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Damping due to continuum resonances can be calculated using dissipation-less ideal magneto-

hydrodynamics provided that the poles due to these resonances are properly treated. We

describe a singular finite element technique for calculating the continuum damping of Alfv�en

waves. A Frobenius expansion is used to determine appropriate finite element basis functions

on an inner region surrounding a pole due to the continuum resonance. The location of the pole

due to the continuum resonance and mode frequency is calculated iteratively using a Galerkin

method. This method is used to find the complex frequency and mode structure of a toroidicity-

induced Alfv�en eigenmode in a large aspect ratio circular tokamak and is shown to agree

closely with a complex contour technique. VC 2015 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4907792]

I. INTRODUCTION

A variety of lightly damped Alfv�enic modes can occur

in toroidal magnetically confined plasmas. Interaction with

fast particles can destabilise these modes, leading to a loss

of confinement of these particles. In fusion applications,

such losses could reduce heating and damage plasma facing

components. One such mode is the toroidicity-induced

shear Alfv�en eigenmode (TAE), which occurs due to poloi-

dal variation in the magnitude of the toroidal magnetic

field.1 This variation results in the coupling of successive

poloidal harmonics of the spatially localised modes reso-

nant on particular flux surfaces. The coupling leads to fre-

quency gaps in the continuous spectrum of these modes,

allowing TAEs with extended radial structure and discrete

frequencies to exist in these gaps. One potentially signifi-

cant source of damping for these global modes is the reso-

nant transfer of energy from these modes to the strongly

damped continuum modes.

Physically, continuum damping represents dissipative

effects, such as charge separation and mode conversion

which occur near continuum resonances. Such behaviour

could be described using two-fluid and kinetic plasma mod-

els. However, it is not necessary to model these mechanisms

to compute continuum damping. Continuum damping can be

calculated using resistive magnetohydrodynamics (MHD) as

the limit of damping as resistivity is reduced to zero.2 In

ideal MHD, a continuum resonance corresponds to a regular

singular point. The correct treatment of such a singularity is

dictated by the causality condition, analogous to the analysis

of Landau damping of plasma oscillations.3 Analytical4–7

and numerical8 methods have been developed for calculating

continuum damping using ideal MHD based on this condi-

tion. In this paper, we outline a numerical method in which

singular finite elements are used to ensure that the singularity

in the ideal MHD treatment of continuum damping is prop-

erly represented. While we describe the calculation of

continuum damping of a TAE the method used could be

adapted to the continuum damping of other global modes in

toroidal plasmas.

Singular finite elements are used in a number of fields,

with examples of applications occurring in fracture

mechanics,9 electromagnetism,10 and viscous flow.11 To

our knowledge, singular finite element methods have only

been employed in one case in plasma physics to solve the

ideal MHD Newcomb equation describing a marginally sta-

ble cylindrical plasma MHD.12 This method was applied to

the analysis of resistive instabilities. In these cases, the as-

ymptotic behaviour around and location of the singular

point is known. Singular finite elements have not previously

been applied to MHD problems with finite frequency oscil-

lations. In the case we analyse, the location of continuum

resonances is dependent on the TAE eigenvalue.

Consequently, determining this eigenvalue using the singu-

lar finite element method is an iterative process, in which

the estimated location of the resonance must be updated af-

ter each iteration.

In Sec. II, we outline a TAE model due to Berk et al. and

show that the resulting eigenvalue equation can be expressed

in terms of Hermitian operators. The Frobenius method is

applied to this expression to determine the form of the contin-

uum resonance singularities in Sec. III. Subsequently, in Sec.

IV, a finite element method is described which incorporates

elements with this form. This method is applied to a TAE in

Sec. V and verified by comparison to the complex contour

method.

