LOCAL QUADRATIC ESTIMATES AND
HOLOMORPHIC FUNCTIONAL CALCULI

ANDREW J. MORRIS

ABSTRACT. We construct holomorphic functional calculi and introduce local
quadratic estimates for operators in a reflexive Banach space that are bisecto-
rial except possibly in a neighbourhood of the origin. The main result is an
equivalence of local quadratic estimates with bounded holomorphic functional
calculi. For operators with spectrum in a neighbourhood of the origin, the
results are weaker than those for bisectorial operators. For operators with a
spectral gap in a neighbourhood of the origin, the results are stronger. In
each case, however, local quadratic estimates are a more appropriate tool than
standard quadratic estimates for establishing that our functional calculi are
bounded. This shows that in certain applications it suffices to establish local
quadratic estimates.
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1. INTRODUCTION

Given an operator T on a Banach space X and a space of functions F, a func-
tional calculus is a mapping from F into the space of linear operators on X that
is canonical in a certain sense. It is usual to denote this mapping by f — f(T') for
all f in F. In applications, such as those discussed below, it is often desirable to
know that f(T") is bounded with operator norm controlled by some property of f
in F. This is the important notion of a bounded functional calculus.

Given a closed operator 1" with nonempty resolvent set and a domain €2 in C that
contains a neighbourhood of the spectrum of 7', the Dunford—Riesz—Taylor func-
tional calculus, which is given in Definition 2] is defined on the space of functions
that are holomorphic in Q. The idea of McIntosh in [I1] was to instead design a
functional calculus suited to operators of type S,,. These are closed operators sat-
isfying certain resolvent bounds and having spectrum contained in the bisector S,
centered at the origin in the complex plane of angle w in (0,7/2). The advantage
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of the resulting functional calculus is that it is defined for functions that need not
be holomorphic in a neighbourhood of the origin nor the point at infinity.

It is shown in [II] that, for an operator T of type S, on a Hilbert space H,
the functional calculus designed by Mclntosh is bounded if and only if quadratic
estimates of the form

dt dt

/ ¢ (1 +2T%) " |3, — —
0 t t

hold for all w € H, where T is the adjoint operator. Establishing these types of
quadratic estimates in order to have a bounded holomorphic functional calculus has
been used with great effect in many applications. Most notable is the proof of the
Kato Conjecture in [2, [9] and it’s many extensions, including [3} [10].

More generally, given an operator 1" of type S, and a domain {2 that touches the
spectrum of 7" nontangentially at a point, the functional calculus on the space of
functions that are holomorphic in {2 depends on quadratic estimates approaching
the point of contact. Indeed, the lower and upper limits in the quadratic estimates
above correspond to the spectral points at infinity and at the origin, respectively.
The case of several points of contact has also been considered in [7].

In this paper, we replicate the construction in [I1] for operators on a Banach
space X that satisfy resolvent bounds and have spectrum contained in either the
set Suur or the set S, U {0}, as depicted in Figure[Il Operators of type S,ur
are introduced in Section 3.1l The functional calculus that we construct is defined
for functions that must be holomorphic in a neighbourhood of the origin but need
not be holomorphic in a neighbourhood of the point at infinity. As a result, the
functional calculus only depends on quadratic estimates near the spectral point at
infinity. We refer to these as local quadratic estimates, since they are of the form

o0
< Jlull3, and / 1T (I + 2772 a2, 2 < (a2,
0

1
dt
/ T+ £2T%) " ullye — + 1T+ T%) 7k S Jlullk
0

for all w € X. These are defined in Section and the equivalence with bounded
holomorphic functional calculi is proved in Section [3.3

SwUR Sw\R
o(T) w o(T) w
C
FIGURE 1. The sets S,ur and S,,\ g for w € (0,7/2) and R > 0. The shaded

areas depict the spectrums of an operator of type S,ur and an operator of
type S.\g- In both cases, the origin may be in the spectrum.

C

The theory of type S,ugr operators, which is a weak version of the theory in [I1],
is actually more suited to certain applications. For example, consider the gradient
operator D = —iV on the Sobolev space W2(R"). The connection between sin-
gular convolution operators and the functional calculus of D is well-understood. In
particular, local Riesz transforms r = {r;};=1,... , are defined for each a > 0 as the
multiplier (rju)(€) = i&;(|€)? + a)~*/2a(€). These then correspond to the operator

(D) under our new functional calculus, where 7(z) = z(2% +a)~'/? is holomorphic
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at the origin but not at the point at infinity. The local Riesz transforms also moti-
vate the definition of the local Hardy spaces h?(R™) in [§]. Furthermore, the theory
developed in this paper is applied in [4] to define local Hardy spaces of differential
forms A, (AT*M) that are adapted to a class of first-order differential operators D
of type S,ur on Riemannian manifolds M with exponential volume growth.

The analogous results for operators of type S.\g are in Section @l This is a
special case of the theory of type S, operators and the results are stronger. In
the sequel, the author applies the theory to Kato-type problems for first order
differential operators D of type S, that have a spectral gap. The presence of the
spectral gap implies that there exists R > 0 such that D is of type S,\g, so the
existence of a bounded functional calculus follows from local quadratic estimates.
The advantage of local quadratic estimates in this context is that they allow for
techniques in harmonic analysis that usually require at most polynomial volume
growth to be applied on Riemannian manifolds with exponential volume growth.

2. NOTATION AND PRELIMINARIES

Throughout this paper, let X denote a nontrivial complex reflexive Banach space
with norm ||-||x. An operator T on X is a linear mapping T': D(T') — X, where the
domain D(T) is a subspace of X. The range R(T) = {Tu : u € D(T')} and the null-
space N(T) = {u € D(T) : Tu = 0}. Let D(T') and R(T') denote the closure of these
subspaces in X. An operator T is closed if the graph G(T") = {(u,Tu) : v € D(T)}
is a closed subspace of X x X, and bounded if the operator norm

IT|| = sup{[|Tullx : w € D(T) and [lufx <1}

is finite. To minimise notation, we also denote the norm on X by || -|| when there is
no danger of confusion. The unital algebra of bounded operators on X is denoted
by L£(X), where the unit is the identity operator I on X. The resolvent set p(T)
is the set of all z € C for which the operator zI — T has a bounded inverse with
domain equal to X. The resolvent Rr(z) is the operator on X defined by

Rr(z) = (21 —-T)7!

for all z € p(T'). The spectrum o(T') is the complement of the resolvent set in the
extended complex plane Co, = CU {o0}.

We adopt the convention for estimating x,y € R whereby < y means that
x < ¢y for some constant ¢ > 1 that may only depend on constants specified in the
relevant preceding hypotheses.

Given an open set 2 C Co, let H(Q2) denote the algebra of holomorphic functions
on 2. Note that a function f is holomorphic in a neighbourhood of the point at
infinity if f(1/z) is holomorphic in a neighbourhood of the origin. The following
functional calculus is usually attributed to N. Dunford, F. Riesz and A. E. Taylor.
The precise formulation below is from [12].

