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Ẽ6

• G.E.Andrews, R.J.Baxter, P.J.Forrester, Eight-vertex SOS model and generalized Rogers-Ramanujan-type

identities, J. Stat. Phys. 35 (1984) 193–266.

• V.Pasquier, Two-dimensional critical systems labelled by Dynkin diagrams, Nucl. Phys. B285 (1987) 162–172.

• A. Ocneanu, Paths on Coxeter Diagrams: Minimal models and subfactors, Waterloo, Canada (1995).

• V.B.Petkova, J.-B.Zuber, Generalized twisted partition functions, Phys. Lett. B504 (2001) 157–164.

• R.Coquereaux, G.Schieber, Twisted partition functions for A-D-E CFTs and Ocneanu algebras, J. Geom. Phys.
42 (2002) 216–258.

• C.H.O.Chui, C.Mercat, P.A.Pearce, Integrable and conformal twisted boundary conditions for sl(2) A-D-E lattice

models, J. Phys. A36 (2003) 1–39.

• P.A.Pearce, J.Rasmussen Ocneanu algebra of seams: Critical unitary E6 RSOS lattice model, arXiv:2409.06236,
MATRIX Annals (2025); Ocneanu algebra of seams: Critical A-D-E RSOS lattice models, in preparation.

0-1



Simply Laced A-D-E Lie Algebras: Dynkin Diagrams

Graph G g Exp(G) Type/H Γ

AL • • ••
1 2 3 ··· L L+1 1,2, · · · , L I Z2

Dℓ+2 (ℓ odd) • • •

•
1 2 3 ··· ℓ

ℓ+1

ℓ+2•

• 2ℓ+2 1,3, · · · ,2ℓ+1, ℓ+1 II/A2ℓ+1 Z2

Dℓ+2 (ℓ even) • • •

•

•

•
1 2 3 ··· ℓ

ℓ+1

ℓ+2

2ℓ+2 1,3, · · · ,2ℓ+1, ℓ+1 I Z2/S3

E6 • • • •

•

•
1 2

3

4 5

6

12 1,4,5,7,8,11 I Z2

E7 • • • • • •
1 2 3

4

5 6

7
•

18 1,5,7,9,11,13,17 II/D10 1

E8 • • • • • •

•

•
1 2 3 4

5

6 7

8

30 1,7,11,13,17,19,23,29 I 1

• A-D-E Dynkin diagrams G, Coxeter numbers g, Coxeter exponents Exp(G), the type I or II,

parent graphs H 6= G and diagram automorphism group Γ. Nodes 1 = identity, 2 = fundamental.

• The eigenvalues of the adjacency matrix G are 2 cos mπg with m ∈ Exp(G).
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Fusion Matrices (nimreps)

Verlinde Matrices: G = AL (L× L Matrices): Ni = (Ni)j
k, i, j, k ∈ AL

N1 = I, N2 = AL, Nj = Nj−1N2 −Nj−2, NL = σ ∈ Z2

NiNj =
∑

k∈AL

Nij
kNk, L = g−1, Nj = Uj−1(

1
2N2) = Chebyshev

Tricritical Ising Model: G = A4, g = 5

N1 = I, N2 =



0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0


, N3 =



0 0 1 0
0 1 0 1
1 0 1 0
0 1 0 0


, N4 =



0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0


 = σ

Fused Adjacency/Intertwiner Matrices:

|G| × |G| Matrices: ni = (ni)a
b, i = 1,2, . . . , g−1; a, b ∈ G

n1 = I, n2 = G, nj = n2nj−1 − nj−2, 3 ≤ j ≤ g−1

ni nj =
∑

k∈Ag−1

Nij
k nk ng−1 =




I, D2ℓ, E7, E8

σ ∈ Z2, AL, D2ℓ−1, E6

Critical 3-State Potts Model: G = D4, g = 6

n1 = n5 = I, n2 = n4 =



0 1 0 0
1 0 1 1
0 1 0 0
0 1 0 0


, n3 =



0 0 1 1
0 2 0 0
1 0 0 1
1 0 1 0



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Graph Fusion Matrices (nimreps)

Graph Fusion Matrices: Entries of N̂a are non-negative integers only for Type I models:

|G| × |G| Matrices: N̂a = (N̂a)b
c, N̂1 = I, N̂2 = G, N̂2N̂a =

∑

b∈G

Gab N̂b, a, b, c ∈ G

N̂aN̂b =
∑

c∈G

N̂ab
c N̂c, niN̂a =

∑

b∈G

nia
bN̂b, ni =

∑

a∈G

ni1
aN̂a

For E6, the rectangular fundamental intertwiner ni1
a admits a generalized left inverse giving