II. SHEAR ALFV�EN EIGENMODE EQUATION

In this paper, we consider a TAE in a low b, large aspect

ratio circular tokamak with a perfectly conducting wall at the

edge of the plasma. For this case, Berk et al. have derived

the following coupled mode equation for shear Alfv�en waves

in ideal MHD:7
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r3 x2

vA
2
� k2

km

� �
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� �

þ d
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� �
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 !
rEm

þ d

dr
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dEmþ1

dr
þ dEm�1

dr

� �� �
¼ 0; (1)

in which Em is the m’th poloidal Fourier component of dU
r ,

where dU is the perturbation to the electric potential due to

the wave. The gauge is set such that the magnetic vector

potential A associated with these oscillations is parallel to

the equilibrium magnetic field. The variable r is the radial

coordinate in the flux-type straight-field-line coordinates

defined by Berk et al.7 The inverse aspect ratio �, is the ratio

of the minor radius a to the major radius R0, x is the angular

frequency of the mode and kk ¼ 1
R0
ðn� m

qÞ is the wave num-

ber parallel to the magnetic field for poloidal and toroidal

mode number m and n, respectively. For a particular flux sur-

face, vA ¼ B
l0NMi

is the Alfv�en speed, q is the safety factor,

and N is the number density of ions. Ions are considered to

be a single species of mass Mi.

Dividing by a, Eq. (1) can be written more compactly as

X2LX Ej½ � � Lk Ej½ � ¼
d

dx
X2DX;i;j xð Þ � Dk;i;j xð Þ
� � dEj

dx

� �

þ X2AX;i;j xð Þ � Ak;i;j xð Þ
� �

Ej ¼ 0:

(2)

Here, we define

DX;i;j ¼
N

N0

x3di;j þ
5

2
�x4 di�1;jdiþ1;j

� 	� �
; (3)

Dk;i;j ¼ x3 n� m

q

� �2

di;j; (4)

AX;i;j ¼ x2 d

dx

N

N0

� �
� m2 � 1ð Þx N

N0

� �� �
di;j; (5)

Ak;i;j ¼ � m2 � 1ð Þ n� m

q

� �2

xdi;j; (6)

in which x ¼ r
a is the normalised radial coordinate and X ¼

xR0

vA;0
is the normalised frequency, where vA,0 is the Alfv�en

speed at the magnetic axis. Ion number density at the mag-

netic axis is represented by N0. The operators LX and Lk can

be shown to be Hermitian. As ideal MHD is non-dissipative,

the corresponding operators must be Hermitian for arbitrary

geometry. Thus, the equations of linearised ideal MHD spec-

tral analysis may always be expressed in the form seen in

Eq. (2), regardless of geometry and simplifying assumptions.

Therefore, the methods described here for a simplified case

could in principle be applied in three-dimensional geometry

or where there is interaction between shear Alfv�en and

magneto-sonic waves. This may require tailoring of the basis

functions introduced in Sec. III so that the vector compo-

nents of the solution can satisfy constraints such as r � B ¼
0 everywhere, in order to avoid spectral pollution. However,

in the present simplified treatment, the harmonic components

of eigenmodes are represented by scalar functions. The com-

ponents of quantities such as plasma displacement can be

calculated based on the constraints and thus spectral pollu-

tion does not appear.

If operator L is Hermitian, then

ðb

a

ðL½y�Þ†y0dx ¼
ðb

a

y†ðL½y0�Þdx; (7)

for all y and y0. If L is a second order differential operator

L y½ � ¼ L2 xð Þ d2

dx2
þ L1 xð Þ d

dx
þ L0 xð Þ

� �
y½ �: (8)

Substitute Eq. (8) into Eq. (7) and integrate by parts

ðb

a

L2 xð Þ d
2y

dx2
þ L1 xð Þ dy

dx
þ L0 xð Þy

� �†

y0dx ¼
ðb

a

d2y†

dx2
L2 xð Þy0 þ dy†

dx

dL2 xð Þ
dx

� L1 xð Þ
� �

y0 þ y†L0 xð Þy0
� �

dx

þ y†L2 xð Þ dy0
dx
� dy†

dx
L2 xð Þy0 þ y† L1 xð Þ � dL2 xð Þ

dx

� �
y0

� �




b

a

¼
ðb

a

d2y†

dx2
L2 xð Þy0 þ dy†

dx

dL2 xð Þ
dx

� L1 xð Þ
� �

y0 þ y†L0 xð Þy0
� �

dx: (9)

The last step assumes that y¼ 0 for x¼ a and x¼ b. Hence,

to ensure that L is Hermitian, we require that

L2 ¼ L2
†; (10)

