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de Rham cohomology

Differential k -forms on An
Z:

Ωk
Z[x1,...,xn]

=
⊕

i1<···<ik

Z[x1, ..., xn]dxi1 ∧ · · · ∧ dxik

Exterior derivative ∇ : Ωk
Z[x1,...,xn]

−→ Ωk+1
Z[x1,...,xn]

∇(fdxi1 ∧ · · · ∧ dxik ) =
n∑

i=1

∂f
∂xi

dxi ∧ dxi1 ∧ · · · ∧ dxik

de Rham complex (Ω•
Z[x1,...,xn]

,∇) of An
Z

Z[x1, . . . , xn]
∇−→ Ω1

Z[x1,...,xn]
∇−→ · · · ∇−→ Ωn

Z[x1,...,xn]

de Rham cohomology of An
Z

H i
dR(Z[x1, . . . , xn]) = H i(Ω•

Z[x1,...,xn]
)
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de Rham cohomology

Example (A1
Z and A2

Z)

H0
dR(Z[x ]) = Z

H1
dR(Z[x ]) =

∞⊕
i=0

Z
(i + 1)Z

x idx

H0
dR(Z[x , y ]) = Z

H1
dR(Z[x , y ]) =

∞⊕
i,j=0

Z
dijZ

(
i + 1
dij

x iy j+1dx +
j + 1
dij

x i+1y j
)

H2
dR(Z[x , y ]) =

∞⊕
i,j=0

Z
lijZ

x iy jdx ∧ dy
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Cech–Alexander complex

f ∈ A, A⟨f ⟩ = A[f 1/1!, f 2/2!, f 3/3!, . . .] ⊂ A ⊗ Q

Cech–Alexander complex CdR(Z[x1, . . . , xn])
•:

Z[x1, . . . , xn] −→ Z[x1, . . . , xn]
⊗2⟨⟨I2⟩⟩ −→ Z[x1, . . . , xn]

⊗3⟨⟨I3⟩⟩ −→ · · ·

where

Ik : = ker(Z[x1, . . . , xn]
⊗(k+1) −→ Z[x1, . . . , xn])

Theorem (Grothendieck)
There is a natural quasi-isomorphism

Ω•
Z[x1,...,xn]

∼−→ CdR(Z[x1, . . . , xn])
•
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Cech–Alexander complex

Example

Z[x ] d−→ Z[x , y ]⟨⟨x − y⟩⟩ d−→ Z[x , y , z]⟨⟨x − y , y − z⟩⟩ d−→ · · ·

Z[x , y ]⟨⟨x − y⟩⟩ =

{ ∞∑
i=0

fi(y)
(x − y)i

i!

}

d(f (x)) = f (x)− f (y) =
∞∑

i=1

f (i)(y)
(x − y)i

i!

Grothendieck’s Theorem is just integration

Z[x ]dx ∋ f (x)dx 7−→
∫ x

y
f (z)dz ∈ Z[x , y ]⟨⟨x − y⟩⟩
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q-analogue
q=1−→ classical notion

q-analogues of integers, factorials, binomials

[n]q :=
qn − 1
q − 1

= 1 + q + · · ·+ qn−1 , [n]q! := [1]q[2]q · · · [n]q

[
n
i

]
q
:=

[n]q!
[n − i]q![i]q!

= number of i-dimensional subspaces of Fn
q

q-analogue of (x − y)n is the q-Pochhammer symbol

(x , y ;q)n :=
n∏

i=1

(x − qiy)

q-derivative of f (x) ∈ Z[x ]

∇x ,q(f ) =
f (qx)− f (x)

qx − x
, ∇x ,q(xn) = [n]qxn−1
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q-de Rham complex after Aomoto & Jackson

q-de Rham complex qΩ•
Z[x1,...,xn]

= (Ω•
Z[x1,...,xn]

[[q − 1]],∇q)

Z[x1, . . . , xn][[q − 1]]
∇q−→

n⊕
i=1

Z[x1, . . . , xn][[q − 1]]dxi
∇q−→ · · ·

∇q(f ) =
n∑

i=1

∇xi ,q(f )dxi and similarly in higher degrees

qΩ•
Z[x1,...,xn]

is a q-analogue of de Rham complex

qΩ•
Z[x1,...,xn]

/(q − 1) ∼−→ Ω•
Z[x1,...,xn]

q-de Rham complex is not invariant under change of
coordinates e.g. x 7→ x + 1 does not induce

qΩ•
Z[x ]

