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ABSTRACT. In this article, we give a survey of spectral multipliers
and present (without proof) sharp Hérmander-type multiplier the-
orems for a self adjoint operator A under the assumption that A has
Gaussian heat kernel bounds and satisfies appropriate estimates of
the L? norm of the kernels of spectral multipliers. Our theorems
imply several important, previously known results on spectral mul-
tipliers and give new results for sharp estimates for the critical
exponent, for the Riesz means summability.

1. INTRODUCTION

This paper contains discussion and survey of the topic of spectral
multipliers and main results of [DOS]| without giving proofs. Readers
are referred to [DOS] for their proofs and more applications.

Suppose that A is a positive definite self-adjoint operator acting on
L?(X), where X is a measure space. Such an operator admits a spectral
decomposition F4()) and for any bounded Borel function F': [0, 00) —
C, we define the operator F'(A) by the formula

0 P - | " FO)AEL().

By the spectral theorem the operator F(A) is continuous on L?(X).
Spectral multiplier theorems investigate sufficient conditions on func-
tion ' which ensure that the operator F'(A) extends to a bounded
operator on L? for some ¢, 1 < ¢ < o0.

Spectral multiplier has been a very active topic of Harmonic anal-
ysis. Roughly, it is sufficient that F' is differentiable to some order
with appropriate bounds on its derivatives. The more information we
know about the underlying space X and the operator A, the sharper
multiplier results can be obtained, i.e. less derivatives on F' are needed
for F'(A) to be bounded. For example, when X is the Euclidean space
R? and A is the Laplacian Ay = ZZZI 0% a sufficient condition is that
F possesses [d/2] + 1 derivatives which satisfy certain size estimates

where [d/2] denotes the integral part of d/2. Recent results extend
56
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this to more general underlying spaces and more general self adjoint
operators. For example, see, [He3, He2, DO, CS, Ale2] when A is an
abstract positive self-adjoint operator which has heat kernel bounds (or
finite propagation speed) and the underlying space X satisfies doubling
volume property. (See Assumption 2.1).

Let us discuss two important examples of spectral multiplier theo-
rems concerning group invariant Laplace operators acting on Lie groups
of polynomial growth. Let G be a Lie group of polynomial growth and
let Xy,..., X, be a system of left-invariant vector fields on a G satis-
fying the Hormander condition. We define Laplace operator L acting
on L?(G) by the formula

o) -y xt

If B(x,r) is a ball defined by the distance associated with system
Xy, ..., X (see e.g. [VSC, §II1.4]), then there exist natural numbers
do, dso > 0 such that p(B(x,7)) ~ r® for r < 1 and p(B(x,7r)) ~ ri=
for r > 1 (see e.g. [VSC, §VIIL.2]). We call G a homogeneous group if
there exists a family of dilations on G. A family of dilations on a Lie
group G is a one-parameter group (d;);0 (0; 0 05 = ;) of automor-
phisms of G determined by

(3) 0.Y; =14,

where Y7,...,Y) is a linear basis of Lie algebra of G and d; > 1 for
1 < j <1 (see [FS]). We say that an operator L defined by (2) is
homogeneous if StXi =tX; for 1 <i < k. For a homogeneous Laplace
operator dy = dy = 2221 d; (see [FS]).

Spectral multiplier theorems for homogeneous Laplace operators act-
ing on homogeneous groups were investigated by Hulanicki and Stein
[HS] (see also [F'S, Theorem 6.25]), De Michele and Mauceri [dMM].
The following theorem was obtained independently by Christ [Ch2] and
Mauceri and Meda [MM]. See also [Si3]. Its proof relies on heat kernel
bounds, L? estimates from Plancherel theorems, translation and dila-
tion invariant structures of homogeneous groups, Calderén Zygmund

operator theory and interpolation theory.

