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Simply Laced A-D-FE Lie Algebras: Dynkin Diagrams
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® A-D-FE Dynkin diagrams G, Coxeter numbers g, Coxeter exponents Exp(G), the type I or II,
parent graphs H #= GG and diagram automorphism group I'. Nodes 1 = identity, 2 = fundamental.

® The eigenvalues of the adjacency matrix G are 2COS% with m € Exp(G).
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Fusion Matrices (nimreps)

Verlinde Matrices: G = A; (L x L Matrices): N; = (N;) %, i,j,k € Ar

Ni1=1, Np=Ap, N;=Nj_ 1Np—N; o, Np=o0€Zp

NZ'N]'Z Z Nijka7 L =g—1, szUj_l(%N2)=Chebyshev
keAy,
Tricritical Ising Model: G=A4, g=5
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Fused Adjacency/Intertwiner Matrices:
|G| x |G| Matrices: n, = (n)a?, i=1,2,...,9—1; a,beqG

ng =1, np=G, nj=nonj_1—n;_o 3<75j<g-1
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Critical 3-State Potts Model: G=Dy, ¢g=6©6
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Graph Fusion Matrices (nimreps)

Graph Fusion Matrices: Entries of N, are non-negative integers only for Type I models:

|G| x |G| Matrices: Ng= (Na)p’, N1 =1, No=G, NoNy=)> GuNy, abcedG

beG
NaNb — Z Nabc N, niNa — Z nia,bNba g = Z nilaNa
ced bedG acCG

For Fg, the rectangular fundamental intertwiner n;1%¢ admits a generalized left inverse giving

No =nq, a=1,2,3; N4 =ng—np, Ns=ns—n3, Ng=mno+ns—neg
Critical Ising: G = A3, g¢g=24 Fusion Rules: ¢2 =1 +¢, = ¢o 2= ]
. _ 010 001
Ny = N; =1, N2=N2=<101>—0' N3—N3— OlO)

010 100
Critical 3-State Potts: G=D,, ¢g=6, weEZ3
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0100 1000 0010
Cayley Table/Fundamental Intertwiner
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Critical A-D-FE Lattice Models
® The face weights of the critical A-D-FE lattice models [ABF84,Pasquier87] are
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where v is the spectral parameter. The face weights vanish if G,,Gp.G.0G4, = 0 and satisfy the
Yang-Baxter equation implying commuting transfer matrices and integrability.

® The largest eigenvalue of the adjacency matrix G is [2], = 2 cos A with eigenvectors

([1]2, [
([1]z,
G =2z, Y= Wa)i<a<ic| = 3 ([1]z,
([1]z,
([1]a,
Here [a]y = £=21 with z = e
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A-D-FE face weights are given by the
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Ocheanu Fusion

nj

® The red/blue lines show the action of the left/right chiral fundamentals labelled by a = 2, 2.

0-6



~

Es OcCneanu nimrpes

N, for Eg are

~

® The 12 Ocneanu graph fusion matrices (nimreps)
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Commuting Column Transfer Matrices
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® A periodic lattice showing (i) the column/seam transfer matrices T(u), Ny, ﬁb and (ii) the
automorphism seam o” with xk = 0,1. The composite seam is the matrix product T, = o” /N\a /Nb.

® The braid seams B,B are the limits Iimu_>¢7;ooT(u), that is, the face weights are replaced by

the complex braid face weights B, B. The seams B,B commute with T(x) and with each other.
The fused s-type braid seams ng (and their complex conjugates ns) are defined recursively by

np=0, =n3=I mnp=B, ns=npng 1-—ngop 3<s<g-1

The /N\a seams are given by the same linear combinations of ns as the graph fusion matrices.

® For each A-D-FE lattice model, the seams ng,ng and /N\a,ﬁb satisfy the Verlinde and graph
fusion algebras respectively for arbitrary system sizes:

kEAg_l ceG

n;n; = Z szk ng, 1 <12,9<g—1, /N\a,/N\b = Z NabC/N\C, a,be G
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Eg Ocneanu Algebra of Seams

® Following the relations for ]/V\a:

e~ e~ e~ e~

Ng=n,, a=1,23; Ng=ng—npy, Ng=ng—ng3g=o0, Ng=mno-+ng—ng

with N, =Nj, b=1,2,...,6. The 12 Fg seams P,;, = NoN, (¢ =1,2,...,6; b=1,2) are
{P1,Pp,...,P12} ={P11,P21,...,P61,P12,Poo,...,Pg o} (Basis Seams)

® The seams satisfy the Ocneanu algebra (checked in Mathematica for system sizes M < 12)

12 12
P’I7P,LL: Z N')/’MVPV, NUNM: Z N')/’MVNV, 7],#:1,2,...,12

vr=1 vr=1

® Cayley table of the commutative Eg Ocneanu algebra using the notation n = f’n:

(1 2 | 3 | 4 5] 6 | 7 | 8 | 9 | 10 | 11 | 12 |
1] 2 3 4 [5] 6 7 8 9 10 11 12
>2] 13 >F416 315 (4] 3 8 79 8F10F12 o1l 10 9
33| 2416 [1F2(3)+5 | 2+4+6 |3 2H4 || 9 8F10+12 7F2(9)F11 8F10F+12 9 8F10
4[4 3F5 >+4+6 13 (2| 3 10 OF11 8F10F12 749 8 9
515 4 3 2 1] 6 11 10 9 8 7 12
66| 3 24 3 [6[1F5] 12 9 8+10 9 12 711
7171 8 9 10 |11 12 || 112 29 3F8F10 419 5+12 | 6F7F11

