |
where |A| < 7 and 0 < j < n, and hence their terms decay exponentially. This can
be used to show that closed and bounded subsets of V(n,r) are compact in any £P or
HP? norm.

The model set V(n,r) is not absolutely convex if r > 0, but V(n,r)#* C V(2n,r).
So by Corollary 3.1 the model sets V(n,r) are also *-identifiable in any #P or H? norm.

3.2. Continuous systems. Here we assume that the underlying normed space
X consists of measurable functions defined on R*, the positive half line. As in the
discrete case it will be necessary to impose a growth condition on the functions in
X in order to guarantee the uniform continuity of certain families of convolution
functionals.
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We define the mixed norm || f ll(co,1) for any measurable function f defined on Rt
by

n+
15 oo 1) = s { /
n>0 n

and denote by L{(°>1) the Banach space of all measurable functions with finite (00,1)
norm.

We assume that M is a subset of a normed space X C L(°1), and that the norm
topology on X is finer than the topology induced by the (co0,1) norm, that is, we
assume that there exists C' > 0 such that

1flleo,1y < CIIfIl for each f € X. (3.3)

1
£ dt} ,

Condition (3.3) ensures that convolution functionals arising from an essentially bounded,
compactly supported function are uniformly bounded. To see this suppose that 1 is
essentially bounded and supported on [0,T], and that for each ¢ > 0 ¥, is the linear
functional defined on X by

T.(f) = (¢ * f)(t) for each f € X. ( (3.4)
Then

T
[:(F)] < /0 lb(s)f(t — 5)| ds < (T +2) [[Bllog [1fll(00,1) »

and so by (3.1), [¥:(f)| < (T +2) ¥l C lIf1l-
The following result is the continuous analogue of Theorem 3.1.

Theorem 3.3. Suppose that X is a normed subspace of L(°V) | and that the
norm topology on X is finer than the topology induced by the (co,1)-norm. Suppose
also that M is an absolutely convex subset of X. Then M is x-identifiable if and only
if each closed and bounded subset of M is compact.

Condition (3.3) is satisfied by the familiar L? norms. To see this suppose that
f € L? for some 1 < p < co. Then by Holder’s inequality

/nnﬂ F(0)ldt < (/nnﬂ If(t)""”) e (/om 7w dt) " s

for each n > 0, and so HfH(oo’l) < |fll,- The same inequality applies if p = oo.

The Laplace transform F(s) of a measurable function f defined on R is defined
by

F(s) = /O " Ft)e-stat. (3.5)

If f € L(%>1) then F(s) is analytic in the open right half plane Res > 0, and the HP
norm of f is defined by

co 1/p
1l = lim ( / fF(z+z‘y)|"dy) ,
z—0+ 00
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for 1 < p < 00, and ||f|| gy = sup{|F(s)| : Res > 0}.

Consideration of functions of the form ei®** where a > 0 shows that (3.3) does not
hold for every H? norm. However there are some special cases. Firstly, || fll, = ||f]l g2
by the Paley-Weiner theorem, and so ||f||0,1) < [Ifllg2-

A similar inequality can be established for the H! norm. If f € H*, then F(s)
is analytic in Res > 0, and by the inversion formula for Laplace transforms, for each
t>0andz >0

£t) = 571; /F Faetds

where I'; is the line Res = z. Therefore
ea:t o . e:ct
FOI< S [ IFG@+ldy < 5 1l (36)

Since (3.6) holds for all positive  and ¢, ||fll(1) < lIfllee < [Ifllgn /27 for each
f € H'. So we have the following corollary of Theorem 3.3.

Corollary 3.2. Suppose that M is an absolutely conver subset of LP for any
1< p< oo, or of H* or H2. Then M is x-identifiable if and only if each closed and
bounded subset of M is compact.

3.2.1. Applications. We apply the above results to three classes of continuous
model sets for continuous linear systems.

Bounded model sets. For each decreasing non-negative integrable function g, we
define

K(g) ={f:1f(#)] < g(¢) for all t > 0}.

These are the natural analogues of their discrete counterparts. Each K(g) is closed
in any L? or H? norm, and is absolutely convex. However it is easy to see that X(g)
is not compact in any LP or H? norm, unless g = 0. So by Theorem 2.1, KC(g) is not
identifiable, in any LP or H? norm.

