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We extend existing 2-D analytical high-b equilibrium solutions obtained by Cowley et al. [Phys.

Fluids B 3, 2066 (1991)] and Hsu et al. [Phys. Plasmas 3, 266 (1996)] to the case of toroidally flow-

ing plasma, assuming ideal magnetohydrodynamics and isothermal magnetic surfaces. Invoking

the ordering bq2 � �2 and M2
/q2 � �, we solve the boundary layer problem, re-obtaining the static

solution in the zero flow limit. The phenomenon of extreme plasma diamagnetism in the static solu-

tion was found to be reduced due to centrifugal drift currents for significant toroidal flow. Example

equilibrium calculations are presented using plasma parameters which are approaching attainable

values in next generation spherical tokamaks. VC 2011 American Institute of Physics.

[doi:10.1063/1.3641966]

I. INTRODUCTION

To operate and understand a modern, high performance

tokamak, one requires a good model for the magnetohydrody-

namic (MHD) force balance. The success of the spherical

tokamak concept makes new demands of the equilibrium

theory, such as requiring models which include inverse aspect

ratio � ¼ a=R0 order unity and significant toroidal flows or

pressure anisotropy.1 Good MHD stability allows for the ratio

b¼ 2l0p/B2 to increase and approach unity.2 This has been

experimentally verified on START3 and NSTX4 in discharges

with volume averaged toroidal beta ðbT � 2l0hpi=B2
T0Þ of

40%. The proposed Component Test Facility (CTF) and

Spherical Tokamak Power Plant (STPP) concepts5,6 are pro-

jected to achieve volume averaged toroidal betas of 30% and

60%, respectively, with significant plasma flows in the former

resulting from tangentially oriented Neutral Beam Injection

(NBI) heating.

Analytical solutions of the high-b MHD equilibrium exist

in 2-D symmetric toroidal geometry for small7 and unity8

inverse aspect ratio limits. These solutions exhibit a large Sha-

franov shift of the magnetic axis separating the solution into a

predominantly 1-D “core” region and a thin “boundary layer”

solution (Fig. 1). For sufficiently high pressure, plasma dia-

magnetism becomes important, causing the magnetic field to

be expelled from the magnetic axis region for the more

extreme cases. The MHD equilibrium equations have been

generalised by various authors9–11 to include the centrifugal

forces of a rotating plasma. The addition of a centrifugal force

will, for large flows, displace the pressure surfaces from mag-

netic surfaces. The Grad-Shafranov equation used for static

solutions can be generalised by introducing a Bernoulli equa-

tion for energy conservation and an assumption about heat

flow.

This paper generalises the previous high-b MHD solu-

tions by including the effect of toroidal flows in the limit of

isothermal flux surfaces.

II. EQUILIBRIUM WITH TOROIDAL FLOW

Here, we summarize the derivation of the Grad-Shafranov

equation for purely toroidal flow that has been presented

elsewhere12–15 but in sporadic detail for the isothermal

assumption ~B � rT ¼ 0. This paper deals with the 2-D cylin-

drically symmetric system in Fig. 2. We begin with the funda-

mental result that divergence-free quantities in 2-D

axisymmetric systems can be expressed in terms of poloidal

flux functions w and wM for magnetic field and momentum,

respectively,

~B ¼ rw�r/þ Fr/; (1)

q~u ¼ rwM �r/þ FMr/; (2)

where F(R,Z) and FM(R,Z) are arbitrary. In this paper, we

make the ideal MHD assumption with zero resistivity,

FIG. 1. Illustration depicting contours of constant poloidal magnetic flux w
given by the high-b analytical solution. The core and boundary regions are

solved separately.a)Electronic mail: Michael.Fitzgerald@anu.edu.au.
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~Eþ~u� ~B ¼ 0; (3)

we then obtain magnetic field lines which are “frozen” into

the plasma. For a 2-D flowing plasma, the plasma can only

move along the field lines or by the rigid rotation of field and

plasma in the symmetry direction /̂. One can substitute mo-

mentum flux and Faraday’s law into Eq. (3) to obtain the

well known 2-D axis-symmetric result for the velocity,

~u ¼ wMðwÞ
q

~Bþ XðwÞR/̂; (4)

which expresses the frozen-in condition. It is interesting to

note that under these assumptions, a purely poloidal flow is

not possible unless the toroidal field is zero.