Theorem 1. Let L be a homogeneous operator defined by the formula
(2) acting on a homogeneous group G. Denote by d = dy = dy ho-
mogeneous dimension of the underlying group G. Next suppose that
s > d/2 and that F': [0,00) — C is a bounded Borel function such that

(4) sup || 0, F[|w2 < o0,
>0
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where §;F(A) = F(t\), |[Fllwr = |[(I — d2/dx?)*?F||z» and n €
C>®(Ry) is a fixed function, not identically zero. Then F(L) is of
weak type (1,1) and bounded on LT when 1 < q < oo.

Note that condition (4) is independent of the choice of n € C*(R ).

The Hormander multiplier theorem describes the Fourier multiplier
on R? (see [Ho1]). If we apply Theorem 1 to R? we obtain a result
equivalent to the Hormander multiplier theorem restricted to radial
Fourier multipliers. Therefore we call Theorem 1 the Hormander-type
multiplier theorem and condition (4) the Héormander-type condition.

Theorem 1.1 is optimal for a general homogeneous group, see esti-
mate 1.6. However, for specific groups such as Heisenberg and related
groups, it is possible to obtain multiplier results where the number of
derivatives needed is roughly half of the topological dimension n. Often
the homogeneous dimension d is strictly greater than the topological
dimension n, hence the number of derivatives needed could be less than
d/2. See for example, [MS, He4, Du, CS].

In the setting of general Lie groups of polynomial growth spectral
multipliers were investigated by Alexopoulos. Note that in this setting,
the local dimension dy and dimension at infinity d,, are different in
general and the group G does not have dilation invariants as in the
case of a homogeneous group. Using finite propagation speed property,
estimates on upper bounds of heat kernels and their space gradients,
Alexopoulos proved the following (see [Alel]).

Theorem 2. Let L be a group invariant operator acting on a Lie
group of polynomial growth defined by (2). Suppose that s > d/2 =
max(dy, ds)/2 and that F: [0,00) — C is a bounded Borel function
such that

(5) sup || 0 F|lwe < o0,
>0

where §,F(\) = F(tA) and ||F|ly» = (I — d*/da?)*/?F||». Then
F(L) is of weak type (1,1) and bounded on L? when 1 < g < 0o.

Condition (5) is also independent of the choice of . We note that
Theorem 1.2 does not appear exactly the same but is essentially equiv-
alent to the results of [Alel].

In [He3| Hebisch extended Theorem 2 to a class of abstract operators
acting on spaces satisfying “doubling condition” (see also [Ale2]). The
order of differentiability in the Alexopoulos-Hebisch multiplier theorem
is optimal. This means that for any s < d/2 we can find a function
F such that F' satisfies condition (5) but F'(A) is not of weak type
(1,1). Indeed, let A be a uniformly elliptic, self-adjoint second-order
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differential operator on R?, e.g. A = Ay, where A, is the standard
Laplace operator. One can prove that

(6) Ci(1+ | < Ao < Co(1 + |a])?

(see [SW]). (See also [St1, pp. 52] and Christ [Ch2]). However, if we
put F,(A\) = |\|]", then

Ci(1+ |a])*? < sup [0, Foflw= < Co(1 + ja])*/2.
t>

Therefore for any s < d/2 Theorem 2 does not hold.

If X is a manifold with exponential volume growth, i.e. V(z,r) <
ce’” and L is the Laplace-Beltrami operator, spectral multipliers was
investigate by M. Taylor in [Tay| where it was shown that a sufficient
condition is that F' is holomorphic on a strip of width k for F(v/L) to
be bounded on L” for 1 < p < oo. For more specific spaces such as
certain Iwasawa AN groups, see [He5, CGHM] where it was shown that
only a finite number of derivatives are required for F'(L) to be bounded
on L' or to be of weak type (1,1). Note that the exponential volume
growth is like the dimension d = oc.

The theory of spectral multipliers is related to and motivated by
the study of convergence of the Riesz means or convergence of other
eigenfunction expansions of self-adjoint operators. To define the Riesz
means of the operator A we put

" A ={ " Ak

We then define the operator 0% (A) using (1). We call 0%(A) the Riesz
or the Bochner-Riesz means of order a. The basic question in the
theory of Riesz means is to establish the critical exponent for the con-
tinuity and convergence of the Riesz means. More precisely we want
to study the optimal range of « for which the Riesz means oc%(A) are
uniformly bounded on L*(X) (or other LY(X) spaces).