2
dL2

dx
� L1 ¼ L1

†; (11)

d2L2

dx2
� dL1

dx
þ L1 ¼ L0

†: (12)

Therefore, for Hermitian matrices L1 and L0, this implies that
dL2

dx ¼ L1, and thus, the equation LEm¼ 0 has the same form

as Eq. (2). Clearly, L1 and L0 are Hermitian for a circular

tokamak with the large aspect ratio approximation described

in Eq. (2). However, it can also be shown that the force oper-

ator for linearised ideal MHD can be expressed in a symmet-

ric form.13 Therefore, it follows that matrices L1 and L0 will

be Hermitian for arbitrary geometry. Thus, the equations of

ideal MHD spectral analysis may always be expressed in the
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form seen in Eq. (2), regardless of geometry and simplifying

assumptions. Therefore, the methods described here for a

simplified case could in principle be applied in three-

dimensional geometry or where there is interaction between

shear-Alfv�en and magneto-sonic waves.

III. CONTINUUM RESONANCE SINGULARITIES

Regular singularities occur for x such that the determi-

nant of the matrix Di;j ¼ ðX2DX;i;jðrÞ � Dk;i;jðrÞÞ is zero. At

this point, the inverse of the operator L ¼ X2LX � Lk is

unbounded. The behaviour of the wave function near this

pole can be found using a Frobenius expansion. Let z¼ x �
xr, where xr is the location of a pole due to a continuum reso-

nance, and let Ai;j ¼ ðX2AX;i;jðrÞ � Ak;i;jðrÞÞ. In general, xr

will be displaced into the complex plane as X becomes com-

plex due to continuum damping. Where the inverse of D
exists, from Eq. (2), we can derive the following expression:

d2Ej

dz2
þ D�1

i;j

dDi;j

dz

dEj

dz
þ D�1

i;j Ai;jEj ¼ 0: (13)

Assume that
dkDi;jk

dx





x¼xr

6¼ 0. That is, consider a case where

the continuum resonance does not coincide with a stationary

point of the continuous spectrum. Hence, near the pole, the

inverse of matrix Di,j can be approximated in terms of its

adjugate as

D�1
i;j �

adj Di;jð Þ

z
dkDi;jk

dx






x¼xr

: (14)

Thus, it is possible to write Eq. (13) as

d2Ej

dz2
þ 1

z
Mi;j

dEj

dz
þ 1

z
Ni;jEj ¼ 0; (15)

where

Mi;j ¼
adj Dð Þi;k
dkDi;jk

dx

dDk;j

dx

2
64

3
75






x¼xr

¼ di;j; (16)

Ni;j ¼
adj Dð Þi;k
dkDi;jk

dx

Ak;j

2
64

3
75






x¼xr

: (17)

Using the Frobenius method, express the solution near the

resonance as

Ej ¼ zk
X1
l¼0

al;jz
l; (18)

where a0,i 6¼ 0 for some i. Combining this requirement with

Eq. (15) leads to the indicial equation

k2a0;i ¼ 0: (19)

Hence, the indicial equation has the double root k¼ 0.

Therefore, the indicial equation does not provide two

linearly independent solutions. As a consequence, the solu-

tion will have general form

Ej ¼ zk
X1
l¼0

ðal;jz
l þ bl;jz

llnðzÞÞ; (20)

where a0,i 6¼ 0 or b0,i 6¼ 0 for some i. Thus, the indicial equa-

tions are

k2a0;i þ 2kb0;i ¼ 0; (21)

k2b0;i ¼ 0: (22)

For these equations k¼ 0 remains a solution, and if b0,i¼ 0

the previous solution is recovered. Additional non-trivial sol-

utions are found with b0,i 6¼ 0 for some i. Thus, the solution

in the vicinity of the resonance can be approximated to first

order as Em ¼ am þ bmlnðx� xrÞ.
It is possible to express the normalised real frequency

Xr and damping Xi as normalised complex frequency

X ¼ Xr þ iXi. For complex X, the pole due to the continuum

resonance will generally have an imaginary component.