Turning now to the momentum equation,

q~u � r~u ¼ �rpþ ~J � ~B; (5)

we wish to simplify the problem by using a thermodynamic

state function which relates q, rT, and rp so that the chosen

independant variables are clear. The natural choice for the

isothermal case is the Gibbs free energy G(T, p),

rG ¼ �SrT þ Vrp; (6)

where we neglect other energy losses from the system (e.g.,

dN¼ 0). Using the result u/¼X (w)R, we may write

� q
1

2
r R2X2
� �

þ R2XX0rw

�
þrG

V
þ S

V
rT ¼ ~J � ~B:

�
(7)

Taking the dot product with ~B terms in rw and rT are zero

and we obtain a new flux function,

HðwÞ ¼ � 1

2
R2X2 þ G

mN
; (8)

this is the Bernoulli equation for energy conservation along a

fluid stream line. Substituting this new flux function H to

eliminate G from our fluid equation we obtain

� qR2XX0rwþ qrH þ S

V
rT ¼ ~J � ~B; (9)

which has all components parallel to rw and a scalar equa-

tion for the components as in the Grad-Shafranov equation

(see, for example, the text by Bellan16). We can eliminate

the entropy S from the equation by specifying12 G,

G ¼ NkT log
q
q0

; (10)

S ¼ � @G

@T

� �
p

¼ �Nk log
q
q0

þ Nk; (11)

for any arbitrary reference q0. In the absence of toroidal

forces, F is constrained to be F¼F(w) and we use the result

(in natural units for convenience),

~J � ~B ¼ � FF0

R2
þr � rw

R2

� �� �
rw; (12)

and obtain a Grad-Shafranov equation,

R2r � rw
R2

� �
¼ �FF0 � R2qH0

� R2 k

m
q� q log

q
q0

� �
T0 þ qR4XX0; (13)

where the left hand side is often written D*w.

An important result from our Bernoulli relation (Eq. (8))

is that we may express the mass density as

qðR;wÞ ¼ �KðwÞ exp
mX2ðwÞR2

2kTðwÞ

� �
; (14)

where �KðwÞ � q0 exp mHðwÞ=kTðwÞð Þ. This expresses the

centrifugal shift of the density away from flux surfaces and

is clearly just an expression of the Boltzmann distribution in

the presence of a centrifugal force.

III. QUALITATIVE PICTURE

Before giving the complete solution, we can deduce

properties of the solution by examining the force balance

equations.

A. Ordering

We consider the fluid equation (in natural units),

q~u � r~u ¼ �rpþ ~J � ~B

¼ �rp�
rB2

/

2
�rB2

h

2
� B2

/
rR

R
þ ~Bh � r~Bh;

(15)

where ~Bh denotes the poloidal field rw�r/ and B/

denotes the toroidal field Frw. For the sake of order-of-mag-

nitude approximation, we assume the forms,

q � rB/

RBh
¼ O �

B/

Bh

� �
; (16)

q~u � r~u ¼ q~u/ � r~u/ ¼ �qu2
/
rR

R
¼ O �qu2

/

� 	
; (17)

FIG. 2. Cylindrical coordinate system and relevant geometric parameters.

The circle represents the plasma boundary.
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b ¼ 2p

B2
¼ O

p

B2
/

 !
; (18)

qu2
/ ¼ M2

/B2
/; (19)

where M/ is the toroidal Alvén Mach Number, u/ is the to-

roidal velocity, and q is the tokamak safety factor. We can

now order the equation against B2
/ with dimensionless

quantities,

q~u � r~u|fflfflfflffl{zfflfflfflffl}
O �M2

/

� � ¼ �rp|ffl{zffl}
O bð Þ

�
rB2

/

2|fflfflffl{zfflfflffl}
O 1ð Þ

�rB2
h

2|fflfflffl{zfflfflffl}
O
�2

q2

� �
�B2

/
rR

R|fflfflfflfflffl{zfflfflfflfflffl}
O �ð Þ

þ~Bh � r~Bh|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
O
�2

q2

� � : (20)

We specify that for ‘‘high-b’’ solutions we mean that bq2

� �2. If b� �M2
/, then toroidal flow effects are not signifi-

cant for these high-b solutions and we regain the previous

static results.7,8

B. Core and boundary solutions

We are concerned with the core region where M2
/q2 � �

and bq2 � �2. In this case

q~u � r~u ¼ �rp�
rB2

/

2
� B2

/
rR

R
: (21)

