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Baxter’s work has had — and will surely continue to have — a profound influence 
on every aspect of quantum integrability.

Today’s talk is no exception,  as it is partly based on the famous ABF paper.



Guiding example: 2-dim Ising model



2-dim Ising model

“spins”
<latexit sha1_base64="h8U3BR/zDwYuWx6N0kSMrdSwnYs="></latexit>

ωi = ±1

• • •
• • •
• • •

<latexit sha1_base64="n7XaslxTwbBHJ+dC3IuYzVinqmA="></latexit>

E = →
∑

→i,j↑

ωi ωj

nearest neighbors

critical temp TC    ~   CFT   
<latexit sha1_base64="BWdN6UqvEOb2d9Bqf1Om5ewvHH0="></latexit>

c =
1

2

low-temp phase T < TC : 2 degenerate equilibrium states +, -

Landau-Ginzburg effective potential



Equivalent to 1-dim quantum spin chain
<latexit sha1_base64="hZQMP8pvXe3jEdwIJGUIXBP+wjI="></latexit>

H =
∑

n

(
→ω

x
n → εω

z
n ω

z
n+1

)
, ε =

Tc

T

For                            ,  2 degenerate ground states:
<latexit sha1_base64="h6LmVSmXtToIRhbE5HqnKE17/ok="></latexit>

ω → ↑ (T → 0)

<latexit sha1_base64="w5qfmXH0cwlOhygXZb4HJM8VrPs="></latexit>

|+→ = | ↑ · · · ↑→
|↓→ = | ↔ · · · ↔→

Excitations are “kinks” 
<latexit sha1_base64="+TwoYuYyj/N/nng82HSyBwFvfDc="></latexit>

→ |1↑ ω|

kink operator
<latexit sha1_base64="BM5YuCnzH48ejtdt1PGXNxnIexk="></latexit>

µz
n =

∑

m<n

ωx

<latexit sha1_base64="YjYatEOs4u0ITj+1PyXKVZZpe6A="></latexit>

µz
n |+→ = | ↑ · · · ↑↓ · · · ↓→

mass
<latexit sha1_base64="iHO/HIxeORlmJ900sRrkm5ws6cY="></latexit>

| → · · · →↑ · · · ↑↓



Scaling region
<latexit sha1_base64="dS1i8ErlDpiFDzUZlMesmZunuAQ="></latexit>

T → Tc ↑ 0→

continuum QFT: free massive Majorana field
<latexit sha1_base64="mByIfiihpWXRSIfB4GAAeJwHPcE="></latexit>

Lbulk = ωεz̄ω → ω̄εzω̄ +M ω̄ω
<latexit sha1_base64="gMS25T1iAmk6XYid8q/cSr7d/9A="></latexit>

M → Tc ↑ T > 0

bulk perturbation of dimension
<latexit sha1_base64="pzyVoekTjtD41fba9QhzY+TKPc8="></latexit>

( 12 ,
1
2 ) of  CFT

<latexit sha1_base64="BWdN6UqvEOb2d9Bqf1Om5ewvHH0="></latexit>

c =
1

2

Fermions with  mass energy momentum
<latexit sha1_base64="oeydUHAsNefdxW111MQf8azDRmg="></latexit>

p = M sinh ω
<latexit sha1_base64="igxV8oCYdr8DNDn1AEz2HP9psgE="></latexit>

M

Can decompose           in terms of creation           and annihilation         operators
<latexit sha1_base64="hr7QJWGxgHR0Z8kgNLOglRV7kGM="></latexit>

ω , ω̄
<latexit sha1_base64="xQveWUAFN2eY9lX3Y3XJwdabpGo="></latexit>

A(ω)

Regard as kink operator that interpolates between the two ground states

<latexit sha1_base64="7Cm1uYOyFizi6PhD1CDEN8E6NTo="></latexit>

A(ω)†

spectrum: 
<latexit sha1_base64="6lB/UMHiXKaubWXRBGlMmBEjUv4="></latexit>

e = M cosh ω



bulk scattering:

<latexit sha1_base64="7w7OHiUJI6QI6j9CaarW+XlfbiM="></latexit>

A(ω)† A(ω→)† = →A(ω→)† A(ω)†

<latexit sha1_base64="qbmzK917K8K/8eU3eQ8Fb/iJYek="></latexit>)
<latexit sha1_base64="ljkLvdW1ARR3/7PYtP2rR8YeiVw="></latexit>

S(ω → ω→) = →1 free Fermion
<latexit sha1_base64="L8bQZKzZg1C3/UVln4KKJ1DAJ+Q="></latexit>X



       On half-line            with boundary magnetic field     : [Ghoshal, Zamolodchikov1994]
<latexit sha1_base64="h+6Tl74qXCAeKDo3haTP4FbA9wA="></latexit>

h

<latexit sha1_base64="8v403e4498UE1hyGqd+/OLncIr0="></latexit>

S =

∫ →

↑→
dy

{∫ 0

↑→
dxLbulk +

1
2

[
ωω̄ + a ȧ+ h(ω + ω̄)a

] ∣∣∣
x=0

}

<latexit sha1_base64="O6iE9YGxJJ//xoA5MoDmZ3FQy3Y="></latexit>

(→↑, 0]



