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Participants not shown: J. Cardy, W. Fishler, G. Ghandor, L. Kauffman, H. Kleinert, B. McCoy, A.
Perlmutter, N. Reshetikiin, A. Tsvelik, H. Verlinde.



Rodney Baxter

Jim McGuire




Baxter’s work has had — and will surely continue to have — a profound influence

on every aspect of quantum integrability.

Journal of Statistical Physics, Vol. 35, Nos. 3/4, 1984

Eight-Vertex SOS Model and Generalized
Rogers—Ramanujan-Type Identities

George E. Andrews,'” R. J. Baxter,” and P. J. Forrester’

Today’s talk is no exception, as it is partly based on the famous ABF paper.



Guiding example: 2-dim Ising model



2-dim Ising model

“spins” o; = £1 o _ Z oo
(%,7)

nearest neighbors

1
critical tempTc ~ CFT c¢= >
low-temp phase T <Tc: 2 degenerate equilibrium states +, -

Landau-Ginzburg effective potential




Equivalent to |-dim quantum spin chain

1.

For A — oo (T'—0), 2 degenerate ground states:

. /\>
1)

=)

/|

N

Excitations are “kinks” |4 -~ 1T 1)

kink operator

pr, = Yo"

m<n

po |4y =441

mass x |1 — A



Scaling region 1 —1.— 0"

continuum QFT: free massive Majorana field
Liuik = Y0z — 0.1 + Mx1. -1 >0
bulk perturbation of dimension (%, %) of CFT c¢= %

spectrum:

Fermions with mass M energy e= Mcoshf  momentum p = M sinh¢
Can decompose ', in terms of creation| A(0)'| and annihilation A(6)operators

Regard as kink operator that interpolates between the two ground states /
-/




bulk scattering:
AO)TA(0')T = —A(0')" A(0)'

S(O—-0")=-1 free Fermion v




lodchikov 1994}
[Ghoshal, Zamo

ic field h :

magnetic

ith boundary

ine (—oo, 0] wi

On half-line

~ O dx Lok + 3 Wﬁz+adw+@a] w‘:O}
X u

— OO
— OO




On half-line (—o0,0] with boundary magnetic field A : [Ghoshal, Zamolodchikov 1994]

SZ/OO dy{/o dz Lounc + 5 [0 Hafi + 2 + P)a] xzo}

— OO — OO

boundary degree of freedom



On half-line (—o0,0] with boundary magnetic field A : [Ghoshal, Zamolodchikov 1994]

- 0
S:/ dy{/ dw Lo + 3 [P + ad 4 h(y + P)q xzo}

— OO — OO

boundary perturbation of dimension 3 integrable

h=0: “free” boundary conditions

ground states |t) still degenerate

h — 00 : “fixed” boundary conditions |+)



[Ghoshal, Zamolodchikov|994] -9

. g/
boundary scattering: 2
/

A(0)T =[R(0)[A(—0)T . 1

®

' ] ) S1 h(9 ¢¢ . « 99
R(0) = itanh(T — ¢) (21 Ziiih@) boundary reflection matrix
h2
2M

siné =1




[Ghoshal, Zamolodchikov|994] -9

boundary scattering:

NN NN, N

A0)" = R(0)[A(-0)'

— 4 ir _ gy (SE — ismh O “boundary reflection matrix”
f(0) = itanh("g = 3) (Sinf—l—isinhH) 4
2
siné =1 2};\4
poleat 0=1i{ is physical for 0<{<3 (ile. 0<h®<2M )

boundary bound state

e_. —eyr = Mcos§

check: For =% (e h=0), e_=e;x L3



Generalization:

critical Ising model ——  unitary minimal models A,
_ ] c=1 b m 4
C—§ m(m_|_1) N = SR
Ising
WYY — ®1 3 bulk perturbation
(l l) m—1 m-—1
27 2 m+1"m+1
(v +¢)a | — ¢1,3 boundary perturbation
rT—=
1 m — 1
: T
. . integrable [Ghoshal, Zamolodchikov 1994]
What are the boundary reflection matrices!? 5
m =4 [Chim 1996; Miwa,Weston 1997]
m > 57 account for non-invertible symmetry [Copetti, Cordova, Komatsu 2024;

Shimamori, Yamaguchi 2025]



Outline

|. Bulk scattering theory (review)

2. CBCs and boundary subsets (mostly review)
3. Boundary scattering theory (review)
4. Construction of boundary reflection matrices

5. Discussion
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S:SAm+)\/ dy/ dr @1 3(x,y), A <0

integrab|e [Zamolodchikov|987]

[Zamolodchikov 1989;
Leclair 1989;
Bernard, Leclair 1990;
Reshetikhin, Smirnov 1990]

(m —1) degenerate vacua

spectrum:

Kinks Ka5(0) with mass M energy e = Mcoshf  momentum p = M sinh@
that interpolate between neighboring ground states
a,bc{l,2,...,m—1} “heights” M\/
O

a—0 =1 ®



S-matrix:

d | ¢
Kd,a(el) Ka’b(ez) — ’ Sg 5(6)1 o (92) Kd,C(HQ) Kc,b(el) %, 0\7 ] -

d
—d c 2

S¢5(0) =U(0) S, ,(0) %
. N “reduced”

—d c L i — 0 _CL] [C_ 2 5, re

S, ,(0) = Smh( - )5ac + (b] [d) Smh(a)&,d

[Andrews, Baxter, Forrester 1984]




S-matrix:

d | ¢
Kd a(‘gl) Ka b (92 ’ S ((91 — (92) Kd 0(92) Kc,b(el) 2 0\7 . B
y _
'
. SRTEEEN “reduced”
gz 2(9) — Sinh(Zﬂ- 6)) 5ac + ( :CL] [CI ) Sinh(ﬁ) 5bd
L b] [d L [Andrews, Baxter, Forrester 1984]
B sin( %)
= Gn(x)

_ 1 | dt sm(et)Smh( 7 )
U9) = sinh(-- (0 — im)) o (2/0 t sinh(%7) cosh(3) )

no bound states



Satisfies:

Ccrossin g [Copetti, Cordova, Komatsu 2024]
[Smirnov 1991;
Colomo, Koubek, Mussardo 1992]
: : d d
Unltarlty Z Sa 5(9) Sg 5(—9) — 5a .C Ga b Ga .d Ga b — 5& b—1 +- 50, b+1

Am—1 adjacency matrix

Yang-Baxter
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A CFT can have various boundary conditions that are conformally invariant.

Example: free massless boson on half-line (—oc, 0] Lok = 50500, c=1

¢ = @ Dirichlet Or @ =0 Neumann

r=0 =0

“conformal boundary conditions” (CBCs)

For A,, models: CBCs correspond to the primary fields ¢r.s = @r/ s [Cardy 1989]

1<r<m-—1 ' =m—r
Kac-table symmetry
1 <s<m s=m-+1—s

Designate these CBCs by (r,s) = (1, 5')



m = 3 (|S|ng) [Ghoshal, Zamolodchikov1994]

00 0 — /
S:/ dy{/ dw Lou + 3 [P + ad + h(y + P)a] xzo}

— OO — OO

Cardy’s CBC

M — 0 designation (r,s)
h=0: “free” boundary conditions

(f) (1,2)

ground states |t) still degenerate

h—oo:  “fixed” boundary conditions |+) (+) (1,1)



Graphical representation of “Am CBCs [Benrend, F;faz"ggzﬁoo'?
| 2 3 B m- | m nodes
@ ® ® ® ®
| 2 m- | edges

CBC (r,8) r<s : subgraph of connected nodes froms —r to S+ 7

m=3 (I,2) | §—T S+ T m

r > s : subgraph of connected nodes fromr—s+1 to s+ 7

I T_S—I_l e o o S_'_/r m
® = @ O @ ®




Important concept:

For a given CBC (7,s) ,only a subset
Z/{(T,S) c{1,2,... , m—1}

of heights are allowed on the boundary

edges of (7,5) subgraph

| 2 3
m=3 (1,2) . A
® ® ®

“boundary subset”

uniquely characterizes the CBC

Z/{(l,2) — {17 2}



m =3 (Ising): heights {+.—r=11.2}

CBC (r,s) Cardy’s designation boundary subset (rs)
(1,1) = (2,3) (+) &3
(172) — (272) (f) {172}

(1,3) = (2,1) (—) 12}
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Both bulk and boundary perturbation: integrable 'Ghoshal, Zamolodchikov|994]

O

OO 0
S=Sunrow A [ dy [ drdigleyth [ sy, A<

— OO

boundary operator height at the boundary



Both bulk and boundary perturbation: integrable [Ghoshal, Zamolodchikov 1994]
OO 0 OO
SZSAm_|_(f,a73) —|—)\/ dy/ dx @173($,y)+h/ dy ¢173(y), A <0
boundary operator B, height at the boundary a € Uy s)

multi-kink states

Ko, ay(01) Ko, as(02). KaN'QN '



Both bulk and boundary perturbation: integrable 'Ghoshal, Zamolodchikov|994]

OO 0 OO
S=Sunrow A [ dy [ drdigleyth [ sy, A<

— OO

boundary operator B, height at the boundary a € Uy s)

multi-kink states
Kal y A2 (91) KCLQ A3 (92) T KaN ,&(QN) Ba

boundary reflection matrix Want to determine! -®
|7
r.s) o C (
Kq 1(0) By = R( ) @ (0,8 K, .(—0) B, . Z
) /
/