Exploiting previous results for toroidal rotation,

u/ðR;wÞ ¼ XðwÞR (22)

qðR;wÞ ¼ �KðwÞ exp
mX2ðwÞR2

2kTðwÞ

� �
; (23)

pðR;wÞ ¼ qðR;wÞ
m

kTðwÞ; (24)

B/ðR;wÞ ¼
FðwÞ

R
: (25)

We can re-write the components of Eq. (21) as

~u/ � r~u/ ¼
�u2

/

R
rR ¼ �RX2ðwÞrR

rpðR;wÞ � a1ðR;wÞrwþ a2ðR;wÞrR

rB2
/ðR;wÞ

2
� a3ðR;wÞrwþ a4ðR;wÞrR

qRX2rR ¼ a1rwþ a2rR

þ a3rwþ a4rRþ B2
/
rR

R
;

(26)

where a’s are scalars. It follows that rR and rw are parallel

which further implies that w¼w (R) in the core.

The assumption that flux surfaces must close implies

the existence of a boundary region outside the core where

poloidal field terms are important. The better the core

approximation represents the system, the smaller the bound-

ary solution region will be. This boundary layer can be char-

acterised by a width d (Fig. 1) such that the magnitude of the

poloidal field jrwj/r is a/d times larger in the boundary layer

than in the core. The size of the boundary layer can be

deduced from the unbalanced pressure and centrifugal

forces, the larger of which we expect to be the pressure term.

The previous studies on static equilibria7,8 quote a first order

unbalanced pressure of r leading to d=a � Oð
ffiffiffiffiffiffiffiffiffiffiffiffi
�=bq2

p
Þ.

IV. SOLUTION

We proceed by solving the Grad-Shafranov equation

(Eq. (13)) for the two asymptotic regions separately.

A. Core solution

Taking the limit Bq2 � �2 for the core region, the Grad-

Shafranov operator D*w becomes zero,

0 ¼ �FF0 � R2qH0 � R2 k

m
q� q log

q
q0

� �
T0 þ qR4XX0:

(27)

To simplify the solution, we introduce a new spatial variable

X(w) much in the same way as a previous work;8 however,

we must take greater care to eliminate all R dependence

from the equation than in the static solution, or else the use-

fulness of this particular approach is lost. We define X(w)

implicitly with

0 � �FðXÞF0ðXÞ � X2qcH0ðXÞ

� X2 k

m
qc � qc log

qc

q0

� �
T0ðXÞ þ qX4XðXÞX0ðXÞ; (28)

qcðXÞ � �KðXÞ exp
mX2ðXÞX2

2kTðXÞ

� �
; (29)

where we have also defined a new mass density qc. Compar-

ing Eqs. (28) and (27), we see that R¼X(w) in the core by

construction. Therefore, qc(X) is equal to the value of the

density as a function of R in the core. Observe also that in

introducing X(w) we have replaced the free poloidal flux

functions with new free functions of X: X(X), T(X), H(X),

and F(X).

For the rest of the paper, it will be useful to label the

right-hand side of our Grad-Shafranov equation in terms of

the toroidal current density J/ and eliminate w,

qðR;XÞ ¼ qcðXÞ exp
mX2ðXÞðR2 � X2Þ

2kTðXÞ

� �
; (30)

RJ/ðR;XÞ � �FF0 � R2qH0

� R2 k

m
q� q log

q
q0

� �
T0 þ qR4XX0; (31)

XJc/ðXÞ � �FF0 � X2qcH0

� X2 k

m
qc � qc log

qc

q0

� �
T0 þ qcX4XX0; (32)

092508-3 High-b equilibria in tokamaks with toroidal flow Phys. Plasmas 18, 092508 (2011)
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and we also henceforth return to S.I. units using the dimen-

sionally correct transformation,17

w! wffiffiffiffiffi
l0

p ;F! Fffiffiffiffiffi
l0

p ;B! Bffiffiffiffiffi
l0

p ; J ! J
ffiffiffiffiffi
l0

p
: (33)

B. Boundary layer solution

Outside of the core region, the poloidal field terms

become significant, and we express our Grad-Shafranov

equation in terms of distance from the boundary n,

d2w

dn2
ðR;XÞ ¼ l0ðRJ/ðR;XÞ � XJc/ðXÞÞ: (34)

Rewriting the second order derivative as

d2w

dn2
¼ 1

2ð@w=@nÞ
@

@n
@w
@n

� �2
" #

; (35)

we integrate once and obtain

@w
@n

� �2

¼ 2l0

ð
ðRJ/ðR;XÞ � XJc/ðXÞÞ

@w
@n

dn; (36)

we wish to change variables from w to X. We expect a rapid

variation of w over a thin boundary layer, which implies that

R is independent of w in the integral. This allows us to write

(to first order)