Consequently, it is necessary to define an analytic continua-

tion of the logarithmic function in the vicinity of the com-

plex pole. The causality condition requires that the

logarithmic function is found by analytic continuation of the

function on a path that with the real axis encloses the singu-

larity. Physically, this derives from the requirement that a

perturbation to the plasma precedes the response it causes. A

branch cut exists where <ðxÞ ¼ <ðxrÞ and =ðxÞ < =ðxrÞ if

=ðxrÞ > 0 or =ðxÞ > =ðxrÞ if =ðxrÞ < 0. Thus, the logarith-

mic function in the Frobenius approximation will be

ln6ðx� xrÞ ¼ lnjx� xrj7pi argðx� xrÞ6 2piHð<ðx� xrÞÞ;
(23)

where sgnð=ðxrÞÞ ¼ 61 and HðxrÞ is the Heaviside step

function.

IV. FINITE ELEMENT METHOD

In the Galerkin method, the eigenvalue problem ðLa �
kLbÞu ¼ 0 is discretised by deriving a weak formulation of

the problem and approximating the solution as a linear com-

bination of a finite number of basis functions. The weak for-

mulation is expressed in terms of bi-linear forms aðu; vÞ and

bðu; vÞ defined for u,v � V, where V is a Hilbert space. The

eigenfunction u � V and eigenvalue k are such that aðu; vÞ �
kbðu; vÞ ¼ 0 8v 2 V. This problem is discretised by solving

for uh, vh � V h where Vh is a h-dimensional subset of V, rep-

resenting the space spanned by a finite set of basis functions.

This allows the problem to be represented as a generalised

matrix eigenvalue problem, for which efficient numerical so-

lution procedures exist. The solution obtained using this

method is such that its error eh (the difference between it and

the exact solution to the original eigenvalue problem) is

Galerkin orthogonal to the space spanned by the chosen basis

functions. That is, aðeh; vhÞ � kbðeh; vhÞ ¼ 0 8 vh. Thus, this

solution represents a projection of the exact solution onto the

chosen space Vh. The accuracy of the solution obtained
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depends on how accurately the eigenfunction can be approxi-

mated by a linear combination of the chosen basis elements.

Finite element method results can be made to converge with

an increasing number of basis functions.

The Galerkin method is used to estimate Em and x.

For simplicity, triangular functions with uniform spacing

are chosen to form the basis set. These are defined as

follows:

vm;i;j xð Þ ¼ 1� jx� xij
D

� �
dm;j for x 2 xi � D; xi þ Dð Þ

0 for x 62 xi � D; xi þ Dð Þ;

8><
>:

(24)

where the centre of the ith basis function is located at

xi ¼ i�1
N�1

, N is the number of elements, and D ¼ 1
N�1

is the

spacing between the centres of adjacent functions. This gives

a piecewise linear approximate solution Em ¼
PN

i¼0

/m;i;jvm;i;jðxÞ.

It is possible to express the TAE wave equation in terms

of a sesquilinear form by taking the scalar product with a

function E0m and integrating from x¼ 0 to x¼ 1. In the ab-

sence of continuum resonances this leads to the expression

X2

ð1

0

dE�i
dx

DX;i;j xð Þ � AX;i;j xð Þ
� 	� � dEj

dx
dx

¼
ð1

0

E�i Dk;i;j xð Þ � Ak;i;j xð Þ
� �

Ejdx; (25)

for all continuous E0m, where Emð0Þ ¼ E0mð0Þ
¼ Emð1Þ ¼ E0mð1Þ ¼ 0. However, due to the discontinuity

associated with a logarithmic singularity, it is necessary to

exclude the continuum resonance from the integration. Let

x�r and xþr be the real valued lower and upper bounds of a

region containing the continuum resonance <ðxrÞ, where

<ðxrÞ � x�r � 1 and xþr �<ðxrÞ � 1. If the region where

x 2 ½x�r ; xþr � is removed from the integration, this leads to the

appearance of surface terms

X2 E�i DX;i;j xð Þ
dEj

dx






xþr

x�r

þ
ðx�r

0

dxþ
ð1

xþr

dx

 !
dE�i
dx

DX;i;j xð Þ � AX;i;j xð Þ
� 	� 	 dEj

dx

 �" #

¼ E�i Dk;i;j xð Þ
dEj

dx






xþr

x�r

þ
ðx�r

0

dxþ
ð1

xþr

dx

 !
E�i Dk;i;j xð Þ � Ak;i;j xð Þ
� 	

Ej

� �" #
; (26)

