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l. History review

Baxter’s T-Q relation

t(u) = a(u)Qg(;)n) + d(u)Qg(z)m t<fu')|qj> — A(“) \Ij>

Regularity a(X;)Q(N; —n) +d(N;)Q(N\; +n) =0




Il. Some problems
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For some models, there is no polynomial Q-solution in
terms of homogeneous T-Q solution!

It violates either asymptotic behavior or periodicity

XYZ model with odd number of sites
Spin chains with non-diagonal boundaries
Toda chain




lll. The Inhomogeneous T-Q relation

—

Two key invariants of the monodromy matrix (spin-1/2):

(1) Trace

t(u)

[t (u), 1(v)]

:0\

(2)Quantum determinant

Aq (u)

-~

Intrinsic relationship between them!

6(6;)t(0; =) = al6;)d(0; —n) x id ~ A (6;), j=1,-- N| [al6;=n) =db;)=0

L Qu—n) Q(u+1n) a(u)d(u)| | C(u) is nonsingular and matches
tu) = afu) Q(u) +dl Q(u) +elu) Q(u) asymptotic behavior or periodicity
? N — VRO —n) ) — d(0. — 1 Q(0;)

Why* t(0;) = a(b;) Q) t(0; —n) = d(; 7)Q<9j =0

Regularity =)

a(A)QA; —n) +d(X)QA; + 1) + c(Aj)a(A;)d(A;) =0




The operator product identities

. . 1
Consider an R-matrix (rojw =u+nPoj=u+n+0; 0

Initial condition : R; 2(0) = P>,
] ] = - Unitary relation : Ry 2(u)Ro2 1 (—u) = —@(u) x id,
Intrinsic properties: )
Crossing relation : Ry 2(u) = —Ui"R'll_z(—u — l)ai".
Monod frin: To(0) = Ro (4 — 63) - Ro.1(at — 6. YBE
onoaromy matrix. Fn) = troTo(u), . 1] =0

B wrof Ry O — Oyl «aR, jii0y —G1) 10;—1) = H‘(){R() N@j—6n—1)---Ro1(0j — 0 — 1)}
o A e = (=" trofog Ry v (=0 + 65) -+ R (=0, + o5l | CYSW 13
Js. : : S = (=17 tro{Ro,1 (=0 + 61)--- Ron(—0; + 6
x tro{Ro.n(0; —ON) -+~ Ro_j+16; —0j+1)Po.j ( )N ro{Ro.1 (=0 + 61) o N( +6y))
= Rj,j—1(8; —0j—1)--- Rj,1(6; — 61) =(—1D"Rj j+1(=0; +0j11)---Rj N(—0; + ON)

X RjN(Oj —ON) - Rj j+1(0; — Oj+1). X Rj1(=0j +61)---Rj j—1(=0; +6;_1).

Ot =) =a@)dO; -1, j=1,..., N,

al
f\"( Homogeneous i[r( = 1) —a@d( = Dil=o,6,=0) =0, 1=0,....N-1.

N
H w—0;+1), d u)=l_[ u—"0;). Iimit ou!

j=I j=I




IV. XXX spin chain with non-diagonal boundaries

|
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g g 1 z 1 zZ x
Hamiltonian H = 75+ g1+ 0T+ 5<0N + £oR)

1

Q.
I

q+u+ S(u+)7))

: o ptu 0 + :(
The K-matrices k (M)_( 0 p—u) e §utn) g—u=n

Ri2(u —v)K| (W)R2 1 (u +Vv)K,; (v)
= K5 WR12(u +Vv)K; (u)R21(u —v),
Ri2(—u +WK{ Ry 1 (—u —v =2 K5 (v)
=K WRi2(—u —v —2MK; (WR2 1 (—u +v),

To(u) = Ro.N(u — ON) -+ Ro,1(u — 01),

Monodromy matrix s — Rt - Rt a0 || 000) = Ty )Ty

The transfer matrix t(u) = tro{Ky wZw)| | [t(u), t(v)]=0

H — dlnt(u) N

du u=0,{0; =0}




IV. XXX spin chain with non-diagonal boundaries

[ el e I ————
" ngnm N
Operator identities 0 = 2220 48wt ) [[t 6+ D=6+,
j=I
. N
t<9]>t(ej_1):a(0]>d<(9]_1>. jzl,"',N. d(u):zuzil(u—p—i-l[1+S (u+1)- Hu+0 )(u —06;)
= Cross C A-u—1)=A
10) =2pq [ —6)(1 +6)). rossing symmetry: - A{~u ‘N) = AWw),
j=1 i .
() ~ 20N 4 foru — oo, Initial condition: 4(0) :2pqg(1 —0;))(1+6;) = A(-1),
Asymptotic behavior: A(u) ~ 2u*N 2+ ... u — +oo,
Crossing symmetry - A AB; — 1) = 446}
(1=20,)(1+26))
t(w) =t(—u — 1) =a®)d®;-1), j=1..N
00)005 = 1)+ )00 + 1) = =201 (1 +EDTI G + 1 : M) = ) TEEd Rt 4ol - 4+ 9+ D
/'N d o bt Regularity I (o 0) (= 0))(u + 6, + D(u—6; + 1)
x[ [ +000; 000 +8+ DG =8 +1), j=1....N, _ Q(u) '
— Q) = ﬁ(zl — A+ 2r;+ 1)