Bounded model sets with continuity constraints. Suppose that g is a decreasing,
non-negative integrable function defined on R* as before, and that - is an increasing,
concave, positive-valued function on R* with () — 0 as t — 0%. Let K(g,~) consist
of all functions f € K(g) for which |f(¢) — f(¢')| < v(¢t —¢') for all 0 < ¢' < ¢. Thus
7 is the ‘uniform modulus of continuity’ of functions in K(g,v). The set K(g,) is
absolutely convex and compact in any LP or H? norm. So by Corollary 3.2 K(g,~)
is *-identifiable in any LP norm or in H' or H? norm. It has also been shown that
K(g,7) is *-identifiable in the H> norm [6].

Continuous ARX models. A continuous ARX system is governed by a constant-
coefficient differential equation, and the Laplace transform of the impulse response is
a rational function. For such systems the sets M(n,r) form a useful class of model
sets. These are defined for n > 1 and 0 < r < 1, and consist of all functions h whose
Laplace transforms have the form H(s) = p(s)/q(s), where p(s) is a polynomial of
degree less than n, ¢(s) is a polynomial of degree n and the zeros of ¢(s) lie inside the
disc D, =|(1+38)/(1—=9)| <r.

The functions in M(n,r) are linear combinations of functions of the form (/)%
where A € D, and 0 < j < n. Since D, is a compact subset of the open left half plane

60



Res < 0, the functions in M(n,r) decay exponentially. This can be used to show that
closed and bounded subsets of M(n,r) are compact in any L? or H? norm.

The model set M(n,r) is not absolutely convex if r > 0, but M(n,r)* C
M(2n,r). There is a continuous analogue of Theorem 3.2, and so M(n,r) is *-
identifiable in any LP norm and in the H' and H? norm. It has also been shown that
M(n,r) is =-identifiable in the H* norm [3].

4. Complexity. In the previous section we showed that worst-case identification
is possible in various types of model sets and norms using noisy output data. It is also
important for practical purposes to obtain estimates of the amount of data required for
this type of identification. Problems of this sort have been studied by various authors
in the last decade [1] [9] and [16], with most attention directed to identification within
Pr. the model set for discrete FIR systems. We summarize here some key results.

For simplicity we shall assume that the output samples are of the form yg, ... ,yn_1
for discrete models, and y(A),y(24),y(3A),... ,y(NA), where A > 0, for continu-
ous models. We shall also assume that all impulse responses in our model sets are
real-valued.

We say that an input sequence (or function in the continuous case) v is a (4, 7)-
identifying signal of length N for a model set M, if the functionals h — (u * h)(k)
(or h = (u * h)(kA)) for 0 < k < N, form a (4, 7)-identifying set for M. For given
noise and tolerance levels § and 7, the complexity of identification N(J,7) in a model
set M is the minimum length of (4, 7)-identifying signals u for which ||u||., < 1. The
numbers N(4,7) are generally difficult to determine, but useful bounds have been
obtained in some cases.

4.1. Discrete model sets. Since ||f|l, = |fllgzz < Ifllge < ||Ifll; for any
sequence f, the complexity of identification of any model set increases if we change
from the #2 norm to the H*™ norm, or from the H® to the ¢! norm. We shall see
that £' identification is typically ‘exponential’ in complexity, whereas H*® and £?
identification is ‘polynomial’.

4.1.1. Identification within P,.

£* norm. It is well known [9] that a sequence that contains as substrings all strings
of the form v1vs ...v,, where each v; € {—1,1}, is an £! (7, 7)-identifying signal for
Pn. The point is that such a sequence u has the property that for each h € P,, at
least one of the terms of u x h equals ||h||;. There are 2™ binary strings of length n,
and so the length of any such string is at least 2™ +n — 1. It is a remarkable fact
[2] that there are such sequences, called Galois sequences, with this minimal length
for each positive integer n, and they are easily generated using shift registers. So the
complexity of £ (8, 7)-identification in P, is no greater than 2*2 + n — 1 for each
0 < § < 7. In fact it is not difficult to show that the complexity of (7, 7)-identification
is exactly 2*2 4+ n — 1. It is shown in [16] that there are shorter identifying signals
if & < 7, but probabilistic arguments based on the Central Limit Theorem show that
in such cases the complexity of ¢! (8, 7)-identification in P, is of order 8" for some
B > 1, that is, there are numbers ¢; and ¢; such that ¢; 8™ < N(4, 7)< ¢28™ for each
n. The numbers 3, ¢; and ca depend only on the ratio §/7.

H®> norm. We can obtain H* identifying signals for P, by concatenating n-
strings of the form

(1w w2, ... ,w ™,
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where w is any m*? root of unity for some positive integer m. Any sequence u obtained
in this way has the property that for each h € P, the terms of uxh include all numbers
of the form w="*!h(w), and so at least one of the terms |(u * h)(k)| is close to ||h|| ;e
if m is sufficiently large. Since m can be chosen to be of order n [7], we have identifying
signals of order n2. It is shown in [7] that the complexity of H*® identification is of
order n?, and so inputs of this type are in a sense best possible.