for all E0m continuous on x 2 ð0; x�r Þ [ ðxþr ; 1Þ, where

Emð0Þ ¼ E0mð0Þ ¼ Emð1Þ ¼ E0mð1Þ ¼ 0. Removing this part

of the domain from the integration is equivalent to multiply-

ing the integrand by a weight function gðxÞ, which is equal

to 0 for x 2 ða; bÞ and 1 elsewhere. The equation clearly

lacks any information on the excluded region. Thus, the

equation expresses a necessary, but not sufficient condition

for the solution Em. Consequently, it is necessary to restrict

Em in the excluded region to those solutions found using the

Frobenius expansion. This can be achieved by replacing the

finite element basis functions where x 2 ½x�r ; xþr � with

appropriate singular finite elements. Although the above

applies to cases with one continuum resonance, however, it

could readily be generalised to cases with multiple

resonances.

The basis functions described above are replaced with

alternative functions reflecting the lowest order terms of the

Frobenius expansion for Em over an inner region x 2 ða; bÞ.
The bounds a and b are chosen such that ðx�r ; xþr Þ � ða; bÞ
and both a and b are integer multiples of D. The singular ba-

sis functions used are defined in terms of the analytically

continued logarithmic function expressed in Eq. (23)

FIG. 1. Plots (a) and (b) illustrate basis functions which are logarithmic on the inner region x 2 ða; bÞ; vm; log;j, where =ðxrÞ is positive and negative, respec-

tively. In each case, =ðxrÞ is finite, resulting in a continuous real component (blue, solid) and an imaginary component with a step-discontinuity at x ¼ <ðxrÞ
(gold, dashed).
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vm; log ;j ¼

ln6 x� xrð Þdm;j for x 2 a; bð Þ

1� a� xð Þ
D

� �
ln6 a� xrð Þdm;j for x 2 a� D; að Þ

1� x� bð Þ
D

� �
ln6 b� xrð Þdm;j for x 2 b; bþ Dð Þ:

8>>>>>><
>>>>>>:

(27)

Such basis functions are illustrated in Figure 1. By including

the discontinuity at x ¼ <ðxrÞ due to the continuum reso-

nance pole, such singular basis functions ensure that contin-

uum damping is represented by the imaginary component of

the eigenvalue.

Elements which are constant on the inner region are also

chosen, reflecting the constant terms in the expansion for Em

vm;const;j ¼

dm;j for x 2 a; bð Þ

1� a� xð Þ
D

� �
dm;j for x 2 a� D; að Þ

1� x� bð Þ
D

� �
dm;j for x 2 b; bþ Dð Þ:

8>>>>>><
>>>>>>:

(28)

This type of basis function is illustrated in Figure 2. To

improve convergence, basis functions were also defined

which were linear on the inner region, representing the next

lowest order terms in the expansion for Em

vm;lin;j ¼

x� xrð Þdm;j for x 2 a; bð Þ

1� a� xð Þ
D

� �
a� xrð Þdm;j for x 2 a� D; að Þ

1� x� bð Þ
D

� �
b� xrð Þdm;j for x 2 b; bþ Dð Þ:

8>>>>>><
>>>>>>:

(29)

An illustration of such a basis function is provided in Figure

3. Inclusion of linear terms reflects the existence of a real

component of the solution on the inner region, which is anti-

symmetric in both real and imaginary parts about the contin-

uum resonance location.

The location of the pole due to the continuum resonance

is not known a priori, as solutions to kDi;jk ¼ 0 are

dependent on X. If there is an error in the estimated reso-

nance location, the basis functions above will not be able to

accurately represent the solution near the resonance. Thus,

the solution obtained will depend on the width of the excised

region. Consequently, it is necessary to apply the singular fi-

nite element using an iterative technique. The technique is

applied as follows:

(1) Compute the real frequency component using the finite

element technique incorporating only standard linear ele-

ments. This is reasonably accurate, provided that the

continuum damping is small in relation to the real fre-

quency component.