[Ghoshal, Zamolodchikov1994]

boundary degree of freedom

<latexit sha1_base64="8v403e4498UE1hyGqd+/OLncIr0="></latexit>

S =

∫ →

↑→
dy

{∫ 0

↑→
dxLbulk +

1
2

[
ωω̄ + a ȧ+ h(ω + ω̄)a

] ∣∣∣
x=0

}
       On half-line            with boundary magnetic field     :

<latexit sha1_base64="h+6Tl74qXCAeKDo3haTP4FbA9wA="></latexit>

h
<latexit sha1_base64="O6iE9YGxJJ//xoA5MoDmZ3FQy3Y="></latexit>

(→↑, 0]



[Ghoshal, Zamolodchikov1994]

boundary perturbation of dimension 
<latexit sha1_base64="+1YCDSWlDKWZGMTTBRAzBjjSwic="></latexit>

1
2 integrable

<latexit sha1_base64="GOwzT9Xuk5DEroTCAWlWuvho5SE="></latexit>

h = 0 : “free” boundary conditions

ground states         still degenerate
<latexit sha1_base64="QeL+B59E/pdAZW1ZUy+0vevZx/c="></latexit>

|±→

<latexit sha1_base64="nYaImN5XIrDPObvjeGFvDEUra5k="></latexit>

h → ↑ : “fixed” boundary conditions
<latexit sha1_base64="u7AOEZfnaehqFWtK9XjOROf10IU="></latexit>

|+→

<latexit sha1_base64="8v403e4498UE1hyGqd+/OLncIr0="></latexit>

S =

∫ →

↑→
dy

{∫ 0

↑→
dxLbulk +

1
2

[
ωω̄ + a ȧ+ h(ω + ω̄)a

] ∣∣∣
x=0

}

<latexit sha1_base64="ynN+HfhAN/ek1VSS2imweUiHdIE="></latexit>

M → 0

       On half-line            with boundary magnetic field     :
<latexit sha1_base64="h+6Tl74qXCAeKDo3haTP4FbA9wA="></latexit>

h
<latexit sha1_base64="O6iE9YGxJJ//xoA5MoDmZ3FQy3Y="></latexit>

(→↑, 0]



boundary scattering:
<latexit sha1_base64="ie3mflhHCVNhT6c7DtYQcIw1P2c="></latexit>

A(ω)† = R(ω)A(→ω)†

<latexit sha1_base64="uV0F5ueccAGuyY2fBuCqoXqu39I="></latexit>

R(ω) = i tanh( iω4 → ε
2 )

(
sin ε → i sinh ω

sin ε + i sinh ω

)

<latexit sha1_base64="GtGNKbFUd7xz7KMgEOG0DNVao5c="></latexit>

sin ω = 1→ h2

2M

“boundary reflection matrix”

[Ghoshal, Zamolodchikov1994]



boundary scattering:
<latexit sha1_base64="ie3mflhHCVNhT6c7DtYQcIw1P2c="></latexit>

A(ω)† = R(ω)A(→ω)†

<latexit sha1_base64="uV0F5ueccAGuyY2fBuCqoXqu39I="></latexit>

R(ω) = i tanh( iω4 → ε
2 )

(
sin ε → i sinh ω

sin ε + i sinh ω

)

<latexit sha1_base64="GtGNKbFUd7xz7KMgEOG0DNVao5c="></latexit>

sin ω = 1→ h2

2M

“boundary reflection matrix”

pole at 
<latexit sha1_base64="o5lHz9HotawvNqzYPiURpXzTiAo="></latexit>

ω = iε is physical for
<latexit sha1_base64="Cm69CqP3AwhOKnKvc+g8yLodBa4="></latexit>

0 < ω < ω
2 (i.e.                          )     

<latexit sha1_base64="1Ag8IaS9kgBwASn6NJeZrAyE5T0="></latexit>

0 < h2 < 2M

boundary bound state
<latexit sha1_base64="i9b6G1PjZI5C3BqXxWN1kNHyXhY="></latexit>

e→ → e+ = M cos ω

check: For 
<latexit sha1_base64="0wky5YteXzngudh/0yjnSsqa/5E="></latexit>

ω = ω
2 (i.e. h = 0) , e→ = e+

<latexit sha1_base64="L8bQZKzZg1C3/UVln4KKJ1DAJ+Q="></latexit>X

[Ghoshal, Zamolodchikov1994]



Generalization: critical Ising model unitary minimal models
<latexit sha1_base64="Umw6EX+1ne7HJ9BmU0TonEZcEGE="></latexit>

Am

<latexit sha1_base64="BWdN6UqvEOb2d9Bqf1Om5ewvHH0="></latexit>

c =
1

2

<latexit sha1_base64="Jq0heaeyd3xHbh9NDVP9wlV7UhI="></latexit>

c = 1→ 6

m(m+ 1)
m = 3, 4, . . .