Definition 2.1 (Dunford-Riesz—Taylor H () functional calculus). Let T be a
closed operator on X with nonempty resolvent set. If € is a proper open sub-
set of Co that contains o(T) U {oo} and f € H(RQ), then define f(T) € L(X)
by

£y = feopu+ o [ FG) R ds (2.1)

for all uw € X, where f(00) = lim,_ f(2) and  is the boundary of an unbounded
Cauchy domain that is oriented clockwise and envelopes o(T) in €.

If T is a bounded operator on X, then € in Definition 2] need not contain the
point at infinity, in which case f(T)u = 5= f,y f(z2)Rr(z)u dz. A comprehensive
list of attributes and references to the literature on this topic can be found at the
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end of Chapter VII in [6]. The following theorem, which is set as an exercise in [IJ,
is a consequence of Runge’s Theorem.

Theorem 2.2. The mapping given by 1) is the unique algebra homomorphism
from H(Q) into L(X) with following properties:
(1) If1(2) =1 for all z € Q, then 1(T) =1 on X;
(2) If X € p(T)\ Q and f(2) = (A — 2)7L for all z € Q, then f(T) = Rr(\);
(3) If (fu)n is a sequence in H(SY) that converges uniformly on compact subsets
of Q to f € H(Q), then f,(T) converges to f(T) in L(X).

We conclude this section by introducing the following setup.

Definition 2.3. Given 0 < p < 6 < 7/2, define the closed and open bisectors in
the complex plane as follows:

S,={2€C:|argz| < por|r—argz| < u};
Sy ={2€C\{0}:|argz| <O or|m —argz| < 6}.
Given r > 0, define the closed and open discs as follows:
D,={ze€C:|z| <r}
D?={zeC:|z| <1}

These are combined together as follows:

SuUr = Su UD,; S,u\r = Su \ DY;
SgUr:SgUDg; Sg\r:Sg\DT'

Note that Dy = {0} and D§ = 0 so that S,u0 = S0 = Sy, and Sg , = 53\0 =53.
Let Sj . denote either Sg . or Sg\T. A function on Sg - is called nondegenerate it
it is not identically zero on either component of Sg ..

Let H*>(Sg ) denote the algebra of bounded holomorphic functions on Sg,.
Given f € H>(55,) and t € (0,1], define f* € H*(S§ ) and f; € H*(S7, ) as
follows:

[*(z) = f(z) forall ze€Sg,;
fe(2) = f(tz) forall z€ Sy, .
Given «, 3 > 0, define the following sets:
VD(S5,) = {v € H(S3,) : [(2)| S min(|2], |2|77)};
0°(85,) = {b € H*(S3,) : [o(2)| S 12177}
Let ¥(5¢,) = Ua. >0 ‘Pg(sg,r> and O(S4 ) = Uz @ﬁ(Sg,T).
3. OPERATORS OF TYPE S ur

3.1. Holomorphic Functional Calculi. We construct holomorphic functional
calculi for the following class of operators, where X denotes a nontrivial complex
reflexive Banach space.

Definition 3.1. Let w € [0,7/2) and R > 0. An operator T on X is of type S,ur
if o(T) C S,ur, and for each 6 € (w,7/2) and r > R, there exists Cyy, > 0 such

that
COUT

E

|17z (2)] <

for all z € C\ Spur.

The following important lemma allows us to obtain stronger results in reflexive
Banach spaces. The proof below is derived from the proof of Theorem 3.8 in [5].
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Lemma 3.2. Let w € [0,7/2) and R > 0. Let T be an operator of type S,ur
on X. If r > R, then
D(T)={ueX: lim I+ -LT) " 'u=u}=X.

Proof. If u € X and limp—.oo(I + -7T)7'u = u, then u € D(T) simply because
R(I+ LT)"')=D(T) for all n € N.

To prove the converse, first suppose that u € D(T'). The resolvent bounds in
Definition Bl imply that

I+ 5T)  u =l = |5 + 517 Tul| = ||Rr(irn)Tul| < (1/rn)||Tu]

for all n > 1, which implies that lim, .. (I + #T)*lu = u. Now suppose that

u € D(T'). For each € > 0, there exists v € D(T') and N € N such that ||lu —v| <€
and
1T+ T) 0=l < (T + AT) o)) + 1+ A7) 0 — ol + o — ]
S (rof| Ry (irn) || + Dlu — ol + (1/rn)|[ T

<e

for all n > N, as required.
The proof that D(T") = X uses the fact that X is reflexive and follows exactly
as in the proof of Theorem 3.8 in [3]. O

For the remainder of this section, fix w € [0,7/2) and R > 0, and let T be an
operator of type S,ur on X. An operator of type S,ur has a nonempty resolvent
set, which of course implies that it is closed, so the Dunford-Riesz—Taylor H(f2)
functional calculus applies. Following the ideas in [I1], however, we introduce the
following preliminary functional calculus.

Definition 3.3 (O(Sg_,) functional calculus). Given 0 € (w,7/2), » > R and
o € O(S5,,.). define 6(T) € L(X) by
1

1
o(T)u = 5 ¢(2)Rr(z)u dz := lim 2—/ ¢(z)Rr(z)u dz
e Jtasg po0 2ML J(+0Sg  )ND,
(3.1)

for all uw € X, where 0 € (w,0), 7 € (R,r) and +asgw denotes the boundary of
Sguf oriented clockwise.

The exceptional feature of ([BI)) is that the contour of integration is allowed to
touch the spectrum of T at infinity. This is made possible by the decay of ¢ and
the resolvent bounds in Definition 3] A standard calculation using the resolvent
equation shows that the mapping ©(S5g ) — L(X) given by B.I) is an algebra
homomorphism. There is also no ambiguity in our notation, since if €2 is an open
set in Co that contains Spu, U {oo}, then the operators defined by (2.1 and (B1))
coincide for functions in ©(Sg ) N H(§). This is because ¢ € O(Sg,,.) N H()
is holomorphic in a neighbourhood of infinity, so the ©-class decay implies that
¢(00) = 0. Cauchy’s Theorem, the resolvent bounds and the ©-class decay then
allow us to modify the contour of integration in (3.I)) to that in (ZI)). In particular,
if A € C\ Spur and f(2) = (A — 2)~ ! for all z € Spuy, then f(T) = Rr(N).

The proofs of the next two results are based on proofs for operators of type S,
that were communicated to the author by Alan McIntosh in a graduate course. The
first is a convergence lemma for the ©(Sg,) functional calculus.