@w
@n
ðR;XÞ

� �2

¼ 2l0

ðX

R

ðRJ/ðR;X00Þ � X00Jc/ðX00ÞÞdX00;

(37)

with the prime denoting the dummy integration variable in

this context. Given that Bh¼rw�r/, we see that Eq. (37)

gives the poloidal field in the boundary layer because

ð@nwÞ2 ¼ R2B2
h. Integrating again, we arrive at the solution

for the boundary layer,

nðR;XÞ ¼
ðX

Rmin

dw
dX0 dX0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2l0

Ð X0

R ðRJ/ðR;X00Þ � X00Jc/ðX00ÞÞdX00
q ;

(38)

where Rmin is taken as location of the inboard side along the

major axis. As in Hsu et al.,8 we have chosen our integration

limits so that R ! X as we approach the core solution from

the boundary. Note that R � X for all physical solutions.

C. Computing the solution

We may now collect the elements of the solution into a

complete description. To construct the solution, we start by

specifying the input functions of X. A convenient set of func-

tions are T(X), qc(X), X(X), and @w/@X(X). Unlike poloidal

flux functions, these profiles could be directly measured by tak-

ing measurements in the core as functions of R (and using dw/

dX¼XBh). This asymptotic approximation may be improved

for finite boundary layer width by scaling X to have a maxi-

mum at the magnetic axis instead of the wall.

Once the input functions have been specified, the equi-

librium is obtained by drawing contours of constant X in the

core and boundary layer and joining the solutions. The lines

of constant X in the core are simply vertical lines of constant

R. The lines of constant X in the boundary are found by trac-

ing a perpendicular distance n(R,X) from the wall at any

given R value. For smooth joining of the contours, numerical

points should be concentrated around the R ! X transition

where n(R, X) varies rapidly.

For completeness, we give explicit expressions for q and
~B. Taking first the general expression of q,

qðwÞ ¼ FðwÞ
2p

þ
dl

Rjrwj ; (39)

where the line integral is performed on a loop of constant w.

In the boundary layer portion of the loop, we expect rw to

be large and the integrand to be small. To first order, the

expression for q reduces to a line integral along the vertical

contours in the core, giving

qðXÞ ¼ FðXÞ
2pX

lðXÞ
jdw=dXj ; (40)

where l(X) is the length of the vertical line from top bound-

ary layer to bottom boundary layer. In the limit of small

boundary layer, this is simply the vertical height of the

plasma boundary.

Our expressions for the magnetic field come directly

from Eq. (1). The toroidal field is given by

~B/ ¼
FðXÞ

R
/̂: (41)

The poloidal fields in the core and boundary layer, respec-

tively, are given by

~Bh ¼
jdw=dXj

X
drX� /; (42)

~Bh ¼
jdw=dnj

R
drX� /: (43)

D. Joining the solutions and self-consistency

By using the matching condition dw/dn ! 0 as R ! X,

we have introduced a discontinuity in the derivative of the

flux function at the border between the core and boundary

solutions. The dotted lines in Fig. 3 represent tangents to the

boundary layer solution at the border. Each tangent is paral-

lel with n consistent with dw/dn ! 0. Because Z and n are

generally not parallel at the border, the derivatives dw/dZ
and dw/dn are equal if and only if dw/dR ! 0. This mis-

match of derivatives causes a fictitious surface current at the

border which corresponds to a disagreement between Bh ei-

ther side of the border. Equations (42) and (43) give the

measured value of Bh in the core and the calculated value of

Bh in the boundary layer, respectively. The magnitude of the

fictitious surface current density j~Kj is given by

j~Kj ¼ jdw=dXj
X

: (44)

092508-4 Fitzgerald, Sharapov, and Hole Phys. Plasmas 18, 092508 (2011)
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Unphysical current gradients could lead to the appearance of

artificial instabilities such as tearing modes which work to

smooth the discontinuous gradient. Thus, for well behaved

analytical solutions, we should use Eq. (43) for the whole so-

lution so that Bh ! 0 smoothly to the core. Since rw is

never computed directly to find Bh, the discontinuity in de-

rivative is never encountered. Ultimately, this requirement is

a consequence of our approximation bq2 � �2 that Bh terms

are unimportant in the core region.