22 norm. It turns out that ¢? identification in P, is merely linear in n It is
shown in [12] that minimal length ¢2 identifying signals for P, can be constructed
using the coefficients of polynomials which are ‘large everywhere on the unit circle’.
The interested reader is encouraged to consult [13] for a full description of these signals
and ,ome fascinating related problems concerning the behaviour on the unit circle of
polynomials whose coefficients are all of modulus 1.

4.1.2. Other discrete systems. The key to identification in V(n,r) or K(g)
is the fact that there are uniform bounds on the rates of decay of the ‘tails’ of the
elements. In other words, the elements in any such model set M can be approximated
uniformly well by their finite truncations. So M can be effectively replaced by a
subset of a suitable polynomial space Py, and any (4, 7')-identifying signal for P,
for a suitably chosen 7' < 7 is a (6, 7)- identifying signal for M.

So to determine bounds for the complexity we need bounds on n' as a function
of the parameters n,r and g. These have been obtained in [3] and [5]. For example,
it is shown in [3], that for the model sets V(n,r) the cut-off n' is bounded by a linear
function of n, (for fixed r, § and 7). So it follows that identification in V(n,r) is no
greater than an exponential function of n in the £! case, a quadratic function of n in
the H™ case and a linear function of n in the £2 case. Similar lower bounds are also
obtained in [3].

The complexity of identification in K(g) is difficult to determine in general. How-
ever it is possible to give estimates in some special cases. For example, using the
methods presented in [5] we can show that if g(k) = \* where 0 < A < 1, then the
complexity of identification is essentially exponential in (1 — A)~! in the £* case, and
low order polynomial in (1 — A\)~! in the H> and ¢? cases.

4.2. Continuous model sets. The complexity of identification in the contin-
uous ARX model sets M(n,r) has been studied in [3], and results similar to those
for the discrete analogues V(n,r) have been obtained. In particular, the exponential
and quadratic nature of L! and H™ identification persists, but the bounds are not
as sharp. Interested readers may check [3] for full details. Similar results apply to
K(g,7), but here we merely give the appropriate reference [6].

We conclude with the observation that there is another natural measure of the
complexity of identification in continuous model sets, apart from the minimum sample
size. This is the minimum total sampling time. The two are related if a fixed sampling
rate A is assumed. What can be said if there is no restriction on the sampling rate?
It can be shown that in model sets such as M(n,r) and K(g,v), where the rate of
change of functions is bounded, there is no point in sampling too fast. In fact in these
model sets the sampling time complexity has the same types of bounds for L' and
H® as the sample size complexity [3] and [6].

5. Proofs.

5.1. Proof of Theorem 2.1. Suppose that M is absolutely convex and iden-
tifiable, and that 7 > 0 and € > 0. Then by Lemma 2.1 there are linear functionals
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©1, P2, on and 6 > 0 such that

1ISI}aS,XN loj(h)| > 6/2 for every h € M. (5.1)
Define ®(z) = (¢1(z),...,on(z)) for each z € X. Then ®M, is a bounded subset
of CV (with the supremum norm), and hence its closure is compact. Choose a finite
subset G of M, such that ®G is a d-net for @M. Then for each h € M, there exists
g € G such that [|®(g) — ®(h)||,, < . Therefore, since & is linear, [|®((g — h)/2)||, <
d/2. But (g — h)/2 € M by the absolute convexity of M, and so ||(g — h)/2)|| < /2
by (5.1). So G is an e-net for M,, and it follows that every closed and bounded
subset of M is compact.

Now suppose that 0 < § < 7, and let € = 7 — 8. Since M, is relatively compact,
there is a finite e-net G = {g1,...,gn} in M,. By the Hahn Banach theorem, there
are linear functionals 1, ..., N on X, each with norm 1, such that i (gx) = ||gk|| = 7
for 1 <k < N. Let h € M, and choose k so that ||gr — h|| < €. Then

lex ()| > lor(gr)| — lox(ge — )| > T —€ =4,
and so (2.3) holds.

5.2. Proof of Theorem 3.1. The proof proceeds by an number of preliminary
lemmas.

Lemma 5.1. Suppose that 1) € £*, K is a compact subset of X, and e > 0. Then
there is an infinite set ¥ of positive integers such that

[(¢ % h)(m) — (¢ * h)(m')| < e for each h € K and each m,m' € Z.