Proposition 3.4. Let 0 € (w,7/2) and 7 > R. If (¢y,), is a sequence in ©(Sg,,,.)
and there exists ¢, > 0 and ¢ € O(Sg,_,.) such that the following hold:
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(1) sup,, |¢n(2)| < ¢|z|7° for all z € S5 ,;
(2) ¢y converges to ¢ uniformly on compacts subsets of S§

then ¢,,(T") converges to ¢(T') in L£(X).

ur

Proof. Fix 0 € (w,0) and 7 € (R,r). Let v denote the boundary of S; . oriented

clockwise. Given rg > 7, divide v into 9 =y N D,y and 7o =y N (C\ D,,), s0

G (T)u — ¢(T)u = QLM <L + /w> (6n(2) — @(2))Ry(2)u dz = I + I

for all uw € X. Given € > 0, choose g > 7 such that

- dlz| e dlz]

12 5/ (Ion(2)| + o) DI B (2)ull 5/ 2177 T llull < efluf
ro 1zl ™~ i 2|

for all n € N and v € X. Now, since ¢, converges to ¢ uniformly on compact

subsets of Sg ,., there exists NV € N such that

|dz| " d|z|
(EEYIBS / _ |Pn(2) — ¢(Z)|WHUH + [ [on(2) = (2)] HHUH < efjull
for all n > N and u € X. The result follows. O

The next lemma allows us to derive an H*°(Sg,,.) functional calculus from the
©(S5§,,,) functional calculus.

Lemma 3.5. Let § € (w,7/2) and r > R. If (¢y,)y is a sequence in ©(Sg,,) and
there exists f € H>(Sg,,,) such that the following hold:

(1) supy, [[¢nloc < o0;

(2) supy, [¢n(T)]| < oo

(3) ¢y converges to f uniformly on compacts subsets of S,

then lim, ¢, (T)u exists in X for all v € X. Moreover, if f € ©(Sg,), then
lim,, ¢, (T)u = f(T)u for all u € X.

Proof. Let ¢, (2) = (1 + 12) ' ¢n(z) and B(z) = (1 + 12)71f(2) for all z € Sg,.
There exists ¢ > 0 such that the sequence (¢, ), in ©(Sg,,) satisfies sup,, [pn(2)| <
c|z|~t for all z € S§ .., and converges to b e ©(Sg,,,.) uniformly on compact subsets
of S§ . Proposition 3.4 then implies that

lim | (T)u — §(T)ul| = 0 (3-2)

for all u € X. '
If u € D(T), then u = (I + +T)~ v for some v € X, so we have

Sn(T)u= ¢u(T)I + £T) " 0 = §u(T)v

and (B.2) implies that lim,, ¢, (T)u = ¢(T")v. Note that the second equality above
holds because (14 £z)~! is in ©(Sg,, ).

If u € X, then u € D(T') by Lemma B2l For each € > 0, there exists v € D(T)
such that ||u — v|| <€, and it follows from what was just proved that (¢, (T)v)y, is
a Cauchy sequence in X. Therefore, there exists N € N such that

Pn(T)u = G (T)ull < [|Pn(T)(w = 0)|| + [|¢n(T)v = G (T + |G (T) (v — u)||
< Slipllaﬁn(T)ll €

for all n > m > N, and lim,, ¢,,(T)u exists in X.
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Finally, if f € ©(Sg,,), then ¢(T") = f(T)(I + 1T)~" and lim,, ¢, (T)u = f(T)u
for all u € D(T') by the above. If u € X, then for each € > 0, there exists v € D(T')
and N € N such that

[fn(T)u = F(T)ull < |¢n(T)(w = 0)|| + [¢n(T)o = F(T)0l| + || f(T) (v — )|
S (sup [|én (D) + [IF(T)I1)e

for all n > N, and lim, ¢, (T)u = f(T)u. O

The usefulness of condition (2) in the preceding lemma suggests the following
definition, which allows us to construct an H*°(Sg,,) functional calculus. This is
based on the analogous construction for operators of type S, that was communi-
cated to the author by Alan Mclntosh in a graduate course.

Definition 3.6 (H*°(Sj,) functional calculus). Given 6 € (w,7/2) and r > R,
the operator T has a bounded H*°(S§,,) functional calculus if there exists ¢ > 0
such that

[T < e[l

for all ¢ € ©(S§,.). If T has a bounded H>(S§ ,.) functional calculus, then given
f e H>(S§,,) define f(T) € L(X) by

J(T)u = Tim( ) (T)u (33)

for all u € X, where (¢y), is a uniformly bounded sequence in ©(Sj ) that
converges to 1 uniformly on compact subsets of 5§ ,,..

The operator in (B3] is well-defined by Lemma[B35l In particular, the definition
is independent of the choice of sequence (¢, ), in Definition As an example,
consider the sequence defined by ¢, (z) = (1 + -=2)~! for all z € S, and n € N,
which satisfies sup,, ||¢n|lc = 1. The requirement that 7" has a bounded H>°(Sg,,,.)
functional calculus then implies that

A < sup [(Fén) (D < esup [ énlloe < cll Flloo

for all f € H>(Sg,,), where c is the constant from Definition

Lemma also shows that the operators defined by BJ) and B3] coincide
for functions in ©(Sg,,). Furthermore, if 2 is an open set in C,, that contains
Sgur U {00}, then the operators defined by (2] and (B3] coincide for functions
in H>*(Sg,,) N H(?) by Theorem There is also the following analogue of
Theorem

Theorem 3.7. The mapping given by B3) is an algebra homomorphism from
H®>(S§,,) into L(X) with following properties:
(1) If1(2) =1 for all z € Sg ., then 1(T') =1 on X;
(2) If X € C\ Suur and f(z) = (A—2)"" for all z € S§_,., then f(T) = Rr(\);
(3) If (fn)n is a sequence in H>(Sg ,.) and there exists f € H*(Sg ,.) such
that the following hold:
(i) supy, [|fnlloc < o0;
(i) sup, [|fo(T)] < oo;
(iii) fn converges to f uniformly on compacts subsets of Sg,,,
then || f(T)|| < sup,, || fo(T)|| and lim, fr(T)u = f(T)u for allu € X.

Proof. Let f,g € H>®(S§,,). If (¢n)n satisfies the requirements of Definition [3.6]
then so does (¢2),,. Therefore, the algebra homomorphism property of the ©(S5g,,.)
functional calculus implies that

(f9)(T)yu =Lim(fg¢7)(T)u = lim £, (T)gn(T)u
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for all u € X, where f,, = f¢, and g, = g¢,. This shows that for each ¢ > 0 and
u € X, there exists N € N such that

[(fo)(T)u— fr(T)g(T)ul
SN T)u = fu(T)gn(T)ul|+ [ fr(T)[gn(T)u — g(T)ul|]
< Sglpl\fn(T)H €

for all n > N. Hence, (fg)(T)u = lim,, f,(T)g(T)u = f(T)g(T)u for all u € X.

It remains to prove (1) and (3), since (2) holds by the coincidence of (21 and
B3). If ¢n(z) = (14 L2z)7! forall z € S5, and n € N, then by Lemma 32 we
have

1(T)u = lirrln O (T)u = 1i7rln(1 + LT u=u

for all w € X. The final part of the theorem follows from the algebra homomorphism
property, as in the proof of Lemma O

3.2. Local Quadratic Estimates. Fix w € [0,7/2) and R > 0, and let T' be an
operator of type S,ur on X. The ®-class of holomorphic functions is introduced
below to develop a local version of the McIntosh approximation technique. This
essential tool is used to prove the equivalence of local quadratic norms.