V. PLASMA DIAMAGNETISM WITH FLOW

As we have not nominated F(X) as a free function, we

must find an expression for F(X) in terms of our free func-

tions to enable calculation of the toroidal field. We rearrange

the definition of X in Eq. (28) and obtain

FðXÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FðRminÞ2 � 2l0

ðX

Rmin

DðX0ÞdX0

s
; (45)

DðXÞ � ½X2qcH0 þ X2 k

m
qc � qc log

qc

q0

� �
T0 � X4qcXX0	;

(46)

it is useful here to introduce the pressure in the core

pc(X)¼ (qc(X)/m)kT(X). Eq. (46) becomes

DðXÞ � X2p0c � X3qcX
2 � 2X4qcXX0

� 
: (47)

Equation (45) gives an expression for the poloidal current re-

sponsible for the toroidal field. The integral represents

plasma contributions to the poloidal current. A similar

expression has been derived previously for the static case7,8

which can be regained exactly by setting X¼ 0 in Eq. (47).

Under circumstances where the integral term in Eq. (45)

approaches or exceeds F(Rmin)2, a region of perfect diamag-

netism exists and there are no physical solutions of the

Grad-Shafranov equation. We must therefore restrict our

Grad-Shafranov solution domain for X to regions outside of

the “diamagnetic hole.” Within the hole, one should start

with a field free fluid equation and solve the ordinary hydro-

dynamics problem.

An interesting feature of the flow solution is the suppres-

sion of plasma diamagnetism by rotation. Fig. 4 shows the

typical affect of plasma pressure and rotation on the total

field for large b and X (specific values in the calculation will

be discussed in Sec. VI). In regions far from the magnetic axis,

the plasma pressure and rotation tend to be smaller and have

little effect on the magnetic field in comparison to the vac-

uum solution. The diamagnetic hole appears in the region of

highest pressure. As rotation is increased, the size of the hole

region is reduced and may be eliminated entirely as in Fig. 4.

This effect will be strongest when the rotation is fast near the

magnetic axis, which is often the case.

We may understand rotation suppression of diamagnet-

ism in terms of drift currents. Consider the fluid equation for a

slowly varying plasma which rotates in the toroidal direction.

Separating the currents and fields into free and magnetisation

contributions ~B � ~M þ ~H and setting the time derivative to

zero

� q
u2

r
r̂ ¼ ð~JM þ ~JfreeÞ � ð~M þ ~HÞ � rp; (48)

we are free to set the external field H and current Jfree to zero

and look at plasma contributions to the current with

� q
u2

r
r̂ ¼ ~JM � ~M �rp; (49)

taking the cross product with the field, we obtain the perpen-

dicular dynamics

~JM ¼ �
rp� ~M

M2
þ qRX2r̂ � ~M

2M2
: (50)

The first term on the right hand side of Eq. (50) is the famil-

iar diamagnetic current. The second term contains the drift

current arising from inertial forces which is a well known

prediction of the single-particle drift equations. We see that

FIG. 4. Illustration of a typical MHD hole solution. Plasma diamagnetism

in high-b solutions can decrease the vacuum field to zero. Toroidal rotation

can reverse this effect.

FIG. 3. Illustration of the border between the core and boundary layer solu-

tions. A dashed line denotes the surface bordering the two regions. The dot-

ted lines are tangents to the boundary layer solution which make the

discontinuity in derivative across the border more obvious.
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the total plasma current is the sum of diamagnetic and iner-

tial drift currents.

VI. COMPUTED EXAMPLES

We have computed some example equilibria numeri-

cally using the boundary layer solution described in Sec. IV.

The free functions T(X), X(X), qc(X) were taken to be of the

form,

f ðXÞ ¼ f0 1� ðRmax � XÞ2

ðRmax � RminÞ2

 !
; (51)

for given input f0¼ T0, X0, qc0. The function dw/dX was

taken to be of the form,

dw
dX
¼ awlðXÞ; (52)

for a given input aw and circular boundary,

lðXÞ ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðX � RminÞðRmax � XÞ

p
: (53)

Two example cases will be presented here: one solution

including flow and one without flow. The input values used

for these particular cases are given in Table I with the fluid

particle mass m set to the mass of deuterium. The average

toroidal beta bT � 2l0hpi=B2
T0 is 60%, where hpi is the

volume-average pressure and BT0 is the vacuum toroidal field

at the geometric axis. We deliberately choose this lower b
example to be closer to currently conceivable experiments

(see, for example, Wilson et al.5) rather than to give the best

approximation. The qualitative behaviour of higher b solu-

tions is the same.