(2) Estimate the pole location xr, by solving XCðxrÞ ¼ X,

where XC is the normalised continuum frequency.

(3) Add a small imaginary component to the estimated pole

location xr, reflecting that Xi < 0 as required by the cau-

sality condition. A truncated Taylor series expansion

implies = xrð Þ � Xi
@XC

@x j
�1
x¼< xrð Þ and hence the sign of this

imaginary component must be opposite that of the deriv-

ative in this expression. The latter can be determined by

the sign of the change in xr calculated in step 1 when a

small change in x is applied.

(4) Using singular finite elements, find X as a function of the

width of the excised region. As the excised width

decreases the effect of the error in the pole location is

found to increase. However, if the excised width is simi-

lar to the inner region width, the solution will give insuf-

ficient weight to accurately describing behaviour near

the continuum resonance. This is found to result in a neg-

ligible imaginary eigenvalue component.

(5) Find the value of the excised width for which the sensi-

tivity of complex X to this parameter is minimised.

Update the estimate for X using the value corresponding

to this excised width.

FIG. 2. A plot illustrating a basis function, which is constant over the inner

region x 2 ða; bÞ; vm;const;j.

FIG. 3. A plot illustrating a basis function, which is linear over the inner

region x 2 ða; bÞ; vm;lin;j.
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(6) Update the estimate for the pole location. Approximate

the real component using XCð<ðxrÞÞ � <ðXÞ and then

approximate the imaginary component based on the trun-

cated Taylor series in step 3.

(7) Repeat the previous three steps to determine increasingly

accurate values for X and xr. As these estimates con-

verge, the dependence of X on the width of the excised

region is removed.

(8) Demonstrate convergence with respect to the number of

radial grid points, N and the width of the inner region,

b � a.

The complex contour method was used to verify the

results obtained using singular finite elements. In this tech-

nique, the eigenvalue problem is solved over a complex con-

tour, which is deformed around the complex poles due to

continuum resonances in accordance with the causality con-

dition.8 The complex contour chosen is parameterised by

x ¼ tþ iatð1� tÞ, where t 2 ð0; 1Þ. A similar Galerkin

method can be used to find the complex eigenvalues in this

case, using a basis set composed exclusively of triangular

functions. These basis functions are defined along the com-

plex contour in terms of the contour parameter t. For the cho-

sen TAE case, the equilibrium parameters qðrÞ and NðrÞ are

analytic on the region of interest, allowing evaluation along

the chosen complex contour.

V. VERIFICATION

A TAE mode due to the coupling of the ðm; nÞ ¼ ð1; 1Þ
and ð2; 1Þ, harmonics was studied using the simplified model

outlined in Sec. III. This analysis was done for a tokamak

with aspect ratio 10 (� ¼ 0:1). The safety factor profile was

chosen to be qðxÞ ¼ q0 þ ðqa � q0Þx2, where q0¼ 1.0 and

qa¼ 3.0. The plasma density profile was selected to be

N xð Þ ¼ N0

2
1� tanh x�D1

D2

� �� �
, where D1¼ 0.7 and D2¼ 0.05.

A set of basis functions was chosen with the number of radial

grid points n¼ 401 and inner region width b � a¼ 0.0125.

This width was sufficiently small that kDi;jk was very close

to linear and the truncated Frobenius expansion derived in

Sec. III would be accurate throughout the inner region. The

convergence of the damping ratio Xi

Xr
using the iterative tech-

nique outlined in Sec. IV is shown in Figure 4. After five

iterations, it was estimated that the normalised frequency

was X ¼ 0:326� 0:00572i, corresponding to a damping ra-

tio of Xi

Xr
¼ �0:0176 (considering the case where the excised

region had width xþr � x�r ¼ 0:005). Convergence with

respect to inner region width was tested by calculating the

damping ratio for four additional values of b � a between

0.0075 and 0.0275 while xr, xþr � x�r , and N were held con-

stant. The damping ratio was found to remain within

�0.64% and 1.44% of the value determined using b � a
¼ 0.0125. In order to demonstrate convergence with respect

to the number of radial grid points, the damping ratio was

calculated for N¼ 81, 241, 561, and 721 while xr, xþr � x�r ,

and b � a were held constant. In these cases, the damping ra-

tio varied by �0.07% and 0.36% with respect to the value

for N¼ 400. Thus, these data indicated satisfactory conver-

gence with respect to the number of radial grid points even

FIG. 4. Convergence of the damping ratio as a function of the width of the

excised region xþr � x�r over five iterations using the singular finite element

method. The difference between the computed value of Xi

Xr
and the estimate

obtained using the complex contour method is plotted on the vertical axis.