Definition 3.8. Given 6 € (0,7/2), r > 0 and > 0, define @5(ng) to be the set
of all ¢ € @B(Sg,T) with the following properties:

(1) For all z € Sg ., ¢(2) # 0 ;

(2) inf.epy |p(2)] # 0;

(3) supiz1]d(2)| < [¢(2)] for all z € 55\ Dy,
where S¢ . denotes either g, or Sg .. Note that (2) is obviated in the case of
So

The following result is the local version of an exercise in Lecture 3 of [I].

Lemma 3.9 (McIntosh approximation). Let § € (w,7/2) and r > R. Given
nondegenerate 1 € U(Sg ) and ¢ € ®(S5g ), there exist n € ¥(Sg,) and ¢ €
©(S5%,,,) such that
! dt
| ) § e =1 (3.9
for all z € S .. Given 0 < a < <1 and f € ©(Sg,), if

B
VosD) = 1) [ m@u) T and 2(:) = fe)el2)o()

(e

for all z € 5§ ,., then
lim [|(¥e,1(T) + (T))u — f(T)ul =0 (3.5)

a—0
for all w € X. Moreover, if T has a bounded H> (S ,) functional calculus, then
this holds for any f € H*®(S5g ).

Proof. Given f € H*®(Sg ), let f_(2) = f(—z) and f*(z) = f(Z) for all z € Sj,,.
Let ¢ = [ [(t)(—t)p(t)p(—t)[* ¢ and define the functions

Ay B b bt 1 b dt
n=ctrotostonst and o= (1= [ ).
0
in which case (34) is immediate and n € ¥(S§ ,.). The function ¢ is holomorphic
on Sg, by Morera’s Theorem, since ¢(z) # 0 for all z € S .., and bounded on

DY, since inf.epo [¢(z)| # 0. A change of variable shows that [~ n:(2)i ()9 =1

¢
for all z € R\ {0}, and since z — [ nt(2)¢(2) 4 is holomorphic on Sg, we must
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have fo e (2)Ye(2 ) =1 for all z € S§. It then follows from property @) in
Definition B.8 that

,L > 5 5 ﬁ Supt>1|¢t |
o) =y [ @IS S JCs

for all z € Sy and some 6 > 0, so ¢ € @(Sgw)
To prove (B_._E]) let f € ©(Sg ) and note that there exists 6 > 0 such that
. s dt
Baa IS 17 [ minrel, 1217 &

, - Vlel - q o g a6
= min (| f . 2] ) <| |6/ LR 5/1/ -y (3.6)

< min(|llo, |217°)
for all & € (0,1) and z € S§ ., where the constants associated with each instance
of < do not depend on . This shows that ¥, 1 + ® is in ©(Sg,,.) for all & € (0,1)
with sup,e(0.1) [Wa,1(2) + ®(2)| < ¢2|~° for some ¢ > 0. Also, given a compact set
K C 5§, it follows from B4) that there exists cx > 0 such that

[Woa(2)+ 8 = SO < Uflle [ inEon2)] F 5 ol < e

for all o € (0,1) and z € K. Therefore, the sequence (¥, 1 + ®), converges to
f uniformly on compact subsets of S§ ., and B3] follows from the version of the
convergence lemma in Proposition [3.4]

Now let f € H>(Sg,,) and suppose that 7" has a bounded H>(Sg,,,) functional
calculus. It follows as in ([B.6) that sup,c(1) [Va,1 + Pllc S [[fllec < 00. Also,
there exists 6 > 0 such that

b 5 10y 4t
Wa1(2)| S I flloo [ min(tz]® [t2]7%) —

1 1
dt dt
= llmin (1217 [ ¢ Gl [0 )
S min((el’, ozl )

< a—6|z|—6

for all @ € (0,1) and z € S§,. This shows that U, + ® is in ©(S5g,,) for all
€ (0,1), and since T has a bounded H*(Sg ) functional calculus, the result
follows by Theorem B.71 O

We now introduce local quadratic norms on X adapted to the operator 1" and
define the notion of local quadratic estimates.

Definition 3.10. Let # € (w,7/2) and » > R. Given ¢ € ¥(S§ ) and ¢ €
®(Sg,,.), define the local quadratic norm | - ||, by

; :
||u||w(/ @yl & o >u||2>

for all w € X. The operator T satisfies (¢, ¢) quadratic estimates if there exists
¢ > 0 such that ||u|rye < cl|ul| for all v € X, and reverse (¢, ¢) quadratic
estimates if there exists ¢ > 0 such that ||u|| < c|ju|r,y,¢ for all u € X satisfying

Given nondegenerate 1) € W(Sg ) and ¢ € ®(Sg, ) in Definition BI0, if T has
a bounded H*°(Sg ,.) functional calculus, then Lemma 39 implies that the local
quadratic norm || - ||7,4,4 is indeed a norm on X. We use the next two lemmas to
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prove that families of local quadratic norms are equivalent for operators that have

a bounded H*(Sg ,.) functional calculus. These are local analogues of results in
.

Lemma 3.11. Let § € (w,7/2) and r > R. Given t,¢) € ¥(S5,,) and ¢ €
©(S§,,,), there exists ¢ > 0 and 0 > 0 such that the following hold:

(1) [[Fea) (M < el flloos

(2) 1AM < el flloos

(3) I(fev) (D) < el flloot® (1 +log(1/1));

) s/t)° o) s if s .
(4) [1(feb) (D] < ll oo ¥ {< /(1 +1log(t/s)) if s € (0,1];

(t/s)0(1+log(s/t)) if s€ (1]
for all t € (0,1] and f € H>(SY,, ).

Proof. Fix 0 € (w,0) and 7 € (R,r). Let v denote the boundary of S; ; oriented
clockwise. Choose § > 0 so that 1,1 € U§(S5,,,) and ¢ € ©°(S55,,.). The resolvent
bounds then imply that

WL < = [ @w@IR ] 12

d
S [ (sl ) H
Y

7/t 00
< t‘s/ |z|571|dz| +t6/ |2:|671 d|z| +t76/ |z|7571 dz|
|z|=F F 7/t

z|=7F
<1
for all t € (0,1]. Similarly, we obtain
T o0
Wl [ ot past+ [T el 51
0 |z|=TF 7

and

IFev) DN [ o 8y min(le10. 11518y 142
T [ il mingep el )

7/t [}
S I i R A e Pl BN B
|z|=7 F F/

z|=7 7 T/t
<0 4 t0log(1/t) +t70(1/t)~%
< t0(1 + log(1/t)).
for all t € (0,1]. Also, if 0 < s <t <1, then

||(f¢t¢a)(T)|| 5/min(|tz|5,|tz|75)min(|sz|5,|82|76) M
1l ; B
7/t
S0 [ el 0 [ P
|z|=TF 7
7/s 0o
/07 [l el st [ e
7/t 7/s

