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Qé[xh...,xn] = @ Z[Xq, ..., XplAX;, A -+ A dX;,

iy <<

Exterior derivative V : QZ[X e Qk[f(: ]

V(fdx;, A--- A dx;) Z —dx, Adxi, A--- A dx;,

de Rham complex (Q3,, .. V) of Az

v V. ~n

Z[Xq,...,Xn] v, Q1z[ — sz,...,

X17--~7Xn]

de Rham cohomology of AJ
HéR(Z[X1 seee Xn]) = HI(QE[X1,...,X,7])
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Example (A} and A3)

HeR(ZIx) = Z

HirZ[x]) = ®(i+z1)zx’dx

i=0

Hgr(ZIx.¥]) = Z

~N Z (i+1 [+ 1
Hlr(ZIx,y]) = @d,jz (d’jx/y/+1dx+/du X’+1y/>
// =0

Ha(ZIx,y]) = @ ,UZnydXAdy
ij=0
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There is a natural quasi-isomorphism
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Cech—Alexander complex

Z[x] - Zix, vl ((x - ) L Zxy 2 ((x -y, y —2)) - -

d(F(x)) = F(x) — f(y) = Zf” 9y

Z[x, yl((x = ¥)) {Zf

Grothendieck’s Theorem is just integration

Z[x]dx > f(x)dx — /yx f(z)dz € Z|x, y]{{(x — y))
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qg- analogue classmal notion

g-analogues of integers, factorials, binomials

[nlg := C;n__11 =1+q+--+q"" , [nlg!:=[1q[2q--[nq

n [n]q! . . "
| = ——="5=— = number of /-dimensional subspaces of F,
ilg " =g

g-analogue of (x — y)" is the g-Pochhammer symbol

n

(%, Y:@n = [[(x—d'y)

i=1
g-derivative of f(x) € Z[x]

Vaalf) = NEIZ 9407 = [l
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g-de Rham complex after Aomoto & Jackson

wlla —111.¥4)

g-de Rham complex qu[X ] = (QE[X1

.....

Zlxi, .. xalllg — 1]~ P Zlx, ..., xalllg — 1] ~5
i=1

f)= vai,q(f)dx,- and similarly in higher degrees
%] is a g-analogue of de Rham complex

90,5/ (A= 1) - Q71

g-de Rham complex is not invariant under change of
coordinates e.g. x — x + 1 does not induce

.....

9 — 9y
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g-de Rham cohomology

Hyar(ZDX1, -, Xn]) = H(@%p, 1)

Haar(ZIXl) = Zllg—1]]

Hiar(ZIx) = @Z[[,[i]]L]]
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Conjecture (Scholze)

q-de Rham cohomology should be invariant under coordinate
changes. There should be a complex C4(Z[x1, ..., Xn])* which

> is quasi-isomorphic to Q3 ., and
» invariant under coordinate changes

True after extension Z[[q — 1]] — Z,[[g — 1]] using p-adic
prismatic cohomology (Bhatt—Scholze)

Proposition (G.)

The conjecture is true with following modifications

> Z[[g-1]] — Sq
> replace Vq with V4 for a certain § € Sq
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A o-ring A is a (torsion free) ring A equipped with commuting
endomorphisms ¢, : A— A, n € N, which are Frobenius lifts
for p prime

©p(x) = xP mod pA

> Z, pp(a) = a(Fermat’s little theorem)

> Z[x], pp(x) = xP

> Z{x} C Q[x = X1, Xz, .. .], smallest sub-ring containing
Z[x1, X2, .. .| on which yp(Xn) = Xnp lifts the Frobenius

» W(R) c [y R largest subring on which ¢p((rn)n) = (fon)n
is lifts the Frobenius
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The ring Z{¢}gist

de Rham Z, g-de Rham Z[[qg — 1]], prismatic Z{£ }qist

Hom(Z{¢}, R) — W(R) : 0 — (6(¢n(£)))n

A Witt vector € = (£5)n € W(R) is distinguished if
> & € Ris (topologically) nilpotent,
> lim & =p,and

r—oo

» ¢, € Ris aunit for n composite
The ring Z{¢} — Z{{}gist IS characterised by

Hom(Z{¢}dist, A) — W(R)dist € W(R)
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The prismatic Cech—Alexander complex Ca(Z[x])® of Z[x]

Z{¢ s {X} — Z{Eam{X, v, %}

s Z{e}a{X.y. 2. X% 4 ¢ Zy

The integral prismatic conomology is

HA(Z[x]) = H'(Ca(Z[x))*)

Integral prismatic cohomology really lives on a stack Xz which
admits a cover Spf(Z{¢}4ist) — Xz
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Sketch of the proof for Z[x]

First step is to replace Ca(Z[x])*

Z{&}aist{x} — Z{&}aist{X, .ya

}—>

§

with a simpler complex using d-structure on Z[x], pp(x) = xP
Define Ca(2Z[x])®

Z{&}aist[X] — Z{ﬁ}dist[x,y]{%} s

The homomorphism Z{x} — Z|x], ¢n(x) — x" induces a
quasi-isomorphism

Ca(Z[x])* — Ca(Z[x])*
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X J—
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&"[nlq! divides (x, ¥; q)n = [TiL4(x — yq')

o0

Sqlx, y]{xgy} - {Z oo Xi@n sq[x]}

—~ £"nlq!
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Sketch of the proof for Z[x]

Explicitly compute Ca(Z[x])® ®z{e}aw Sq
X J—
Salx] — Salx Y1) — -
&"[nlq! divides (x, ¥; q)n = [TiL4(x — yq')

Sqlx. y]{}—{zfnmzn[yn]"? . (X)ESq[X]}

(similarly for higher terms)

Then prove g-analogue of Grothendieck’s Theorem to get
quasi-isomorphism

Ca(ZIX]) = (g ©2 Sq:£V )

QED
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Thank you!
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