∼−→ qΩ•
Z[x ]
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H1
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[i + 1]q

x idx
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q-de Rham cohomology

Conjecture (Scholze)
q-de Rham cohomology should be invariant under coordinate
changes. There should be a complex Cq(Z[x1, . . . , xn])

• which
▶ is quasi-isomorphic to qΩ•

Z[x1,...,xn]
, and

▶ invariant under coordinate changes

True after extension Z[[q − 1]] −→ Zp[[q − 1]] using p-adic
prismatic cohomology (Bhatt–Scholze)

Proposition (G.)
The conjecture is true with following modifications
▶ Z[[q − 1]] −→ Sq

▶ replace ∇q with ξ∇q for a certain ξ ∈ Sq
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δ-rings

A δ-ring A is a (torsion free) ring A equipped with commuting
endomorphisms φn : A −→ A, n ∈ N, which are Frobenius lifts
for p prime

φp(x) = xp mod pA

Example
▶ Z, φp(a) = a (Fermat’s little theorem)
▶ Z[x ], φp(x) = xp

▶ Z{x} ⊂ Q[x = x1, x2, . . .], smallest sub-ring containing
Z[x1, x2, . . .] on which φp(xn) = xnp lifts the Frobenius

▶ W (R) ⊂
∏

N R largest subring on which φp((rn)n) = (rpn)n
is lifts the Frobenius
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The ring Z{ξ}dist

de Rham Z, q-de Rham Z[[q − 1]], prismatic Z{ξ}dist

Hom(Z{ξ},R)
∼−→ W (R) : θ 7→ (θ(φn(ξ)))n

A Witt vector ξ = (ξn)n ∈ W (R) is distinguished if
▶ ξ1 ∈ R is (topologically) nilpotent,
▶ lim

r−→∞
ξpr = p, and

▶ ξn ∈ R is a unit for n composite
The ring Z{ξ} −→ Z{ξ}dist is characterised by

Hom(Z{ξ}dist,R)
∼−→ W (R)dist ⊂ W (R)
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Prismatic cohomology

The prismatic Cech–Alexander complex C∆(Z[x ])• of Z[x ]

Z{ξ}dist{x} −→ Z{ξ}dist{x , y ,
x − y
ξ

}

−→ Z{ξ}dist{x , y , z,
x − y
ξ

,
y − z
ξ

} −→ · · ·

The integral prismatic cohomology is

H i
∆(Z[x ]) = H i(C∆(Z[x ])•)

Remark
Integral prismatic cohomology really lives on a stack ΣZ which
admits a cover Spf(Z{ξ}dist) −→ ΣZ
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The ring Sq

Z[q1/n : n ∈ N] is a δ-ring, φp(q1/n) = qp/n

Sq := Z[q1/n]{ξ}dist

{
Φn(q1/n)

ξ

}

where Φn(x) is the nth cyclotomic polynomial
Fact φn

(
Φn(q1/n)

ξ

)
= Φn(q)

φn(ξ)
is invertible in Sq

Proposition (G.)
There is a natural quasi-isomorphism

C∆(Z[x1, . . . , xn])
• ⊗Z{ξ}dist

Sq
∼−→ (qΩ•

Z[x1,...,xn]
⊗Z[[q−1]] Sq, ξ∇q)
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Sketch of the proof for Z[x ]

First step is to replace C∆(Z[x ])•

Z{ξ}dist{x} −→ Z{ξ}dist{x , y ,
x − y
ξ

} −→ · · ·

with a simpler complex using δ-structure on Z[x ], φp(x) = xp

Define C̃∆(Z[x ])•

Z{ξ}dist[x ] −→ Z{ξ}dist[x , y ]{
x − y
ξ

} −→ · · ·

The homomorphism Z{x} −→ Z[x ], φn(x) 7→ xn induces a
quasi-isomorphism

C∆(Z[x ])• −→ C̃∆(Z[x ])•
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Sketch of the proof for Z[x ]

Explicitly compute C̃∆(Z[x ])• ⊗Z{ξ}dist
Sq

Sq[x ] −→ Sq[x , y ]{
x − y
ξ

} −→ · · ·

ξn[n]q! divides (x , y ;q)n =
∏n

i=1(x − yqi)

Sq[x , y ]{
x − y
ξ

} =

{ ∞∑
n=0

fn(x)
(x , y ;q)n

ξn[n]q!
: fn(x) ∈ Sq[x ]

}
(similarly for higher terms)
Then prove q-analogue of Grothendieck’s Theorem to get
quasi-isomorphism

C̃∆(Z[x ])
∼−→ (Ω•

Z[x ] ⊗Z Sq, ξ∇q)

QED
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Thank you!
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