S (s/0)° + (s)°(1/1)* + (s/1) log(t/s) + (st)~°(1/5)~*°
< (s/1)°(1 + log(t/)).
The same argument applied in the case 0 < ¢t < s < 1 completes the proof. (I
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Lemma 3.12. Let 0 € (w,n/2) and r > R. Let ¢ € ¥(5§,,) and ¢ € (53 ,.). If
(un)n is sequence in X and there exists u € X such that the following hold:
(1) ||unllT,p,¢ < oo for all n € N;
(2) (un)n is a Cauchy sequence under the local quadratic norm || - |
(3) limy— o0 |Jun — ul| =0,

T, ¢

then ||u|lr,p,¢ < 0o and lim, o0 ||t — ©l|7,9,6 = 0.
Proof. For each a € (0,1), choose N(a) € N so that [[una) —ull* < 1/(1 —log ).
Lemma [3.TT] then implies that
1
dt
[ @yl G+ fowyal®

1
de

< / [46(T) (un (o) — ) ||? ~ Tl (una) — w)||” + sup lunll7p 4

S (1 —log@)[[un(ay — ull® + sup [un 7,y

< sup ||Un||%qp¢

for all @ € (0,1). The Cauchy condition guarantees that sup,, ||tun|1,p,6 < 00, sO
we must have ||ul|7,y,6 < co.

For each ¢ > 0, conditions (2) and (3) combined with the result just proved
guarantee that there exists ag € (0,1) and N € N such that

@0

@0 dt dt
sup [ Ty G < e sup [, —uf < ¢ and /O eyl < < e

n>N JQ

Lemma [3.T7] then implies that

@o 1 dt
[t — w]|F 4 < (/0 +/ > [0e(T) (ur — w) || -t 16(T) (un — )L S €

for all n > N, as required. O

The following result is essential for establishing the connection between bounded
holomorphic functional calculi and quadratic estimates. This is a local analogue of
Proposition E in [I].

Proposition 3.13. Let § € (w,n/2) and r > R. Given nondegenerate functions
¥, P € U(Sg,,) and ¢, ¢ € (S, ,.), there exists ¢ > 0 such that

I (T)ullg,g.6 < el fllcollullre.o

for all f € ©(Sg,,) and u € X satisfying |u||7,y,¢ < co. Moreover, if T has a
bounded H>(S§,,.) functional calculus, then there exists ¢ > 0 such that

1A (T)ully g6 < ellfllsollwlizu,s
for all f € H>(Sg,,) and u € X satisfying ||u||1,y,¢ < 0.
Proof. Let f € ©(5§,,) and let u € X satisfying ||ul|7,4,¢ < co. Lemma 3.9 gives
n € V(Sg,,) and ¢ € ©(Sg ) such that
! dt
ne(2)¢e(2)Pe(2) — +9(2)(2) =1
0

for all z € S ,,.. Given 0 < a < 8 < 1, define

B
Vos(2) = 1) [ m@unen) T and 0() = F)0(E00)
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for all z € Sg,,., so lima—0 [|[(¥a1(T) + O(T))u — f(T)ul| = 0. Now write

) dt

W s(Tu+ (T)ul ;5 < / () s (Tl S / ()Tl S
()

+ (| G(T) Vs (T)u|* + || (T) (T |
=L+ 1+ I3+ 1.

We use Lemma [3.T1] to obtain the following Schur-type estimates:
Estimate for I :

1
11/

ds
s

(/ |Gt )Y IN st (T d—) i

(/ @) (T)ul —)( Gt () ) (Tl d)%

< suwp (/ @) (@l ) [ 1w 2 &

te(o 1] t

B ds
< = 22
ngtlopl </ | (o)) (1) )/ Il (fns)(T) s (T )ul| .

<1 [ e &

dt

[ wwammmn |

Estimate for Iy:

! - , dt
b= [ et

2 ! 2n o dt 2
SIFIE [0+ 1010 ol

SN O(T)ul?;
Estimate for Is:

ds

B
I3 = (f@h%)( )ws( )

/|| fon @) L /||ws g &

<% / £29(1 + log(1/t))? / I (> <
SR [ Iyl &

Estimate for I,:
L= |(Fo)(T)(T)ull® S [ 112l o(T)ul®.

Therefore, we have

1o, 1 (T)u+ S(T)ullp 5.5 S I flloollullzw,s
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for all « € (0,1), and

A dt
1as(Tul g5 < 1+ B S 112 [ Il 5

for all 0 < @ < B < 1. Now, since ||u||7,5,¢ < 00, for each € > 0 there exists N € N
such that

1

™ d
7 o G <

n

for all n > m > N, which implies that
[(¥1/n,1(T) +R(T))u— (Yijm,1 (1) + 2(T)ullg.5.5 = 1Y1/n1/m(T)ullr 5 5
S flloce

for all n > m > N. This shows that (¥, (T)u+ ®(T)u), is a Cauchy sequence
under the local quadratic norm || - [| 1 5 5, so by Lemma .12l we have

lim |(Wa1 (T) + @(T))u — f(T)ull 5,5 =0

and [[f(T)ull 5.5 S [ fllsollull 7.6, as required.
Finally, if T has a bounded H>(Sg,.) functional calculus, then the proof above
holds for f € H>(Sg,) by Lemma 30 O

3.3. The Main Equivalence. We connect the theory from the previous two sec-
tions. The first result is an immediate consequence of Proposition [3.13

Proposition 3.14. Let w € [0,7/2) and R > 0. Let T be an operator of type S,ur
on X. If there exists 6y € (w,7/2), ro > R, nondegenerate 1,¢ € ¥(Sg . ) and
nondegenerate ¢, ¢ € (5§, Uy,) such that T' satisfies (1, ¢) quadratic estimates

and reverse (1/;, g?)) quadratic estimates, then T" has a bounded H> (5§ ,,.) functional
calculus for all 6 € (w,7/2) and r > R.

Proof. Let 0 € (w,7/2) and r > R. Given g € H>*(Sp . ), let go denote the re-
striction of g to Sronin{H,OO}Umin{r,To}' Using the properties of the ©(Sg, ) functional
calculus, Proposition 3.13] implies that there exists ¢ > 0 such that

I (Dullpg.6 = Ifo(Tullg,g, 5, < ¢l folloollul

for all f € ©(Sg,,) and u € X satisfying ||u||7,y,¢ < co. The quadratic estimates
then imply that there exists ¢ > 0 such that

I (T)ull < el fllsollull
for all f € ©(Sg,,) and u € X, as required. O

Tapo.p0 < €[ flloolltll 70,0

A converse of the above result holds for dual pairs of operators.