Since the publication of Riesz paper [Ri] the summability of the Riesz
means has been one of the most fundamental problems in Harmonic
Analysis (see e.g. [St2, IX.2 and §IX.6B]). Despite the fact that the
Riesz means have been extensively studied we do not have the full
description of the optimal range of a even if we study only the space
L'(X). On one hand we know that for the Laplace operator Ay =
Zizl 07 acting on R? and the Laplace-Beltrami operator acting on
compact d-dimensional Riemannian manifolds the critical exponent is
equal (d—1)/2 (see [Sol]). This means that Riesz means are uniformly
continuous on L'(X) if and only if & > (d — 1)/2 (see also [ChS, Ta]).
On the other hand, if we consider more general operators like e.g.
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uniformly elliptic operators on R? it is only known that Riesz means
are uniformly continuous on L'(X) if o > d/2 (see [Hel]). One of
the main points of our work is to investigate the summability of Riesz
means for d/2 > a > (d —1)/2.

The Alexopoulos-Hebisch multiplier theorem discussed above gives
optimal value for the exponent d/2 of the number of derivatives needed
in spectral multipliers, but it does not give the optimal range of the
exponent « for the Riesz summability. Indeed, if ||of||we < oo, then
o > s. However, ||R{||w2 < oo if and only if o > s — 1/2. This means
that in virtue of Theorem 2 one obtains uniform continuity of Riesz
means on L? for any « > d/2 and for all ¢ € (1, 00), whereas Theorem 1
shows Riesz summability for & > (d—1)/2 (see also [Ch2, pp. 74]). As
we mentioned earlier (d —1)/2 is a critical index for Riesz summability
for standard Laplace operator on R? and Laplace-Beltrami operator
on compact manifolds. To conclude we see that the optimal number
of derivatives in multiplier theorems is d/2. However, in condition (5)
we required d/2 derivatives in L*°. In the Hérmander-type condition
(4) we required d/2 derivatives in L?. Note that functions n6;F are
compactly supported so condition (5) is strictly stronger than (4).

We would like to investigate when it is possible to replace condi-
tion (5) in the Alexopoulos-Hebisch multiplier theorem by condition
(4) from Theorem 1. As we investigate spectral multipliers in a general
setting of abstract operators rather than in a specific setting of group
invariant operators acting on Lie groups, we do not have certain es-
timates which are consequences of invariant structures of Lie groups.
Also we only assume suitable bounds on heat kernels but not pointwise
bounds on their space derivatives.

The subject of Bochner-Riesz means and spectral multipliers is so
broad that it is impossible to provide comprehensive bibliography of it
here. Hence we quote only papers directly related to our investigation
and refer reader to [Alel, Ch2, Chl, ChS, CS, dMM, Du, Hel, He3, Ho1,
H63, HS, MM, SeSo, Sol, So2, Si2, St1, St2, Ta] and their references.

2. MAIN RESULTS

In this section we first introduce some notation and describe the
hypotheses of our operators and underlying spaces. We then state our
main results.

Assumption 1. Let X be an open subset of )?, where X is a topo-
logical space equipped with a Borel measure p and a distance p. Let
B(z,r) = {y € X, plz,y) < r} be the open ball (of X) with centre at
x and radius r. We suppose throughout that X satisfies the doubling
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property, i.e., there exists a constant C' such that
(8) w(B(z,2r)) < Cu(B(z,r)) Yo € X,Vr > 0.

Note that (8) implies that there exist positive constants C' and d such
that

(9)  u(Blz,7r)) < C(L+7)u(Blz,r)) Yy >0,z € X,r>0.
In a sequel we always assume that (9) holds.