<latexit sha1_base64="B8gsRb9tf+ieLeo/sFIBJ23J3gg="></latexit>

ω̄ω
<latexit sha1_base64="MBpjhrVH8Ap9OCBBOqk/ADToXjg="></latexit>

!1,3 bulk perturbation

<latexit sha1_base64="pzyVoekTjtD41fba9QhzY+TKPc8="></latexit>

( 12 ,
1
2 )

<latexit sha1_base64="/RAspvE9oWdJKdw1ygZIT2ySdm8="></latexit>(
m→ 1

m+ 1
,
m→ 1

m+ 1

)

<latexit sha1_base64="85z1WvoxM3lrUP7+to42XnFa9Ts="></latexit>

(ω + ω̄)a
∣∣∣
x=0

boundary perturbation
<latexit sha1_base64="GEMEtTbdSWJNCBQSrmn9XQ91ex4="></latexit>

ω1,3

<latexit sha1_base64="+1YCDSWlDKWZGMTTBRAzBjjSwic="></latexit>

1
2

<latexit sha1_base64="T0G3v1Q0xyjk8qbTbYat60h9L0U="></latexit>

m→ 1

m+ 1

[Ghoshal, Zamolodchikov1994]integrable
What are the boundary reflection matrices?

<latexit sha1_base64="8IyuoPi3/rMZ3qd+Uc5EJHlscW0="></latexit>

m = 4 [Chim 1996;  Miwa, Weston 1997]

<latexit sha1_base64="OAP8Bh+64BeQvpfu0wH13+WcYEQ="></latexit>

m → 5? account for non-invertible symmetry [Copetti, Cordova, Komatsu 2024;
Shimamori, Yamaguchi 2025]

Ising



Outline

1. Bulk scattering theory

2. CBCs and boundary subsets

3. Boundary scattering theory

4. Construction of boundary reflection matrices

5. Discussion

(review)

(mostly review)

(review)



Outline

1. Bulk scattering theory

2. CBCs and boundary subsets

3. Boundary scattering theory

4. Construction of boundary reflection matrices

5. Discussion

(review)

(mostly review)

(review)



<latexit sha1_base64="eY1KSL6rGEYFI+ho2zTZQSklI+c="></latexit>

S = SAm + ω

∫ →

↑→
dy

∫ →

↑→
dx !1,3(x , y) , ω < 0

[Zamolodchikov1987]integrable

degenerate vacua 
<latexit sha1_base64="x3c7Jo6RLbzQfIX3iADOuuxkoTk="></latexit>

(m→ 1)

spectrum: 

Kinks              with  mass energy momentum
<latexit sha1_base64="oeydUHAsNefdxW111MQf8azDRmg="></latexit>

p = M sinh ω
<latexit sha1_base64="igxV8oCYdr8DNDn1AEz2HP9psgE="></latexit>

M
<latexit sha1_base64="BVKW7rlWTIGuU23KP04j4JDtYrw="></latexit>

Ka,b(ω)

that interpolate between neighboring ground states 
<latexit sha1_base64="bqIAJdjU3cGjM8UVnup/P7yjjmA="></latexit>

a , b → {1 , 2 , . . . ,m↑ 1} “heights”

<latexit sha1_base64="ueOgDGKUxjnoFEMHCzfMfJeClH8="></latexit>

|a→ b| = 1

[Zamolodchikov 1989;
Leclair 1989;

Bernard, Leclair 1990;
Reshetikhin, Smirnov 1990]

<latexit sha1_base64="6lB/UMHiXKaubWXRBGlMmBEjUv4="></latexit>

e = M cosh ω



S-matrix:

<latexit sha1_base64="vvuC261dBJ/MToZ7Ix9+sOGwWHU="></latexit>

Kd ,a(ω1) Ka ,b(ω2) =
∑

d

Sd c
a b(ω1 → ω2) Kd ,c(ω2) Kc ,b(ω1)

<latexit sha1_base64="GyF968M1NJ4u/zfNrcBkD5He3N8="></latexit>

Sd c
a b(ω) = U(ω) S

d c
a b(ω)

<latexit sha1_base64="9OB7uul8xkipXJzdMAhtA9kruhc="></latexit>

S
d c
a b(ω) = sinh

(
iε → ω

m

)
ϑac +

(
[a][c]

[b][d]

) 1
2

sinh

(
ω

m

)
ϑbd

“reduced”

[Andrews, Baxter, Forrester 1984]
<latexit sha1_base64="Mtxf1pEia3Tuw1mg7o7TWSOZAkg="></latexit>

[a] =
sin(ωam )

sin( ω
m )



S-matrix:

<latexit sha1_base64="vvuC261dBJ/MToZ7Ix9+sOGwWHU="></latexit>

Kd ,a(ω1) Ka ,b(ω2) =
∑

d

Sd c
a b(ω1 → ω2) Kd ,c(ω2) Kc ,b(ω1)

<latexit sha1_base64="GyF968M1NJ4u/zfNrcBkD5He3N8="></latexit>

Sd c
a b(ω) = U(ω) S

d c
a b(ω)

<latexit sha1_base64="9OB7uul8xkipXJzdMAhtA9kruhc="></latexit>

S
d c
a b(ω) = sinh

(
iε → ω

m

)
ϑac +

(
[a][c]

[b][d]

) 1
2

sinh

(
ω

m

)
ϑbd

“reduced”