Definition 3.15. A dual pair of Banach spaces (X, X'} is a pair of complex Banach
spaces (X, X') associated with a sesquilinear form (-,-) on X x X’ that satisfies the
following properties:

(1) u,v)| < Collu||x]||v||x- for all uw € X and v € X;

@) Jullx < €y sup L0
S ol

3) Jollx < C sup L0
SR allx

for some constants Cy, C; and C5 > 0.

for all u € X;

for all v € X',
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Definition 3.16. Given a dual pair of Banach spaces (X, X’), a dual pair of op-
erators (T,T') consists of an operator T on X and an operator 7’ on X’ such
that

(Tu,v) = (u, T'v)
for all w € D(T") and v € D(T").

If T is an operator of type S,ur on a Hilbert space, then the adjoint operator
T* provides a dual pair of operators (T, T*) of type S,ugr under the inner-product.
We use the next lemma to prove the equivalence of bounded holomorphic functional
calculi and quadratic estimates.

Lemma 3.17. Let w € [0,7/2) and R > 0. Let (T, T") be a dual pair of operators of
type Suur. If 0 € (w,7/2) and r > R, then T has a bounded H> (5§ ,.) functional
calculus if and only if 7" has a bounded H>(Sg, ) functional calculus. Moreover,
if T has a bounded H>°(Sg, ) functional calculus, then

(f(T)u, v) = (u, f*(T")v)
forallu e X, v e X" and f € H*(Sg ), where f* is given by Definition 23
Proof. Let 6 € (w,m/2) and r > R. If z € C\ S,ug, then
(R (2)u,v) = (R (2)u, (ZI — T") Ry (2)v)
= (zRr(2)u, Ry (2)v) — (T Ry (z)u, R (Z)v)
= (u, R/ (2)v)

for all w € X and v € X', since R(Rr(z)) C D(T) and R(Rz/(Z)) C D(T”). This
shows that, for an appropriate contour v in C, we have

@) = 5 [ o))

27m/¢ ), B (2)0)==

= (u, ¢"(T")v)
forallu e X,ve X and ¢ € @(SQUT). Therefore, we have
lo@ully 160l _ s @0l (@)l
ullx

forallu € X and ¢ € ©(S5g,,.). The dual version of this inequality holds by the same
reasoning. Therefore, there exists ¢ > 0 such that 1[|¢(T)| < [l¢*(T")|| < cl|¢(T)|
for all ¢ € ©(Sg ), which proves that 7" has a bounded H*°(Sg ,) functional
calculus if and only if 7" has a bounded H>(Sg,,,) functional calculus.

Now suppose that T has a bounded H>(Sg ) functional calculus. Let (¢n)n
be a sequence of functions satisfying the requirements of Definition so that

F(T ) = () (T
for all w € X and f € H>*(Sj,). For each € > 0, u € X and v € X', there exists
N € N such that
{(Feu)(Tu, v) = (f(T)u, 0)| S N (f @) (T)u — f(T)ullllv]] < e

for all n > N. The dual version of this statement also holds, so we have
(f(T)u,v) = lim ((f¢n)(T)u,v) = lim (u, (f*65)(T")v) = (u, f*(T")v)
for all w € X and v € X', as required. O

dz

~ ~

vex: fullxlvllx:— vexr lullxlvllx ~vex lvllxe

This brings us to the principal result of this section. The proof is based on the
proof of Theorem 7 in [I1] and Theorem F in [1].
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Theorem 3.18. Letw € [0,7/2) and R > 0. Let (T, T") be a dual pair of operators
of type S,ur on (X, X'). The following statements are equivalent:

(1) The operators T and T' satisfy (1, ¢) quadratic estimates for all ¢ in
U(Sg,,.) and ¢ in (S§ ) and all § in (w,7/2) and r > R;

(2) There exists 0 in (w,7/2), r > R and nondegenerate ¢, in W(S3,,) and
nondegenerate ¢, ¢ in ®(S§.,.) such that T satisfies (1, ¢) quadratic esti-
mates and T' satisfies (1/;, d;) quadratic estimates;

(3) The operator T has a bounded H*(Sg ) functional calculus for all 6 in
(w,m/2) and r > R;

(4) There exists 6 in (w,m/2) and r > R such that T has a bounded H*(Sg,,.)
functional calculus.

Proof. 1t suffices to prove that (2) implies (3) and that (4) implies (1). First,
suppose that (2) holds. Fix 6y € (w,7/2), ro > R, nondegenerate ¢, € ¥(Sg . )
and nondegenerate ¢, ¢ € ®(Sp . ) such that T satisfies (1, ¢) quadratic estimates
and T” satisfies (¢, ¢) quadratic estimates. Let § € (w,7/2) and r > R. Lemma[3.9
gives n € ¥(Sg ., ) and ¢ € ©(Sg, ) such that

| @i @) T+ o@d @0 =1

for all z € 5§ . Given a € (0,1) and f € ©(Sg,,), if

1

W) G and B() = F(2)el()6 (2)6(2)

then

Vouls) = ) [

[e3

for all z € Sglin{g,eo}Umin{T,To}’

liny {|(Wa, 1 (T) +(T))u = f(Tul x = lim [[(Va(T) + (T))u — fo(T)ulx =0

for all w € X, where fy denotes the restriction of f to S? The

min{6,00 }Umin{r,ro}"
dual pairing and Lemma B.I1l imply that

(et (T)u+ @(T)u,v)|
< [ @ Ty iT0)] G+ (DT o)

S/ 1) (D) e(T)ullx e (T v x- %JF”(f%ﬁ)(T)H||¢(T)u||X||¢(T/)U||X/

S I lleellullr pllvlir .0

forallu e X,ve X', ae(0,1) and f € ©(Sj,). The quadratic estimates then
imply that

[{F(D)u, )] S [ flloollwllr,p gllvllrv.o S 1 loollull x vl x

for allu € X, v € X" and f € ©(S5§,.), which implies (3).
Now, suppose that (4) holds. Fix 6y € (w,n/2) and r9 > R such that T has a

bounded H>(Sg ) functional calculus, and choose nondegenerate e W(sy

)
OoUrg
and nondegenerate ¢ € D(Sg ). Let 0 € (w,m/2), 7 > R, ¢ € ¥(S§,.) be nonde-
generate and ¢ € ®(Sg ) be nondegenerate. Given g € H>*(S ), let go denote
the restriction of g to anin{G,GO}Umin{r,ro}' A discrete version of Proposition
shows that

1

L @ullrps = | fo(Tullrvn 00 < IIflloo(Z s (Tl + ||é<T>u||§)
k=0



226 MORRIS

for all f € H>(S§ ) and v € X for which the right-hand-side is finite. In partic-
ular, since we can take f to be a constant function, this shows that

ulld g S D Idon(T)ullx + [ (T)ullk
k=0
for all w € X for which the right-hand-side is finite. Choose w € X’ such that

[wllx: =1 and sup{|(y-+(T)u,v)| : v € X', [Jv]xs = 1} < 2/(thy-#(T)u, w)|. The
dual pairing and Lemma [B.11] then imply that

D o r(T)ullk + 19(T)ullx
k=0

A

D Wk (Tyu,w)ullx + [lullk
k=0

[t i (T Y el x + [l %

[
M=

~
Il
o

(s 5 (T"yw) ) {5 (T )l x + e[

I

(]
0
=

k=0

< sup (u, Y pmg et (T w) |l x + [lullk
rre{—1,1}

< sup [(SEooretn-n ) (D) lwllxflull%
Tke{fl,l}

< lullk

for all w € X and n € N, where the final inequality holds because Lemma B.I7
implies that 7" has a bounded H*(Sg ) functional calculus, and because

n

Z Tk"z);—k

k=0

is in W(S§, ) for any sequence (ry)) taking values in {—1,1} and all n € N. This
shows that T satisfies (¢, ¢) quadratic estimates. The same reasoning shows that
T’ satisfies (¢, ¢) quadratic estimates, which implies (1). O

4. OPERATORS OF TYPE S \r

We develop an analogous theory for the following class of operators, where X
denotes a nontrivial complex reflexive Banach space.