We state our results in terms of the value d in (9). Of course for any
d > d (9) also holds. However, the smaller d the stronger multiplier
theorem we will be able to obtain. Therefore we want to take d as
small as possible. Note that in the case of the group of polynomial
growth the smallest possible d in (9) is equal to max(dy,ds). Hence
our notation is consistent with statements of Theorems 1 and 2.

Note that we do not assume that X satisfies doubling property. This
poses certain difficulties which we overcome by using results of singular
integral operators of [DM]. An example of such a space X is a domain
of Euclidean space R?. If we do not assume any smoothness on its
boundary, then doubling property fails in general.

Now we describe the notion of the kernel of the operator. Suppose
that
T: L'(X,u) — LY(X,u) for ¢ > 1. Then by Kr(z,y) we denote the
kernel of the operator T' defined by the formula

(10) (Tfif) = [ ThTadn= [ Kol i) dute) dn(o)
for all fi, fo € C.(X). Note that

T || (x )= za(xm) = sup | K7 (5 y)l|Lagx -
yeX

Hence if ||T||p1(x,u)—re(x,u) < 00, then its kernel K7 is a well defined
measurable function. Vice versa, if sup,cx ||Kr(-,y)|lrax,n < oo,
then K7 is a kernel of the bounded operator T: L' (X, ) — LI(X, p),
even if ¢ = 1.

Next we denote the weak type (1,1) norm of an operator 7" on a
measure space (X, u) by ||T|[oixpymsrieo(xwy = sup A p({r € X
|Tf(x)] > A}), where the supremum is taken over A > 0 and func-
tions f with L'(X, ) norm less than one.

Assumption 2. Let A be a self-adjoint positive definite operator. We
suppose that the semigroup generated by A on L?> has kernel



62 XUAN THINH DUONG, EL MAATI OUHABAZ AND ADAM SIKORA

pe(2,y) = Kexp(—14)(x,y) which for all t > 0 satisfies the following
Gaussian upper bound

m/(m-1)
—1/m P\T, Y
(1) Il < Cu(Blyn ) mexp (280

where C,b and m are positive constants and m > 2.

Such estimates are typical Gaussian estimates for elliptic or sub-
elliptic differential operators of order m (see e.g. [Dal, Ro, VSC]). We
will call p;(z, y) the heat kernel associated with A. When order m = 2,
Gaussian estimates (2.4) is equivalent to finite propagation speed, see
[Sil]. When m # 2, we can have (2.4) but finite propagation speed
property does not hold.

In our following main results, we suppose that Assumptions 1 and 2
hold. The values d and m always refer to (9) and (11).

Theorem 3. Suppose that s > d/2 and assume that for any R > 0
and all Borel functions F such that supp F' C [0, R]

(12) /X|KF(’§L/Z)(337?J)|2d:u(x) < Cu(B(y, R ) I0rFIILs

for some p € [2,00]. Then for any Borel bounded function F such that
sup ||nd.F||wr < oo the operator F(A) is of weak type (1,1) and is
>0

bounded on L1(X) for all 1 < q¢ < oco. In addition
(1) IFlesemcri < Co(sup l6F e + FO)]).

Note that if (12) holds for p < oo, then the pointwise spectrum of A
is empty. Indeed, for all p < oo and all y € X

(14)
1
0 = CllIxq/23llzr = Cll62aXqa} || zr > (B(y, %)HKX{Q}("\‘/Z)( Sz

S0 X{a} ( {/A) = 0. Hence for elliptic operators on compact manifolds,
(12) cannot be true for any p < co. To be able to study these operators
as well we introduce some variation of assumption (12). Following [CS]
for a Borel function F' such that supp F' C [—1,2] we define the norm
|F'||np by the formula

1 2N 1/p
Pl = (5 35 sw 1POOP)
1L
I=1-N Al %)
where p € [1,00) and N € Z,. For p = oo we put ||F||neo = || F||1e-
It is obvious that ||F||y, increases monotonically in p. The next the-
orem is a variation of Theorem 3. This variation can be used in the
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case of operators with nonempty pointwise spectrum (compare [CS,
Theorem 3.6]).