[Andrews, Baxter, Forrester 1984]
<latexit sha1_base64="Mtxf1pEia3Tuw1mg7o7TWSOZAkg="></latexit>

[a] =
sin(ωam )

sin( ω
m )

<latexit sha1_base64="ZlSBBuXxzIjB97bY3jiKiW88KPs="></latexit>

U(ω) =
1

sinh( 1
m (ω → iε))

exp

(
i

∫ →

0

dt

t

sin( ωtε ) sinh( (m↑1)t
2 )

sinh(mt
2 ) cosh( t2 )

)

no bound states



Satisfies:

crossing

<latexit sha1_base64="sZvGrAqgwOjRKauPFlOzoSSqqqY="></latexit>

Sd c
a b(ω) =

(
[a][c]

[b][d]

) 1
2

Sc b
d a(iε → ω) [Copetti, Cordova, Komatsu 2024]

<latexit sha1_base64="QRNesZ6I23tuPz88AAHS9TXx3mE="></latexit>∑

g

Sd g
a b (ω) S

d c
g b(→ω) = εa ,c Ga ,b Ga ,dunitarity

<latexit sha1_base64="JhYkf92MOlIX1IzF972T+kslT9M="></latexit>

Ga ,b = ωa ,b→1 + ωa ,b+1

adjacency matrix 
<latexit sha1_base64="vlEAWdO5wsL0vGzzDJGAs52FntY="></latexit>

Am→1

Yang-Baxter

[Smirnov 1991;  
Colomo, Koubek, Mussardo 1992]



Outline

1. Bulk scattering theory

2. CBCs and boundary subsets

3. Boundary scattering theory

4. Construction of boundary reflection matrices

5. Discussion

(review)

(mostly review)

(review)



A CFT can have various boundary conditions that are conformally invariant.

Example: free massless boson on half-line           
<latexit sha1_base64="bF4lO1+Xl3AsSxRMr0ZSAjIMOGA="></latexit>

Lbulk = 1
2ωz̄εωzε

<latexit sha1_base64="COesgBEeZAYBBaFCm9b9iY40pOs="></latexit>

c = 1

<latexit sha1_base64="+7ZE29MXFoh9pAwrShZoKOLYSdA="></latexit>

ω
∣∣∣
x=0

= ω0 Dirichlet
<latexit sha1_base64="P3sWCB3ZR+ySC+0T8fFh0UhWcrs="></latexit>

ωxε
∣∣∣
x=0

= 0 Neumann

“conformal boundary conditions” (CBCs)

<latexit sha1_base64="QpH57rKVDAp90mMlM90rH1PDAEQ="></latexit>

1 → r → m↑ 1 r→ = m↑ r

<latexit sha1_base64="DgwLLxndKNDH156vwZEee2U5kMk="></latexit>

1 → s → m s→ = m+ 1↑ s
Kac-table symmetry

Designate these CBCs by 
<latexit sha1_base64="milexC6cQIpMFH98Zxg2CSr7zJM="></latexit>

(r, s) = (r→, s→)

For       models: CBCs correspond to the primary fields
<latexit sha1_base64="Umw6EX+1ne7HJ9BmU0TonEZcEGE="></latexit>

Am [Cardy 1989]
<latexit sha1_base64="Ay6kh67WzWp6qhhJBuyW3jyavlI="></latexit>

ωr,s = ωr→,s→

<latexit sha1_base64="O6iE9YGxJJ//xoA5MoDmZ3FQy3Y="></latexit>

(→↑, 0]



(Ising): [Ghoshal, Zamolodchikov1994]

<latexit sha1_base64="GOwzT9Xuk5DEroTCAWlWuvho5SE="></latexit>

h = 0 : “free” boundary conditions

ground states         still degenerate
<latexit sha1_base64="QeL+B59E/pdAZW1ZUy+0vevZx/c="></latexit>

|±→

<latexit sha1_base64="nYaImN5XIrDPObvjeGFvDEUra5k="></latexit>

h → ↑ : “fixed” boundary conditions
<latexit sha1_base64="u7AOEZfnaehqFWtK9XjOROf10IU="></latexit>

|+→

<latexit sha1_base64="8v403e4498UE1hyGqd+/OLncIr0="></latexit>

S =

∫ →

↑→
dy

{∫ 0

↑→
dxLbulk +

1
2

[
ωω̄ + a ȧ+ h(ω + ω̄)a

] ∣∣∣
x=0

}

CBC
<latexit sha1_base64="hsUNX9ac6lfSIthWFj7Jh67uWkk="></latexit>

(r, s)

<latexit sha1_base64="oQGf59beQ1cTjPGtkXpxkL5YnmM="></latexit>

(1, 2)

<latexit sha1_base64="bC4oRABmiyoDtQL+rOcuDZ7woj0="></latexit>

(1, 1)

<latexit sha1_base64="ynN+HfhAN/ek1VSS2imweUiHdIE="></latexit>

M → 0

<latexit sha1_base64="cFywuqsyEZNZ+ngJnGoYPdF3nWs="></latexit>

m = 3

Cardy’s 
designation

<latexit sha1_base64="WvjZii8bx3NdjYDPo7aUFGh6aFE="></latexit>

(+)