138 2F4F6 3F5+8
g|l8| 7o |e+lo+12| o1l |10 9 || 249 | 755 T 2(9)411 Flogioe | 49 | 3+8+10
9 || 9 [sr104+12[742(9)+11]8+10+12| 9 [g+10|3+8+10] ,, 2THTO 1H2(3)+5 21416

L 742(9) 1 1H-2(8)4+2(10)42(12)4+742(9)+11 > 18110) 24+4+42(9)
10| 9+11 |8+10+12| 749 |8| 9 | 4+9 3+548 2+H4+6

1+34+8
10 410412 1742(9)+11 +10412 | 29 | 38410
11(]11 10 9 8 7] 12 5+12 449 3+8+10 2+9 14+12 6+r7+11
12|12 9 8+10 9 12(7411|64+7+11] 3+48+10 2+442(9) 3+8+10 |[6+7+H11{14+54+2(12)
® Forl1<np<6andu>3, f’n,u IS given in terms of the Basis Seams by the Quantum Symmetry
— — L — \T _V —
Pyu=NyNy,=N;N; = > N ;"P,, nu=12,...,12
v=1
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Fg Ocneanu Algebra as a Quotient

® Thereis a ring homomorphism

¢ (Pa1,Pazla=1,...,6) = Zz,y] /(p1(2), pa(z, v))

pi(@)= J] (z—2cossr)=2°-5z*+522 -1, Exp(Eg) = {1,4,5,7,8,11}
scExp(FEg)
pa(z,y) = y° + (¢ — 5x> + 4z)y — 1, p2(y,y) = p1(y)

].3171 — 1, ].3271 = X, ].3371 — :C2 —1, ].3471 — :C5 — 4:133 + 2x
].3571 — ot — 4z° 4 2, ]-36,1 — —x° + 523 — 4z, ].3&72 — gb(lsa’l) y, a=1,2,...,6

® The E6 integrable seams mutually commute and are simultaneously diagonalizable.
The eigenvalues vield a 1-d representation of the E6 Ocneanu algebra in terms of the quantum

dimensions. Set z = ¢° + ¢ % =2c0s%, y = ¢° + ¢~° = 2cos 3% with g = e™/12

® Solving
p1(x) = 0O, po(x,y) =0

yields 6 x 2 = 12 solutions for x,y:

(s,5) eSS =4{(1,1),(4,4),(5,5),(7,7),(8,8),(11,11),(1,7),(7,1),(4,8),(8,4),(5,11),(11,5)}

These indices coincide with the operator content of the Eg modular invariant partition function

g—>2
Z(@)= > > xrs(Oxr3(d

r=1 (s,5)€S
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FEg Structure Constants

~ _ - ~ - XQ —_— <
For Bg:  po(B,B)=B°—Pg1B-1=0 = N, =1+NgN,

® Using this, the product of any two seams f’a,a/ and f’b,b/ is obtained using commutativity and
associativity. Let a,b,c=1,2,...,6 and a/,b',c/ = 1,2 and consider the four quadrants (a’,b") of
the Cayley table. By commutativity the (1,2) and (2,1) quadrants agree leaving 3 cases:

ab =1: NaNb ZNab NC = ZNa,bc Pc 1
dt =2: (NaN2)N, = No(NyNp) = Z Nyt (NeNp) = Z Nap®Pe o
dt =4: (NaNo)(NyNy) = > NyeNoN, = > Nap®Ne (1 + NgNo)

_ZNab Ne+ Y Nyt Neg UNN») _ZNabCPcl‘I'ZNab Ne6™P g2
c,d c,d

This gives the Eg Ocneanu algebra structure constants in terms of Nab as

—_—

6
/ — — —
Na,,a’; b’b/c,c = (5a/’b/5c/’1 —+ 5a’b’,25c’,2)Nabc —+ 5a/b/’4501’2 Z Nabde6c = twelve 12 x 12 matrices
d=1

® Let us prove py(B, E) — 0. For a given u-independent eigenvector of T(u), the eigenvalues of
B,B are 2cos 15, 2C0s 75 with (s,5) € S. But it is readily verified that

p2(2COs 15,2 COS 7 S”) = 0, (s,5) €S

The proof that the integrable seams satisfy the E6 Ocneanu algebra, for arbitrary system sizes M,

thus follows by simultaneous diagonalization since the seam eigenvalues (quantum dimensions)
satisfy the Eg Ocneanu algebra.
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Conclusion

® It is argued that, for all critical A-D-FE lattice models and arbitrary system sizes M:
(i) the s-type braid transfer matrices ng satisfy the Verlinde algebra,

(ii) the a-type integrable seams /Na satisfy the graph fusion algebra,

(iii) the integrable seams f’a,b satisfy the Ocneanu algebra and quantum symmetry.
All of these statements have been checked in Mathematica for M < 12.

® EXxpressions can be obtained for the local face weights of each of the integrable seams.
For Typel theories, explicit expressions are obtained for the Ocneanu algebra structure constants.

® Conformal topological defects result from the integrable seams in the continuum scaling limit.

® The algebra of seams gives a natural physical interpretation of the Ocneanu algebra — it
implements the local operator product expansion on conformal defects. The Ocneanu algebra
encodes how, for twisted boundaries, the left and right chiral halves of a CFT are glued together.

® Since the seams commute with the transfer matrix T(u), they are in some sense symmetries.
But some seams admit zero eigenvalues, so these seams are generalized noninvertible symmetries.

® The A-D-FE models are s{é(2) spin—% models. The new insights give tools to systematically
investigate the Ocneanu algebras of higher spin and higher rank models, eg. spin-1 and s/(3)
models as well as s¢(2) affine A-D-E models.

0-12