Theorem 4. Suppose that k is a fized natural number, s > d/2 and
that for any N € Z and for all Borel functions F' such that supp F' C
[—1, N +1]

(15) /X|KF( v ()P du(z) < Cu(B(y, 1/N) " oxF I3,

for some p > 2. In addition we assume that for any ¢ > 0 there exists
a constant C such that for all N € Z, and all Borel functions F' such
that supp FF C [—-1, N + 1]

(16) IECYA) 5 (x gyt (xgy S CN 10N F [

Then for any Borel bounded function F' such that sup,, ||[n6,F||wr < oo
the operator F(A) is of weak type (1,1) and is bounded on LY(X) for
all ¢ € (1,00). In addition

A7) NF) oo < Col sup [0 g + 1F ).

Remarks 1. It is straightforward that (12) always holds with p = oo
as a consequence of spectral theory. This means that Alexopoulos’ mul-
tiplier theorem i.e. Theorem 2 follows from Theorem 3. Theorem 1 also
follows from Theorem 3. Indeed, it is easy to check that for homoge-
neous operators (12) holds for p = 2 (see Section 6 [DOS] or [Ch2,
Proposition 3]).

2. The main point of our theorems is that if one can obtain (12)
or (15) then one can prove stronger multiplier results. If one shows
(12) or (15) for p = 2, then this implies the sharp Hérmander-type
multiplier result. Actually we believe that to obtain any sharp spectral
multiplier theorem one has to investigate conditions of the same type
as (12) or (15), i.e. conditions which allow us to estimate the norm
1K vy (+ > )|l z2(x ) in terms of some kind of LP norm of the function
F.

3. We call hypotheses (12) or (15) the Plancherel estimates or the
Plancherel conditions. In the proof of Theorems 3 and 4 one does not
have to assume that p > 2 in estimates (12) or (15). However (12) or
(15) for p < 2 would imply Riesz summability for o < (d — 1)/2 and
we do not expect such a situation.

Note that (12) is weaker than (15) and we need additional hypothesis
(16) in this case. However, in practice once (15) is proved, (16) is
usually easy to check and we can often put ¢ = 0.
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4. We conclude this paper with a theorem on Riesz summability for
d/2 > a > (d—1)/2. Theorem 3 with p = 2 implies Riesz summability
for all @ > (d—1)/2 and that in addition it seems that Theorem 3 with
p = 2 is essentially stronger than sharp Riesz summability. However,
one can obtain only weak type (1,1) estimates in virtue of Theorem 3
and formally Theorem 3 does not imply continuity and convergence of
Riesz means on L'(X, u). However, Theorem 3 and 4 can be modified
to prove that uniform continuity of Riesz means of order greater than
(d/2—1/p) on all spaces LY(X, u) for ¢ € [1,00]. We claim the following
Theorem.

Theorem 5. Suppose that operator A satisfies condition (12), or (15)
and (16) for some p € [2,00]. Then for any o > d/2 — 1/p and
q € [1,00]

ig%”U%(A)HL%X#}»L%XW)f;Cj<:OO-

Hence for any q € [1,00) and f € LY(X, u)
Aim [[o%(A) f = flleaoxm e = 0,
where 0%, is defined by (7).

For the proofs of our Theorems, we refer reader to [DOS]. Here let us
only mention that the proofs of Theorems 5 and 3 are less complicated
than most of earlier spectral multiplier results. Our strategy is to
use the complex time heat kernel bounds (see [Dal, DOJ) to show
W(Qd +1)/2 functional calculus for the considered operator A. Then we use

Mauceri-Meda interpolation trick (see [MM]) and our Plancherel type

assumption (12) to obtain W7 Jote functional calculus. This is enough to

show Riesz summability (i.e. Theorem 5. To prove Theorem 3 we need
also some Calderén-Zygmund singular integral techniques. However in
contrast to the standard Calderén-Zygmund singular integral estimates
we do not use estimates for the gradient of the kernel of singular integral
operators. Instead of that we follow the ideas of [DM, He3, He2].