Definition 4.1. Let w € [0,7/2) and R > 0. An operator T on X is of type S\ g
if o(T) € S.\rU{0}, and for each 6 € (w,7/2) and r € [0, R), there exists Cy, > 0
such that
C@ r
[Rr(2)|l < 7=

E
for all z € C\ (Sp\, U {0}).

The theory of type S,\r operators is similar to that of type S,ur operators.
The main difference arises for operators with a nontrivial null space, which means
that 0 is in the spectrum. The following specialization of Lemma allows us to
deal with this possibility. The proof is omitted since it is essentially the same as
the proof of Theorem 3.8 in [5].
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Lemma 4.2. Let w € [0,7/2) and R > 0. Let T' be an operator of type S\ g on
X. If r € (0, R), then the following hold

D(T) = {ueX: lim (I+-LT) u=u};
R(T)={ue X: lim (I+ %"T)‘lu =0}
N(T) = {u€ X : lim (I +27) " u=u},

and D(T) =R(T) @ N(T) = X.

For the remainder of this section, fix w € [0,7/2) and R > 0, and let T be
an operator of type S,\g on X. Also, let PW and Py(r) denote the projections
from X onto R(T") and N(T'), as given by Lemma[£2l We introduce an analogue of
Definition B3

Definition 4.3 (©(5j,,) functional calculus). Given 6 € (w,7/2), r € [0, R) and
6 € O(Sg,), define ¢(Tg) € L(X) by
1 . 1
d(TR)u = — ¢(z)Rr(2)u dz := lim —/ ¢(z)Rr(z)u dz
27TZ _;’_asg\; p—00 27T’L +3S§\;0Dp

(4.1)

for all u € X, where 0 € (w,0), 7 € (r,R) and +8S3\F denotes the boundary of
Sg\F oriented clockwise.

A standard calculation shows that the mapping G)(Sg\r) — L(X) given by (@I is
an algebra homomorphism. The reason for the notation ¢(Tx) will become apparent
in Lemma This requires the following convergence lemma for the G(Sg\T)
functional calculus, which is proved in essentially the same way as Proposition [3.41

Proposition 4.4. Let 6 € (w,7/2) and r € [0, R). If (¢n)n is a sequence in ©(Sp, ,)
and there exists ¢,d > 0 and ¢ € @(Sg\T) such that the following hold:

(1) sup,, |¢n(2)] < c|z|7? for all z € S\
(2) ¢n converges to ¢ uniformly on compacts subsets of Sg\r,

then ¢, (Tg) converges to ¢(Tx) in L(X).

We now establish the connection between the operators defined by ([2.I) and
E@I.

Lemma 4.5. Let 6 € (w,7/2) and r € [0,R). If Q is an open set in C, that
contains Sy, . U{0,00} and ¢ € ©(5g,,) N H($2), then

BT = (T Prczs + S0Py
for all u € X. If ¢ € ©(5, ), then

o(Tr)u = ¢(Tx)Prrryv = Pry®(Tr) Prezyu
for all u € X.

Proof. Let Q2 be an open set in C,, containing Sg\T U {0,00}. Suppose that
XS @(Sg\T) NH(Q). If v is a contour satisfying the requirements of (ZI), then
Cauchy’s Theorem, the resolvent bounds in Definition 1] and the ©-class decay
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imply that

o )u = ooou+ 5 [ o) Re(z)u dz

1
= 2)Rr(2)u dz
21 </+asg\;+/+6D5> ¢( ) T( )

forallu € X, 0 € (w,0), 7 € (r,R) and 6§ € (0,r) satisfying D5 C €.
If u € N(T), then Rr(z)u = Lu for all 2 € p(T). The function z — L1¢(2)
is holomorphic in Sg - and in a neighbourhood of infinity. Therefore, Cauchy’s

Theorem and the ©-class decay imply that

/ ¢(z)Rr(z)u dz = / Mu dz=0 (4.2)
+8Sg, +os2, | Z
for all w € N(T'). Also, Cauchy’s integral formula implies that
/ ¢(z)Rr(z)u dz = / Mu dz = 2mi ¢p(0)u
+OD, +ops 20

for all u € N(T)).
If uw € R(T'), then there exists v € X such that v = T, in which case

|zRr(2)ull = [[2Rr (2)To|| = ||2(zRr(z) — Dv[| < |2[(Co,r + ]|

for all z € Ds \ {0} and 6 € (0,r). A limiting argument then shows that for
each € > 0 and v € R(T), there exists n € (0,7) such that ||zRp(z)u| < € for all
z € D, \ {0}, in which case

H /+ MECLICIEE

Another application of Cauchy’s Theorem allows us to conclude that

/ ¢(z2)Rr(z)udz =0
+0D;

dz
<I¢le [ EZCT 2] o e
z|=n

||

for all u € R(T"), which completes the proof of the first part of the theorem.
Now let ¢ € @(Sg\r). To complete the proof, it suffices to show that ¢(T)u is

in R(T) for all u € R(T), since [@.2) implies that ¢(Tx)u = ¢(TF)Prpryu for all
u € X. For each n € N, define
1 1 — (L + 1)z
1/}'” (Z) = - 1—1mn =

71—#2 Tz 11— (E+)z+22

for all z € C\ {2, -L}. The sequence (¢, ), in ©(5,,.) converges to ¢ uniformly

1 7rn

on compact subsets of Sg\T and there exists ¢,§ > 0 such that

sup [¢(2)¢n (2)] < sup [t | oo (sg, ) |6(2)] < el

O\r

for all z € S, so Proposition @.4] implies that limy, [|(¢¢n)(TR)u — ¢(TR)ul = 0
for all uw € X. The first part of this lemma then shows that

(@Un)n(TR)u = Yn(TR)O(TR)u
— 0 (T) Py (T
— (L= 1) — (I = 227) Py d(T)u
= TRy (") Rr (75 Preyd(TR)u
for all w € X and n € N, which completes the proof. (I
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We use the following class of functions to incorporate the null space of 7" in a
holomorphic functional calculus.