<latexit sha1_base64="e7RExpc11pHj2bXYdtvhX8QlQeY="></latexit>

(f)



[Behrend, Pearce 2001;
Graham 2002]

• • • ••
1 2 3 m-1 m

1 2 m-1

nodes

edges

CBC
<latexit sha1_base64="hsUNX9ac6lfSIthWFj7Jh67uWkk="></latexit>

(r, s) <latexit sha1_base64="0v7nxiwTY34N/LCGFcoFdxAotG4="></latexit>

r < s :  subgraph of connected nodes from           to        
<latexit sha1_base64="HkyO4gbwW7g/dmak0Z6PwGnD/NQ="></latexit>s→ r

<latexit sha1_base64="Z8vTqY//AptCbxWQ1E2kl2ZyiXQ="></latexit>

s+ r

• •
m1

<latexit sha1_base64="HkyO4gbwW7g/dmak0Z6PwGnD/NQ="></latexit>s→ r

<latexit sha1_base64="Z8vTqY//AptCbxWQ1E2kl2ZyiXQ="></latexit>

s+ r

<latexit sha1_base64="7nZh6Zhsbf6J2KQ59qkFgVxSD6k="></latexit>

r → s :  subgraph of connected nodes from               to        
<latexit sha1_base64="BO2gvMnmAHB3jhZoS1QcCsCtzug="></latexit>

r → s+ 1
<latexit sha1_base64="Z8vTqY//AptCbxWQ1E2kl2ZyiXQ="></latexit>

s+ r

• •
m1

<latexit sha1_base64="Z8vTqY//AptCbxWQ1E2kl2ZyiXQ="></latexit>

s+ r
<latexit sha1_base64="BO2gvMnmAHB3jhZoS1QcCsCtzug="></latexit>

r → s+ 1

Graphical representation of   CBCs
<latexit sha1_base64="Umw6EX+1ne7HJ9BmU0TonEZcEGE="></latexit>

Am

<latexit sha1_base64="uFz2Qoaah+iv1ZiS8U1AjCsmVJE="></latexit>· · ·

<latexit sha1_base64="+mzpxW7ZpwLUwyEoI3pL4XE6CJw="></latexit>· · ·

<latexit sha1_base64="+mzpxW7ZpwLUwyEoI3pL4XE6CJw="></latexit>· · ·

m=3 (1,2)

1 2 3



Important concept:

For a given CBC           , only a subset

of heights are allowed on the boundary

<latexit sha1_base64="JAIxMS7LPrBNKPlxp8EyFP4hf7A="></latexit>

U(r,s) → {1 , 2 , . . . ,m↑ 1}

<latexit sha1_base64="hsUNX9ac6lfSIthWFj7Jh67uWkk="></latexit>

(r, s)
“boundary subset”

uniquely characterizes the CBC

edges of           subgraph
<latexit sha1_base64="hsUNX9ac6lfSIthWFj7Jh67uWkk="></latexit>

(r, s)

m=3 (1,2)

1 2

1 2 3

<latexit sha1_base64="VrVJTQy9RKZvA32ayHXOpbqz4cc="></latexit>

U(1,2) = {1, 2}



(Ising):
<latexit sha1_base64="cFywuqsyEZNZ+ngJnGoYPdF3nWs="></latexit>

m = 3 heights
<latexit sha1_base64="ak0pMYMeXY7HT3fwGxKCKNhM4kc="></latexit>

{+ ,→} ↑ {1 , 2}

CBC
<latexit sha1_base64="hsUNX9ac6lfSIthWFj7Jh67uWkk="></latexit>

(r, s) Cardy’s designation boundary subset
<latexit sha1_base64="Zfr7cotXJU94DCGo39TNruQ+VvE="></latexit>U(r,s)

<latexit sha1_base64="VIQc/ORVYTjBSc3LnZ6Lfel39bA="></latexit>

(1, 1) = (2, 3)
<latexit sha1_base64="WvjZii8bx3NdjYDPo7aUFGh6aFE="></latexit>

(+)
<latexit sha1_base64="Kn1cm/eQIrdJbUNRexHDl34680U="></latexit>

{1}

<latexit sha1_base64="JQiIJYRf4zjQRtmBqutQWEeIHNk="></latexit>

{2}

<latexit sha1_base64="khKMwG6SEZVCRX/01DSuDvc5EQ4="></latexit>

{1 , 2}
<latexit sha1_base64="aAOqhd0A6fbpRNZqK6nK5xjvQuI="></latexit>

(1, 2) = (2, 2)

<latexit sha1_base64="dm+oNYjx77QP4X0CpoN8XV9ZP40="></latexit>

(1, 3) = (2, 1)
<latexit sha1_base64="tmPGaTTZybebvnjtvmgzSrFfspo="></latexit>

(→)

<latexit sha1_base64="e7RExpc11pHj2bXYdtvhX8QlQeY="></latexit>

(f)
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Both bulk and boundary perturbation:

<latexit sha1_base64="zkJYsRxfjWzMXvm0+2lSBfbO6D4="></latexit>

S = SAm+(r,s) + ω

∫ →

↑→
dy

∫ 0

↑→
dx !1,3(x , y) + h

∫ →

↑→
dy ε1,3(y) , ω < 0

[Ghoshal, Zamolodchikov1994]integrable

<latexit sha1_base64="0foW6fQh3JQCbxFgnBZgvFAn+yQ="></latexit>

Baboundary operator height at the boundary
<latexit sha1_base64="WLwRu+5VCHWIvCtCwxXe6u221Z0="></latexit>

a → U(r,s)
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Baboundary operator height at the boundary
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multi-kink states
<latexit sha1_base64="vMcCpdaiX21dGR2cN5ciecMGb34="></latexit>

Ka1 ,a2(ω1) Ka2 ,a3(ω2) . . .KaN ,a(ωN ) Ba
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<latexit sha1_base64="0foW6fQh3JQCbxFgnBZgvFAn+yQ="></latexit>

Baboundary operator height at the boundary
<latexit sha1_base64="WLwRu+5VCHWIvCtCwxXe6u221Z0="></latexit>

a → U(r,s)

multi-kink states
<latexit sha1_base64="vMcCpdaiX21dGR2cN5ciecMGb34="></latexit>

Ka1 ,a2(ω1) Ka2 ,a3(ω2) . . .KaN ,a(ωN ) Ba

boundary reflection matrix
<latexit sha1_base64="M98toW7zbn/p30EOBzKZnSuD/rM="></latexit>

Ka ,b(ω) Bb =
∑

c

R(r,s) c
a
b
(ω , ε) Ka ,c(→ω) Bc

Want to determine!
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Ka ,b(ω) Bb =
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c

R(r,s) c
a
b
(ω , ε) Ka ,c(→ω) Bc

is related to      and      in some way 
<latexit sha1_base64="amE0M+YdugKWOtJgsYKfL4i/A3U="></latexit>

ω
<latexit sha1_base64="h+6Tl74qXCAeKDo3haTP4FbA9wA="></latexit>

h
<latexit sha1_base64="RoaNSAQjlHn/9dw/6BUkuJQ5uFw="></latexit>

ω
<latexit sha1_base64="7aTt7s8mfm/qwDr9kE4VCO0VrHA="></latexit>

h = 0 → ω = ω
2
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boundary reflection matrix
<latexit sha1_base64="M98toW7zbn/p30EOBzKZnSuD/rM="></latexit>

Ka ,b(ω) Bb =
∑

c

R(r,s) c
a
b
(ω , ε) Ka ,c(→ω) Bc

is related to      and      in some way 
<latexit sha1_base64="amE0M+YdugKWOtJgsYKfL4i/A3U="></latexit>

ω
<latexit sha1_base64="h+6Tl74qXCAeKDo3haTP4FbA9wA="></latexit>

h
<latexit sha1_base64="RoaNSAQjlHn/9dw/6BUkuJQ5uFw="></latexit>

ω
<latexit sha1_base64="7aTt7s8mfm/qwDr9kE4VCO0VrHA="></latexit>

h = 0 → ω = ω
2

unless both
<latexit sha1_base64="dFr0kXGQUiks80Q6v6aFrp7NYTc="></latexit>

b , c → U(r,s)

<latexit sha1_base64="6OVcJ8CMo7OjA12uvRZyjbq4ZJo="></latexit>

R(r,s) c
a
b

= 0



Must satisfy:

crossing <latexit sha1_base64="V+oPt5tgTe63nyFw1vcFkCtflVk="></latexit>

R(r,s) a
b
c
(
iω

2
→ ε , ϑ) =

∑

d

(
[d]

[b]

) 1
2

Sa d
b c (2ε) R

(r,s) a
d
c
(
iω

2
+ ε , ϑ)

[Shimamori, Yamaguchi 2025]



Must satisfy:

crossing

unitarity

boundary Yang-Baxter (BYB)

<latexit sha1_base64="V+oPt5tgTe63nyFw1vcFkCtflVk="></latexit>

R(r,s) a
b
c
(
iω

2
→ ε , ϑ) =

∑

d

(
[d]

[b]

) 1
2

Sa d
b c (2ε) R

(r,s) a
d
c
(
iω

2
+ ε , ϑ)

[Shimamori, Yamaguchi 2025]

<latexit sha1_base64="5bng2jXInDUk05jZnt+6c73NFFQ="></latexit>∑

c

R(r,s) c
a
b
(ω , ε) R(r,s) d

a
c
(→ω , ε) = ϑb ,d Ga ,b Ud

<latexit sha1_base64="ePIa+3WITFiCtD0R470m+ZWCcBE="></latexit>

Ud =

{
1 if d → U(r,s)

0 otherwise

[Cherednik 1984]



boundary bound state

<latexit sha1_base64="BtFIl7M5mqP2dhEaxXkChAnXNYA="></latexit>

ea = eb +M cos ω
<latexit sha1_base64="Cm69CqP3AwhOKnKvc+g8yLodBa4="></latexit>

0 < ω < ω
2

<latexit sha1_base64="lROPdGkk/cQx+m21JosPgJO5adA="></latexit>

Ba =
1

gb,a(ω)
Ka ,b(iω) Bb

corresponds to pole of                          at 
<latexit sha1_base64="o5lHz9HotawvNqzYPiURpXzTiAo="></latexit>