Both bulk and boundary perturbation: integrable 'Ghoshal, Zamolodchikov|994]

o 0 o0
S =Sunron )y [ ddigle) B[ dost), A<

boundary operator B, height at the boundary a € Uy s)

multi-kink states
Kal y A2 (91) KCLQ A3 (92) T KaN ,&(QN) Ba

boundary reflection matrix

-9
) C Z
_ (r,8) o ° _
Ko p(0) By = R , (018) Ka () B N /g
4
¢ isrelated to A and A in some way h=0 <« §=73 9 "



Both bulk and boundary perturbation: integrable 'Ghoshal, Zamolodchikov 1 994]
OO 0 OO
S=Sunrow A [ dy [ drdigleyth [ sy, A<
boundary operator B, height at the boundary a € Uy s)

multi-kink states
Kal y A2 (91) KCLQ A3 (92) T KaN ,&(QN) Ba

boundary reflection matrix

K. (0) By=)» R"™ a; (0,¢) Ky o(—0) B

C

§ is related to A and h in some way h=0 ¢ (=1




Must satisfy:

crossing 1 [Shimamori, Yamaguchi 2025]

ROy (2 9,£>:Z(¥‘”) Sy (20) R™) a (- +6,)
d

) 0] >



Must satisfy:

crossing | | s [Shimamori, Yamaguchi 2025]
R(r,s)b:(zg 975)_%:(_%]) ga (QH)R(rs)d (;T _0.6)
unitarity
ZR(rs) a (0,6 R"™) a C (—‘975) = 0y g4 G b Ua U, — {1 if d € Z/.[(,,ays)
0 otherwise
boundary Yang-Baxter (BYB) [Cherednik 1984]

}}
N AN




boundary bound state

eq = €p + M cos & 0<E< 5
B, — — K, ,(i£) B
a — a b\l b
9b,a (&)

corresponds to pole of R!"® a , (0,8) at 0=

boundary bound-state bootstrap c |

‘\'\‘\\*{ SN
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Objective: Determine R"* a; (0,€) for all CBC (7, s)

Observe: Certain “elementary” solutions of BYB are already known  [Behrend, Pearce 2001]

But these solutions do not obey boundary bound-state bootstrap

Strategy: Construct “paired” solutions that obey bootstrap by forming “direct sums”
of certain pairs of elementary solutions



Elementary solutions [Behrend, Pearce 2001]

“reduced” solutions of BYB (with “reduced” bulk S-matrix §j o)

1] {[(p T c -+ Q)/QH(C T q F p)/Q]S(Zf -+ (9) S(i(pﬂ e &') B 9)

ETT Pl £

F(Z%CI) L=l (0,€, 1) = }
+(pEtc+q)/2[(cFqxp)/2|s(i —0) s(i(pm +&) +0) (FL,

e VN ()] (et | R e Y R B
e (06 1) Ve =1][e+ 1]y/[c]
X w820\ F q Fo_q,

pw==+1, s(x) = — Z) , F ,=0,1  fused An—1 adjacency matrices



Define elementary boundary subset

Vi) € {1,2,...,m—1}

such that a <V, iff F! >0

7Pa) aZ — (0 unless both b,c€ Vo

cf.

R(:8) a; =0 unless both b,c € U 4

key fact: Z/{(r,s) — V(s—l,r) U V(m—s,m—r) disjoint union



“dressed” elementary solution

BPa (0,8 1) =




“dressed” elementary solution

VD9, ¢ u) B[] %_(qu) r
(i€) s(i(pr + €)) ([a;z) BT (0.6 m)

B a (0,8, 1) =
S

Satisfies BYB (with complete bulk S-matrix ng b )

Also satisfies crossing & unitarity, with suitable V(p"”(é’, &, 1)



“dressed” elementary solution

Vea (e, ¢ p) ([b] ¢

(p,q) 4 ° _ %—(p,q) L ©
B0 e 0,60 = g ie @) () D s 06

Satisfies BYB (with complete bulk S-matrix S @ c b )
Also satisfies crossing & unitarity, with suitable V(p"”(é’, &, 1)

But does not obey bootstrap:

gap(€)Blm—P=tm=a a (0, m—& ) = ngc —Zf) ( & p)Se ¢(0+1€)

(m—-p—-—1m—-q) <+ (pq)



Paired solutions

Main result

l.e.
B(S—l,r) & Z (6)7 57 :u) if b, c € V(S—l,?“)

R(r:s) 4 ) (6’757 ,u) — .
b B(m—s,m—’r‘) @ y (97 = €7 :u) if ba C V(m—s,m—fr’)

(recall Z/{(r,s) — V(s—l,r) U V(m—s,m—r) disjoint union)

All constraints satisfied (L)
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Boundary reflection matrices agree with those proposed for

m = 3 [Ghoshal, Zamolodchikov 1994]
m, = 4 [Chim 1996; Miwa,Weston 1997]

Open problems:

® Relation between parameters & in reflection matrix and A, h in action?

e Reflection matrices for superpositions of Cardy CBCs!?

® Boundary quantum group symmetry!?

® Reduction of boundary sine-Gordon reflection matrix?

Thank you for your attention!