Completeness of the solutions

Proposition 1: Fach solution of the functional relations of A(u) can be parameterized in Proof leen a A(w) ’ we Seek

terms of the inhomogeneous T' — Q) relation .
for solutions of Q.
Q0;)A(0;) = a(0,)Q(0; — 1),
with a polynomial Q(u) Q(8; — 1)A(8; — 1) = d(8; — 1)Q(0;) ‘

Q(u)A(u) = a(u)Q(u — 1) + d(u)Q(u + 1) + F(u)

Qu) = (u® + u)’ —!—ZI u? 4+ u)’ N |Ineal’ equatIOHS Of {]n"’:“”"-‘\v_l}

Proposition 2: For unparallel boundary fields (€ # 0), the functional relations of A(u) are Proof: The Spectrum is simple.
the sufficient and necessary conditions to completely characterize the spectrum of the transfer All eigenva|ues Satisfy the functional

matriz relations B) # of solutions > 2"
N N sone-1=asis -y @HN quadratic eqns.
Au) = 2(u? +u)M T+ Z co(u? +u)" + 2pg H(l —67)
n=1 =1 Bezout's theorem » # of solutions < 2"

With each solution of the functional relations as an eigenvalue, in terms of
the inhomogeneous T-Q relation, one can retrieve an eigenstate.




Bethe eigenvectors

I e SR ———— - [

Introduce a gauge matrix

(¢ (+e)r-1 — y e (KW 0 )
G = g\ L A+ ) = A—}— ‘ 1: 11 ~

<

i-criotie = 5 50 | i) = Ky (u) Afw) + Kih(w) Dlu)

n =30 Z%_ n , n=1,..., . N ~ N
W=Ealt 146 =Dalll n=l N |Q>:®j:l|1>j’ <Q|:®j:lj<2|'

22 =Eat (1 +EDT+1) Wl ], n=1,...,N.

~

¢?w) eigenstates |[¢(u). %) =[%w), 40)] =0

SoV basis
€0;)2) =€ (-6; — )|Q) =0, py - Op,) = (Op) - (6,)192),
<Q|(g~(_9]) = <S_2|(€Z(9] — 1) = O <0511 """ 0([11‘ = <‘Q’@(_0(]1) "«@(_6([11)»




Bethe eigenvectors

Scalar product

Fy(p,. ...

,@m):

(W16),.....60,,)

AWWHWM%pu-Jﬂ (W“)HM%puw

Opa]

—

A(911H+I)FH(9[}] PR

(201’n+] + l)lel_i_l (9[’)14—]) + k;—Z(9Pn+I)
20p,., +1
XF”_+_] (0/)1 ) 9/)11_‘_' )

91711) =

$

i /1

n

1;[ (20,

= = 0
+ DK [0p) + K35 0p)

Bethe eigenvectors: With known eigenvalues and creation operator, we look
for the reference state!

N
(Mo, vl =[]

J=1

C(\})

requirement

> <>\1>
<

MWPP' pn> Fn(eh”'v@n)

O =(T]®---

® (1|




V. Concluding remarks & perspective
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Intrinsic properties of R-matrix satisfying YBE

¥

t(0,)t(0; —n) =a(0;)d(0; —n) X id ~ A,0;), j=1,--

N

4= | Asymptotic behavior of the polynomial

N 4
= a(u Qu—n) u Qu + 1) c(u atw)d{u)
t{u) = a(u)=~gry + dl) =gt + e =g

t(w)|¥) = Aw)|¥) Qu—mn) Q(u+n) a(u)d(u)
A(u) = af ' (u
Qu)IY) = Qu)w) » ) =alw)=aey H =5 4 gnm) ’

Regularity h Bethe Ansatz equations

Retrive
Eigenstates




IV. Concluding remarks & perspective

High rank systems: An, Bn, Cn, Dn

: JHEP 04 (2014) 143
Fusion JHEP 06 (2014) 128
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HO Dm0 —n) =twr1(0;), m=1,...n=1, j=1... N » Nested T-Q