ω = iε
<latexit sha1_base64="DMdIYbDJLhyBH0+XXg9xq6MOppU="></latexit>

R(r,s) c
a
b
(ω , ε)

boundary bound-state bootstrap

<latexit sha1_base64="YHEWGhSHIZ6JJvCSUmZXIZXt/GM="></latexit>

gd,b(ω) R
(r,s) c

a
b
(ε , ω) =

∑

e,f

gf,c(ω) S
a e
b d (ε → iω) R(r,s) f

e
d
(ε , ω) Sa c

e f (ε + iω)
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Objective: Determine                         for all CBC 
<latexit sha1_base64="DMdIYbDJLhyBH0+XXg9xq6MOppU="></latexit>

R(r,s) c
a
b
(ω , ε)

<latexit sha1_base64="hsUNX9ac6lfSIthWFj7Jh67uWkk="></latexit>

(r, s)

Observe: Certain “elementary” solutions of BYB are already known [Behrend, Pearce 2001]

Strategy: Construct “paired” solutions that obey bootstrap by forming “direct sums” 
of certain pairs of elementary solutions

But these solutions do not obey boundary bound-state bootstrap



Elementary solutions [Behrend, Pearce 2001]

“reduced” solutions of BYB (with “reduced” bulk S-matrix          ) 

<latexit sha1_base64="FjIXl/XBlJA1AYKZxcP3c9pVdYU="></latexit>

B
(p,q) c±1

c
c±1

(ω, ε, µ) =
1

[p]
√

[c][c± 1]

{
[(p→ c+ q)/2][(c± q → p)/2]s(iε + ω) s(i(pϑ + ε)↑ ω)

+ [(p± c+ q)/2][(c→ q ± p)/2]s(iε ↑ ω) s(i(pϑ + ε) + ω)
}
F p
c±1,q

<latexit sha1_base64="4z3qcx2sBeJYr//ViLodBOQIVs0="></latexit>

B
(p,q) c→1

c
c±1

(ω, ε, µ) =

√
[(p→ c+ q)/2][(p+ c→ q)/2][(c+ q → p)/2][(c+ q + p)/2]

4
√
[c→ 1][c+ 1]

√
[c]

↑ µ s(2ω)F p
c+1,qF

p
c↑1,q

<latexit sha1_base64="pfZrvxGifwMsqF5u3iDwgne3eQg="></latexit>

µ = ±1 , s(x) =
sinh( x

m )

i sin( ω
m )

, F p
a,b = 0 , 1 adjacency matrices 

<latexit sha1_base64="vlEAWdO5wsL0vGzzDJGAs52FntY="></latexit>

Am→1fused

<latexit sha1_base64="AmoPjp+yQRLkCuSwgEhN85gakxY="></latexit>

S
d c
a b



Define elementary boundary subset

such that iff

unless both
<latexit sha1_base64="ftNG4npsv0zV1tMdJM3+xloAn/0="></latexit>

b , c → V(p,q)

<latexit sha1_base64="COQEfzhnZ7lcegop4Iz1ualSrNM="></latexit>

B
(p,q) c

a
b

= 0

<latexit sha1_base64="rnxUrRFR9c0fO12sxmQyAltjnhc="></latexit>

a → V(p,q)

<latexit sha1_base64="2HqYUzbgMYHM/5sC6GFVDABVY/U="></latexit>

F p
a,q > 0

<latexit sha1_base64="nIvnE9VuWnXUtS0AdB6/saBsbfs="></latexit>

V(p,q) → {1 , 2 , . . . ,m↑ 1}

unless both
<latexit sha1_base64="dFr0kXGQUiks80Q6v6aFrp7NYTc="></latexit>

b , c → U(r,s)

<latexit sha1_base64="6OVcJ8CMo7OjA12uvRZyjbq4ZJo=">AAADwnicfZLdbtMwFMe9ho8RKOvgggtuDNGkIaEqGSvjBmmiXFTTLtaIbpPqUjmu25o5TmY7oMr4KXgEbuGBeBuctuonwlGkk9/5n+N/jk6Sc6Z0GP7ZqXh37t67v/vAf/io+nivtv/kUmWFJLRDMp7J6wQrypmgHc00p9e5pDhNOL1Kbppl/uorlYpl4pOe5LSX4pFgQ0awdqhfe4bi2EhrlDXEGmxNYuF7GPr9WhDWw+mB20E0DwIwPxf9/coPNMhIkVKhCcdKdaMw1z2DpWaEU+ujQtEckxs8ol0XCpxS1TPTP7DwwJEBHGbSvULDKV2tMDhVapI6cwcp1mO1mSvhv3LdQg/f9QwTeaGpILOLhgWHOoPl OOCASUo0n7gAE8mcV0jGWGKi3dB8JOg3kqUpFgODtBsTKm/IcoNkCt03EhlnKdPKrktds9G6eEpW5QM6RMmZmYmSBJ5ZW53BeAnjBTxfwvMFbC9hewGbS9hcwNYStuyG2Ti23UbPuaSrFEuJJ0pLqsnYmrDesH782Rwi5aaUa6UnnJogsq/XwZF9ZdELHyV0xISZ9rCGu1FA96wooQnelD4QNOsNjq110N8qMEHDZahzNmvq/9eu209roV8t1zjaXNrt4PKoHr2tN9rHwemH+ULvgufgJTgEETgBp6AFLkAHEGDBT/AL/PY+el+8W0/NpJWdec1TsHa8738Bw0JAsg==</latexit>