Definition 4.6. Given 6 € [0,7/2) and r > 0, define H>(Sg, ., {0}) to be the
algebra of functions that are defined on Sg, . U {0} and holomorphic on Sovr

The next lemma, which is proved in the same way as Lemma .5 allows us to
derive an H>°(S5p, ., {0}) functional calculus from the ©(5g, ) functional calculus.

Lemma 4.7. Let § € (w,7/2) and r € [0, R). If (¢n)n is a sequence in O(Sg,,)
and there exists f € H> (Sg\r) such that the following hold:

(1) sup, ||¢nloc < 003

(2) sup,, [[¢n (TRl < oo

(3) ¢n converges to f uniformly on compacts subsets of Sg\T,
then limy, ¢n (Tx)u exists in X for all w € X. Moreover, if f € O(S5§,,), then
lim,, ¢ (T)u = f(TR)u for all u € X.

This suggests the following definition.

Definition 4.8 (H*(5g,,, {0}) functional calculus). Given both 6 € (w,7/2) and
r € [0, R), the operator T" has a bounded H>*(Sg,,,{0}) functional calculus if there
exists ¢ > 0 such that

(TR < cll¢llo
for all ¢ € ©(5g,,). If T has a bounded H*(S§,,,{0}) functional calculus and
f € H*(55,,,{0}), then define f(T) € L(X) by

J(T ) = Yim (60 (T Perys + F OP ey (43)

for all u € X, where (¢n)n is a uniformly bounded sequence in ©(5, ) that con-
verges to 1 uniformly on compact subsets of Sg\T.

The operator in (43]) is well-defined by Lemma L7l The requirement that 7" has
a bounded H* (Sg\w {0}) functional calculus implies that

IF (D) < sup [[(fon) (TR + [ (O) < esup [fénlle sy, ) + [FO)] < ell o

O\r

for all f € H>(Sg,,{0}), where c is the constant from Definition L8l

Lemma (7] also shows that the operators defined by (@I]) and 3] coincide
on R(T) for functions in @(Sg\T) N H>(5§,,,{0}). Furthermore, if €2 is an open
set in Coo that contains (Sg,,) U {0,00}, then the operators defined by (2.1]) and
(.3) coincide on X for functions in H**(S3,,,{0}) N H(€2) by Theorem and

Lemma There is also the following analogue of Theorem [3.7

Theorem 4.9. The mapping given by [E3) is an algebra homomorphism from
H> (53, ,,{0}) into L(X) with following properties:
(1) If 1(z) =1 for all z € 53, U {0}, then (T') =1 on X;
(2) If A € C\ (Si\r U{0}) and f(z) = (A —2)"" for all z € So\ U {0}, then
f(T) = Rr(N);
(3) If (fn)n is a sequence in H>(Sg, ., {0}) and there exists f € H>(Sg,,,{0})
such that the following hold:
(i) sup,, [[fnllso < o00;
(i) sup,, [[fn(T)] < oo;
(i) fn converges to f uniformly on compacts subsets of S Y {0},
then || f(T)|| < sup,, || fo(T)|| and lim, fr,(T)u = f(T)u for allu € X.
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Proof. Let f,g € H*(Sg,,,{0}). If u € R(T), then using Lemma [L.5] and following
the proof of Theorem BT, we obtain (fg)(T)u = f(T)g(T)u. If u € N(T), then

(f9)(T)u = f(0)g(0)u = f(0)g(T)u = f(T)g(T)u.
It remains to prove (1) and (3), since (2) holds by the coincidence of [21) and
@3). If pn(z) = (1+ Lz) " forall z € Sg\» and n € N, then Lemmas [.2 and EL5]
imply that

l(T)u = 117Izn ¢n(T§)Pﬁu + PN(T)U = 117Izn(1 + #T)ilpﬁu + PN(T)U =Uu
for all w € X. Now let (f,)n be a sequence in H> (Sg\T, {0}) with the properties

listed in the theorem. If u € R(T'), then using Lemma 7] and following the proof
of Theorem B.7], we obtain lim,, f,,(T)u = f(T)u. If u € N(T'), then

lim fo(T)u = lim fu(0)u = F(0)u = f(T)u,
which completes the proof. (I

All of the results in Section have a natural analogue for type S,\r operators

with restrictions to R(T) where required. The proofs are essentially the same.
In particular, the McIntosh approximation technique goes over directly. Local

quadratic estimates are then restricted to R(T'), as below.

Definition 4.10. Let 6 € (w,m/2) and r € [0, R). Given both ¢ € ¥(5§,,) and
¢ € ©(5,,.), define the local quadratic norm || - [|z,6 by

1
2

! d
fullis = ([ BTl S + Nzl

for all u € X. The operator T satisfies (¢, ¢) quadratic estimates on R(T) if there

exists ¢ > 0 such that [|ul|z. y.¢ < cl|ull forallu € R(T), and reverse (1, ¢) quadratic

estimates on R(T) if there exists ¢ > 0 such that ||ul| < c|u||7,y,¢ for all u € R(T')
satisfying [lu| 7.y, < 00.

The next result is an immediate consequence of the analogue of Proposition B.13]
for type S,\r operators.

Proposition 4.11. Let w € [0,7/2) and R > 0. Let T be an operator of type S,\ g
on X. If there exists 6y € (w,7/2), 7o € [0, R), nondegenerate ¥, € U(Sg\r)
and nondegenerate ¢, ¢ € @(Sgo\ro) such that T satisfies (1, ¢) quadratic estimates

on R(T) and reverse (¢, $) quadratic estimates on R(T'), then T has a bounded
H®> (55, ,,{0}) functional calculus for all § € (w,7/2) and r € [0, R).

The full equivalence also holds for dual pairs of operators of type S\ r-

Theorem 4.12. Letw € [0,7/2) and R > 0. Let (T, T") be a dual pair of operators
of type Su\r on (X, X'). The following statements are equivalent:

(1) The operators T and T’ satisfy (1, ®) quadratic estimates on R(T) and
R(T") for all ) in (Sg\,) and ¢ in ®(Sg\,) and all 0 in (w,7/2) and r in
[0’ R) 7'

(2) There exists 0 in (w,7/2), r in [0, R), nondegenerate v, in (Sg,,.) and
nondegenerate ¢, ¢ in @(Sg\T) such that T satisfies (1, ®) quadratic esti-
mates on R(T) and T’ satisfies (1, ¢) quadratic estimates on R(T");

(3) The operator T' has a bounded H>(Sg,,,{0}) functional calculus for all 0

in (w,m/2) and r in [0, R);
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(4) There exists 0 in (w,7/2) and r in [0, R) such that the operator T has a
bounded H> (53, ,.,{0}) functional calculus.

A dual pair (T',T") of operators of type S, g is also a dual pair of operators
of type S., as defined in [5]. Therefore, we conclude that Theorem and the
standard equivalence for operators of type S,, as in Theorem 2.4 of [5], show
that local quadratic estimates are equivalent to standard quadratic estimates for
operators of type S\ g-
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