Proof. For each n > 0, let ¥,, be given by (3.2), and let
Tn={m € Z" : sup |¥,,(h) — U, (h)| < /2}.
hek

Since ||¥,|| < C|j¢||; for each n > 0, the linear functionals ¥,, for n > 0, are
uniformly bounded, and hence equi-continuous on X. So by the Arzela-Ascoli theorem
at least one of the sets ¥, is infinite, and it is easy to check that any such set has the
desired properties. O

The next result shows how a finite number of convolution functionals of the form
(3.2) can be approximated by convolution functionals arising from a single £* sequence.
First we introduce some notation. We denote by S the shift operator defined for any
sequence f by

(Sf)(0) =0and (Sf)(n) = f(n—1) forn > 1.
It is easy to verify that S(¢ % f) = Sy x f = ¢ % Sf for any sequences 1 and f.
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Lemma 5.2. Suppose that K is a compact subset of X, € > 0, and ¥;,¥y,... ¥k
are continuous linear functionals on X of the form Ui (f) = (Y * f)(my) for each f €
X, where 1y, is a sequence and my, € Z1 for each 1 < k < K. Then there is a finitely
supported sequence u, andni,ny, ... ,nkg € ZT, such that ||lu|| , = maxi<r<x ||[Villo »
and

[(u*h)(ng) — ¥r(h)| <€ for eachh € K and 1 <k < K.

Proof. We may assume that each ) is finitely supported, in particular that
wr(n) = 0if n > my. The proof is by induction on K. If K =1 we choose n; > my
and set u = S™~™2q);. Then for each f € K,

(uxh)(n1) = (§™ 7™ty * h)(n1) = (Y1 * h)(m1) = 1 (h).

For the inductive part, assume that v is finitely supported, ny > 1for1 <k < K,
and that

|(w*h)(ng) — Tr(h)] <e/2foreach he Kand 1<k < K.

Choose M such that v(n) = 0 for n > M, and such that M > max{ng_1,mg}.
By Lemma 5.1 there are positive integers m > 2M and m' > m + M such that

|(v* h)(m) — (v * h)(m')| < € for each h € K. (5.2)

Let u = v — S™~™y + §™—mxyr and ng = m'. We shall show that u and
ni,nNg,... ,NKk—1,NK have the desired properties.
First observe that v, S™ ~™wv, and S™ ~™X i have disjoint supports, and so

sl = max{lollg s Iclloc} = | max, 1l
Now suppose that 1 < k, < K and that h € K. Since m' —m > M > nj and
m' —mg > M > ng, (S™ "™v x h)(ng) = (S™ "™Epg x h)(ng) = 0, and so

(u* R)(nk) — Tk (R)] = |(v * h)(nk) — i(R)| <e.

Also (S™ ™%y * h)(m') = (Y * h)(mx) = Tk (h) and (™ ~™v x h)(m') = (v *
h)(m), and so by (5.2),

|(ux h)(nk) — Tk (R)] = |(v * h)(m') = (v x h)(m)| < &.

In order to prove the main theorem it is enough to show that if each M., is
compact then M is %-identifiable. So suppose that M, is compact. We shall show
that there exists 6 > 0, N > 0, and a finitely supported sequence u with ||u||cc = 1
such that

1gnna,SxNKu * h)(n)| > § for each h € M.
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Suppose that ¥, is the linear functional on X" defined by (3.2), where n > 0 and
where 1 is a finitely supported sequence, with ||¢||, = 1. Since ¥, is continuous, the
set U(p,n,k) = {f € X : |¥,(f)| > x} is open in X for each & > 0.. Furthermore,
M, is covered by sets of this form. To see this suppose that h € M,. Since h # 0,
|h(n)] # 0 for some n > 0. Let ¢ = e=?6(%), where 8 = argh(n). Then (¢ % h)(n) =
|h(n)|, and so h € U(3,n,x) if 0 < & < |h(n)]|.

Since M, is compact, there is a finite family {¥;,¥,,... , Uk} of linear func-
tionals of the form (3.2) and x > 0 such that

g |¥r(h)| > & for every h € M.

Choose ¢ such that 0 < § < &, and let € = Kk —§. Then by Lemma 5.2 there exists
a finitely supported sequence u with |[u||,, = 1, and n1,ns,... ,nx € Z™, such that
[(u* h)(ng) — ¥r(h)| < € for each h € M, and each 1 <k < K.

Let N = max{ny : 1 <k < K}, and suppose that h € M,. Then |¥(h)| > & for
some 1 < k < K. So it follows that

(max [(wxh)(n)] 2 |(ux R)(ne)] 2 [k (R)] = |(u x h)(ni) = x(h)] > 5 — & = .
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