REFERENCES

[Alel] G. Alexopoulos. Spectral multipliers on Lie groups of polynomial growth.
Proc. Amer. Math. Soc., 120(3):973-979, 1994.

[Ale2] G. Alexopoulos. LP bounds for spectral multipliers from Gaussian estimates
of the heat kernel. preprint, 2000.

[ChS] F. M. Christ and C. D. Sogge. The weak type L' convergence of eigenfunc-
tion expansions for pseudodifferential operators. Invent. Math., 94(2):421-453,
1988.

[Ch1] Michael Christ. Weak type (1, 1) bounds for rough operators. Ann. of Math.
(2), 128(1):19-42, 1988.



SPECTRAL MULTIPLIERS FOR SELF-ADJOINT OPERATORS 65

[Ch2] Michael Christ. L? bounds for spectral multipliers on nilpotent groups. Trans.
Amer. Math. Soc., 328(1):73-81, 1991.

[CS] Michael Cowling and Adam Sikora. A spectral multiplier theorem on SU(2).
to appear in Math. Z.

[CGHM] Michael Cowling, Saverio Giulini, Andrzej Hulanicki, and Giancarlo
Mauceri. Spectral multipliers for a distinguished Laplacian on certain groups
of exponential growth. Studia Mathematica, 111(2):103-121, 1994.

[Dal] E. B. Davies. Heat kernels and spectral theory. Cambridge University Press,
Cambridge, 1989.

[Da2] E. B. Davies. Uniformly elliptic operators with measurable coefficients. J.
Funct. Anal., 132(1):141-169, 1995.

[dMM] Leonede De-Michele and Giancarlo Mauceri. H? multipliers on stratified
groups. Ann. Mat. Pura Appl. (4), 148:353-366, 1987.

[DO] Xuan Thinh Duong and El-Maati Ouhabaz. Heat kernel bounds and spectral
multipliers on spaces of polynomial growth and irregular domains. preprint,
1998.

[Du] Xuan Thinh Duong. From the L' norms of the complex heat kernels to a
Hormander multiplier theorem for sub-Laplacians on nilpotent Lie groups. Pa-
cific J. Math., 173(2):413-424, 1996.

[DM] Xuan Thinh Duong and Alan McIntosh. Singular integral operators with non-
smooth kernels on irregular domains. Rev. Mat. Iberoamericana, 15(2):233-265,
1999.

[DOS] Xuan Thinh Duong, El Maati Ouhabaz and Adam Sikora. Plancherel type
estimates and sharp spectral multipliers preprint, 2000.

[FS] G.B.Folland and Elias M. Stein. Hardy spaces on homogeneous groups. Prince-
ton University Press, Princeton, N.J., 1982.

[Hel] Waldemar Hebisch. Almost everywhere summability of eigenfunction expan-
sions associated to elliptic operators. Studia Math., 96(3):263-275, 1990.
[He2] Waldemar Hebisch. A multiplier theorem for Schrodinger operators. Collog.

Math., 60/61(2):659-664, 1990.

[He3] Waldemar Hebisch. Functional calculus for slowly decaying kernels. preprint,
1995.

[Hed4] Waldemar Hebisch. Multiplier theorem on generalised Heisenberg groups.
Collog. Math., 65(2):231-239, 1993.

[He5] Waldemar Hebisch. The subalgebra of L!'(AN) generated by the Laplacean.
Proc. Amer. Mat. Soc., 117(2):547-549, 1993.

[H61] Lars Hormander. Estimates for translation invariant operators in L? spaces.
Acta Math., 104:93-140, 1960.

[H63] Lars Hérmander. On the Riesz means of spectral functions and eigenfunction
expansions for elliptic differential operators. In Some Recent Advances in the
Basic Sciences, Vol. 2 (Proc. Annual Sci. Conf., Belfer Grad. School Sci.,
Yeshiva Univ., New York, 1965-1966), pages 155-202. Belfer Graduate School
of Science, Yeshiva Univ., New York, 1969.