R(r,s) c
a
b

= 0

cf.

key fact: disjoint union
<latexit sha1_base64="B4sz9HMGwpWVRYp1C+ZP+NUMg4E="></latexit>U(r,s) = V(s→1,r) → V(m→s,m→r)



<latexit sha1_base64="lX2oC7d1K3yfDAqOSE2UNa+oi5o="></latexit>

B(p,q) c
a
b
(ω , ε, µ) =

V (p,q)(ω , ε, µ)

s(iε) s(i(pϑ + ε))

(
[b][c]

[a]2

) 1
4

B
(p,q) c

a
b
(ω , ε, µ)

“dressed” elementary solution



<latexit sha1_base64="lX2oC7d1K3yfDAqOSE2UNa+oi5o="></latexit>

B(p,q) c
a
b
(ω , ε, µ) =

V (p,q)(ω , ε, µ)

s(iε) s(i(pϑ + ε))

(
[b][c]

[a]2

) 1
4

B
(p,q) c

a
b
(ω , ε, µ)

Satisfies BYB (with complete bulk S-matrix          ) 
<latexit sha1_base64="VrZnmWYKgvyr5LpYD1CP1IVs1NA="></latexit>

Sd c
a b

Also satisfies crossing & unitarity, with suitable  
<latexit sha1_base64="aeW+OgbvWFI6HVeeTudIPy7xgrs="></latexit>

V (p,q)(ω, ε, µ)

“dressed” elementary solution



<latexit sha1_base64="lX2oC7d1K3yfDAqOSE2UNa+oi5o="></latexit>

B(p,q) c
a
b
(ω , ε, µ) =

V (p,q)(ω , ε, µ)

s(iε) s(i(pϑ + ε))

(
[b][c]

[a]2

) 1
4

B
(p,q) c

a
b
(ω , ε, µ)

Satisfies BYB (with complete bulk S-matrix          ) 
<latexit sha1_base64="VrZnmWYKgvyr5LpYD1CP1IVs1NA="></latexit>

Sd c
a b

Also satisfies crossing & unitarity, with suitable  
<latexit sha1_base64="aeW+OgbvWFI6HVeeTudIPy7xgrs="></latexit>

V (p,q)(ω, ε, µ)

But does not obey bootstrap:

<latexit sha1_base64="gEDfsyGr6iCyjBh1jKbySjvz58U="></latexit>

gd,b(ω)B
(m→p→1,m→q) c

a
b
(ε,ϑ→ω, µ) =

∑

e,f

gf,c(ω)S
a e
b d (ε→iω)B(p,q) f

e
d
(ε, ω, µ)Sa c

e f (ε+iω)

“dressed” elementary solution

<latexit sha1_base64="IAQjV9d7tiO36XTbkPE7Db4yisc="></latexit>

(m→ p→ 1,m→ q) ↑ (p, q)



Paired solutions

i.e.

(recall disjoint union)
<latexit sha1_base64="B4sz9HMGwpWVRYp1C+ZP+NUMg4E="></latexit>U(r,s) = V(s→1,r) → V(m→s,m→r)

All constraints satisfied

<latexit sha1_base64="lhqUc4qWSaNwR8pWxdqn3xxUyN4="></latexit>

R(r,s) c
a
b
(ω, ε, µ) =





B(s→1,r)

c
a
b
(ω, ε, µ) if b, c → V(s→1,r)

B(m→s,m→r)
c

a
b
(ω,ϑ ↑ ε, µ) if b, c → V(m→s,m→r)

<latexit sha1_base64="CYIDhbDbfpCejJ86gQ/7Umdo7zc="></latexit>

R(r,s) c
a
b
(ω, ε, µ) = B(s→1,r) c

a
b
(ω, ε, µ)→B(m→s,m→r) c

a
b
(ω,ϑ ↑ ε, µ)

Main result

!
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Boundary reflection matrices agree with those proposed for  
<latexit sha1_base64="cFywuqsyEZNZ+ngJnGoYPdF3nWs="></latexit>

m = 3 [Ghoshal, Zamolodchikov1994]

<latexit sha1_base64="8IyuoPi3/rMZ3qd+Uc5EJHlscW0="></latexit>

m = 4 [Chim 1996;  Miwa, Weston 1997]

Open problems:

• Relation between parameters     in reflection matrix and     ,     in action?
<latexit sha1_base64="amE0M+YdugKWOtJgsYKfL4i/A3U="></latexit>

ω
<latexit sha1_base64="h+6Tl74qXCAeKDo3haTP4FbA9wA="></latexit>

h
<latexit sha1_base64="RoaNSAQjlHn/9dw/6BUkuJQ5uFw="></latexit>

ω

•

•

•

Thank you for your attention!

Reflection matrices for superpositions of Cardy CBCs?

Boundary quantum group symmetry?

Reduction of boundary sine-Gordon reflection matrix?