The computed flux surfaces for the static case (X0¼ 0)

are given in Fig. 5. The core solution where w¼w (R) is

clearly distinguishable from the boundary solution. The

value of w on each X(w) surface may be calculated by meas-

uring the R location of each surface in the core and then inte-

grating dw/dX from Rmin.

The core and boundary solutions approach each other

smoothly for regions far from the magnetic axis. The shaded

region denotes where a diamagnetic hole has formed. In

regions close to the transition from boundary to core solu-

tions, where n is varying rapidly, a sharp transition between

core and boundary is evident in Fig. 5. Profiles as a function

of major radius are given in Fig. 6. The large Shafranov shift

causes an asymmetry in the profiles with the magnetic axis

located near Rmax. The magnetic field vanishes in this region.

The q¼ 1 surface appears at R¼ 0.8 and R¼ 0.96 and bor-

ders a region of very high-b as the field vanishes, so we

could expect from the linear stability theory to have a

strongly driven n¼ 1 kink mode manifesting as sawtooth

oscillations or even a disruption. Figs. 7 and 8 are the

results of the same calculation repeated with a flow of

X0¼ 0.6� 106 s� 1 which is approximately 600 kms� 1. A

distortion of the density profile in Fig. 8 by centrifugal forces

has produced a corresponding distortion in the pressure pro-

file. We may note a discontinuity in the density profile on

axis which results from the large value of n for this relatively

low-b example. As the boundary thickness n approaches the

radius of curvature of the plasma boundary, the high-b solu-

tion becomes less appropriate. This is a re-statement of the

validity criterion from the previous static solutions that

d=a ¼ Oð
ffiffiffiffiffiffiffiffiffiffiffiffi
�=bq2

p
Þ should be small.7,8 We may remedy this

by either increasing b and the Shafranov shift or using a flat-

ter input density profile.

TABLE I. Input parameter values for the example equilibria presented in

this section.

Parameter Value

Rmin 0.1 m

Rmax 1 m

qc0 m� 3� 1020 m� 3

kT0 10 keV

aw 0.05 T

X0 0.6� 106 s� 1 (flow case only)

BT at Rmin 6 T

FIG. 5. Contours of constant X(w) calculated using the values in Table I

with zero flow. The shaded area denotes a magnetic field free region.

FIG. 6. Profiles as functions of major radius calculated using the values in

Table I with zero flow.
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A physical feature in the density is the prominent peak

on the outboard side caused by the exponential dependence

on the rotation velocity (Eq. (14)). The effects of rotation on

the magnetic configuration are also apparent in Fig. 8 with

the complete suppression of the diamagnetic hole. One can

expect a general improvement in stability with a higher q on

axis q0¼ q(X¼Rmax)¼ 1.3 and finite b.

VII. CONCLUSION

We have presented an extension to 2-D analytical high-b
equilibrium solutions for toroidally flowing plasma using

results from ideal MHD. In addition to assuming the ideal

Ohm’s law, we have also assumed isotropic thermal equilib-

rium along poloidal flux surfaces. These assumptions led to a

Grad-Shafranov equation and Bernoulli equation for density

(momentum and energy conservation, respectively). Invoking the

ordering bq2 � �2 and M2
/q2 � �, we found that w¼w (R);

a result for toroidally flowing equilibrium which was the

same as for static equilibrium. A boundary layer technique

used previously for the static case was applied to the flow

equations and an asymptotic solution was found. The phe-

nomenon of plasma diamagnetism in the static solution was

found to be reduced due to centrifugal drift currents. Exam-

ple, equilibria were calculated using plasma parameters

which are approaching attainable values in next generation

spherical tokamaks.5,6 These examples also demonstrated

that a criterion for solution validity is that the radius of cur-

vature of the plasma boundary must be large compared to the

boundary layer thickness.

The physics of these high-b solutions poses interesting

challenges to intuition, particularly when considering a field

free region at the magnetic axis of the plasma. What are the

implications of a Lamour radius which compares with the

vessel dimensions when the low field region has been

Shafranov-shifted to be close to the boundary? Solutions

exist where rB can be very large in the boundary layer,

what happens when the rB current drift in the boundary

becomes the largest current in the MHD force balance? We

have discovered that centrifugal forces can suppress the

magnetic hole solutions, it may be interesting now to investi-

gate whether diamagnetic holes are favourable for tokamak

performance.
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