[HS] Andrzej Hulanicki and Elias M. Stein. Marcinkiewicz multiplier theorem for
stratified groups. manuscript.

[MM] Giancarlo Mauceri and Stefano Meda. Vector-valued multipliers on stratified
groups. Rev. Mat. Iberoamericana, 6(3-4):141-154, 1990.

[MS] D. Miiller and E. Stein. On spectral multipliers for Heisenberg and related
groups J. Math. Pures Appl., 73: 413-440, 1994.



66 XUAN THINH DUONG, EL MAATI OUHABAZ AND ADAM SIKORA

[Ri] Marcel Riesz. Sur la sommation des séries de Fourier,. A.S., 1:104-113, 1923.

[Ro] Derek W. Robinson. Elliptic operators and Lie groups. The Clarendon Press
Oxford University Press, New York, 1991. Oxford Science Publications.

[SeSo] A. Seeger and C. D. Sogge. On the boundedness of functions of (pseudo-
) differential operators on compact manifolds. Duke Math. J., 59(3):709-736,
1989.

[Sil] Adam Sikora. Sharp pointwise estimates on heat kernels. Quart. J. Math.
Ozford Ser. (2), 47(187):371-382, 1996.

[Si2] Adam Sikora. On the L?> — L° norms of spectral multipliers of “quasi-
homogeneous” operators on homogeneous groups. Trans. Amer. Math. Soc.,
351(9):3743-3755, 1999.

[Si3] Adam Sikora. Multiplicateurs associés aux souslaplaciens sur les groupes ho-
mogenes. C.R. Acad. Sci. Paris series 1, 315:417-419, 1992.

[SW] Adam Sikora and James Wright. Imaginary powers of Laplace operators. to
appear in Proc. Amer. Math. Soc.

[Sol] Christopher D. Sogge. On the convergence of Riesz means on compact man-
ifolds. Ann. of Math. (2), 126(2):439-447, 1987.

[So2] Christopher D. Sogge. Fourier integrals in classical analysis. Cambridge Uni-
versity Press, Cambridge, 1993.

[St1] Elias M. Stein. Singular integrals and differentiability properties of functions.
Princeton University Press, Princeton, N.J., 1970. Princeton Mathematical
Series, No. 30.

[St2] Elias M. Stein. Harmonic analysis: real-variable methods, orthogonality, and
oscillatory integrals. Princeton University Press, Princeton, NJ, 1993. With
the assistance of Timothy S. Murphy, Monographs in Harmonic Analysis, III.

[Ta] Terence Tao. Weak-type endpoint bounds for Riesz means. Proc. Amer. Math.
Soc., 124(9):2797-2805, 1996.

[Tay] Michael Taylor LP estimates on functions of the Laplace operator. Duke Math.
J., 58: 773-793, 19809.

[VSC] N. Th. Varopoulos, L. Saloff-Coste, and T. Coulhon. Analysis and geometry
on groups. Cambridge University Press, Cambridge, 1992.

XUAN THINH DUONG, SCHOOL OF MATHEMATICS, PHYSICS, COMPUTING AND
ELECTRONICS. MACQUARIE UNIVERSITY, N.S.W. 2109 AUSTRALIA
E-mail address: duong@ics.mq.edu.au

EL MAATI OUHABAZ, INSTITUT DE MATHEMATIQUES UNIVERSITE DE BOR-
DEAUX 1 351, COURS DE LA LIBERATION 33405 TALENCE CEDEX. FRANCE
FE-mail address: ouhabaz@math.u-bordeaux.fr

ADAM STIKORA, CENTRE FOR MATHEMATICS AND ITS APPLICATIONS, SCHOOL
OF MATHEMATICAL SCIENCES, AUSTRALIAN NATIONAL UNIVERSITY, CANBERRA
ACT 0200, AUSTRALIA

FE-mail address: sikora@maths.anu.edu.au