After each iteration, xr is updated based on the value of X for

xþr � x�r ¼ 0:01. The �; �; �; �, and � markers correspond to the first,

second, third, fourth, and fifth iterations, respectively. Negative values of

D Xi

Xr
are indicated by solid colour markers.

FIG. 5. Mode structure for a TAE due to coupling of the ðm; nÞ ¼ ð1; 1Þ and

ð2; 1Þ harmonics with complex frequency X ¼ 0:3259� 0:005731i, found

using the singular finite element method. Solid lines represent real quantities

and dashed lines represent imaginary quantities. The continuum resonance

pole is located at xr ¼ 0:767504� 0:000511i. N¼ 721 radial grid points

were used with inner region width b� a ¼ 0:0125 and excised region width

xþr � x�r ¼ 0:005.

FIG. 6. Damping ratio as a function of the number of radial grid points N for

different contour deformation parameters a, using the complex contour

method. The �; �, and � correspond to a¼�0.01, �0.02, and �0.05. The

damping ratio found using the singular finite element method is indicated by

the black line.
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where this was relatively small. The mode structure obtained

for the latter resolution is shown in Figure 5. Using a finite

element complex contour method, the normalised frequency

computed was X ¼ 0:326� 0:00571i and hence the damping

ratio was Xi

Xr
¼ �0:0175. The convergence of this result with

respect to the deformation parameter a is shown in Figure 6.

The difference between the damping ratios computed using

the singular finite element and contour techniques is 0.05%.

While the boundary condition E1ð0Þ ¼ 0 used here dif-

fers from that used by Berk et al.,7 introducing this condition

does not alter the results obtained to within three significant

figures. In the singular finite element solution, E1 assumes an

approximately constant value very close to the magnetic axis

as required for regular solutions of Eq. (1) near the origin.

Using a shooting method implementation of the contour

method, discussed in Ref. 14, with the boundary conditions

of Berk et al. gives Xi

Xr
¼ �0:0175.

VI. CONCLUSION

We have described a singular finite element method

which successfully reproduces the TAE frequency and con-

tinuum damping found using the complex contour method.

As the continuum damping computed using the latter method

has previously been shown to closely agree with the results

of resistive MHD,8 this agreement demonstrates the validity

of the singular finite element method. The small errors in the

results of these finite element methods are due to the limited

accuracy inherent in approximating a solution with a limited

number of finite elements. In the case of the singular finite

element technique, these limitations arise due to the finite

width of the singular and regular elements as well as the

location of the pole used to construct the former.

The singular finite element technique presented here

could be readily integrated into existing codes. This would

be done by replacing standard finite elements with appropri-

ate singular finite elements in the regions around continuum

resonances. Unlike the complex contour technique, it does

not require analytic continuation of equilibrium quantities.

This is advantageous as finite element plasma stability codes

typically employ numerical representations of these quanti-

ties which are based on spline interpolation and do not have

analytic continuations over the domain of interest.8 In con-

trast to the complex contour method, the singular finite ele-

ment method calculates the mode structure for real values of

the radial coordinate r, rather than over a complex path in

that variable. Moreover, less resolution is required to solve

eigenvalue equations for ideal MHD than resistive MHD.

Thus, the ideal MHD singular finite element technique

presented may allow calculation of continuum damping in

more complicated geometries than has previously been prac-

tical, such as for stellarators. However, this singular finite

element technique requires the user to demonstrate that the

solution has converged with respect to four different parame-

ters (grid resolution, excised width, singular element width,

and iteration number). In contrast, convergence with respect

to two parameters is required in the resistive technique (grid

resolution and resistivity parameter) and the complex con-

tour technique (grid resolution and contour deformation).
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