N̂a = na, a = 1,2,3; N̂4 = n6−n2, N̂5 = n5−n3, N̂6 = n2+n4−n6

Critical Ising: G = A3, g = 4 Fusion Rules: σ2 = I + ε, σε = εσ = σ, ε2 = I

N̂1 = N1 = I, N̂2 = N2 =

(
0 1 0
1 0 1
0 1 0

)
= σ, N̂3 = N3 =

(
0 0 1
0 1 0
1 0 0

)
= ε

Critical 3-State Potts: G = D4, g = 6, ω ∈ Z3

N̂1 = I, N̂2 = N2 =



0 1 0 0
1 0 1 1
0 1 0 0
0 1 0 0


 = G, N̂3 =



0 0 1 0
0 1 0 0
0 0 0 1
1 0 0 0


 = ω, N̂4 =



0 0 0 1
0 1 0 0
1 0 0 0
0 0 1 0


 = ω2

Cayley Table/Fundamental Intertwiner

D4 :

I G ω ω2

I I G ω ω2

G G I+ω+ω2 G G

ω ω G ω2 I

ω2 ω2 G I ω

•

•

•

•
1 2

3

4

σ =



1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


 C = (ni)1

a =




1 0 0 0
0 1 0 0
0 0 1 1
0 1 0 0
1 0 0 0



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Critical A-D-E Lattice Models

• The face weights of the critical A-D-E lattice models [ABF84,Pasquier87] are

W

(
d c
a b

∣∣∣∣u
)
=

a b

cd

u =
sin(λ− u)

sinλ
δac+

sinu

sinλ

√
ψaψc

ψbψd
δbd, λ =

π

g
, 0 ≤ u ≤ λ

where u is the spectral parameter. The face weights vanish if GabGbcGcdGda = 0 and satisfy the

Yang-Baxter equation implying commuting transfer matrices and integrability.

• The largest eigenvalue of the adjacency matrix G is [2]x = 2cosλ with eigenvectors ψ

Gψ = [2]xψ, ψ = (ψa)1≤a≤|G| =





(
[1]x, [2]x, . . . , [L]x

)
, G = AL(

[1]x, [2]x, . . . , [ℓ]x,
[ℓ]x
[2]x

, [ℓ]x
[2]x

)
, G = Dℓ+2(

[1]x, [2]x, [3]x, [2]x, [1]x,
[3]x
[2]x

)
, G = E6(

[1]x, [2]x, [3]x, [4]x,
[6]x
[2]x

, [4]x
[3]x

, [4]x
[2]x

)
, G = E7(

[1]x, [2]x, [3]x, [4]x, [5]x,
[7]x
[2]x

, [5]x
[3]x

, [5]x
[2]x

)
, G = E8

Here [a]x = xa−x−a

x−x−1 with x= eiλ.

• Setting ρ(u) = sin(λ−u)/ sinλ, the braid limits of the A-D-E face weights are given by the

complex conjugate weights

B

(
d c
a b

)
=

a b

cd

−i∞ = lim
u→−i∞

x−
1
2

iρ(u)
W

(
d c
a b

∣∣∣∣u
)
= −i

(
x−

1
2 δac − x

1
2

√
ψaψc

ψbψd
δbd

)

B

(
d c
a b

)
=

a b

cd

i∞ = lim
u→i∞

i x
1
2

ρ(u)
W

(
d c
a b

∣∣∣∣u
)
= i

(
x
1
2 δac − x−

1
2

√
ψaψc

ψbψd
δbd

)
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Ocneanu Fusion Graphs G̃

NL

...

N3

N2

N1

ÃL

n1

n2

n3

n4

n5

n6

n7

D̃5

n1

n3

n2
n4

n5

n6

n7

n8
n10

n9

n11

D̃7

P̂
(0)
1

P̂
(0)
2 P̂

(0)
3

P̂
(0)
4

P̂
(1)
1

P̂
(1)
2

P̂
(1)
3

P̂
(1)
4

D̃4

P̂
(0)
1

P̂
(1)
1

P̂
(1)
2

P̂
(0)
4

P̂
(0)
3

P̂
(0)
2

P̂
(0)
5

P̂
(0)
6

P̂
(1)
3

P̂
(1)
4

P̂
(1)
5

P̂
(1)
6

D̃6

P̂1,1

P̂6,1

P̂5,1

P̂2,1

P̂3,1

P̂4,1

P̂2,2

P̂3,2

P̂4,2

P̂1,2

P̂6,2

P̂5,2

Ẽ6

P̂1,1

P̂2,2 P̂1,2

P̂1,8P̂8,1
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Ẽ7
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P̂4,3

P̂8,3
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P̂6,3

P̂7,3
P̂1,4

P̂2,4

P̂3,4

P̂4,4

P̂8,4
P̂5,4

P̂6,4

P̂7,4

Ẽ8

• The red/blue lines show the action of the left/right chiral fundamentals labelled by a = 2, 2̄.
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Ẽ6 Ocneanu nimrpes

• The 12 Ocneanu graph fusion matrices (nimreps) Ña for Ẽ6 are



100000000000
010000000000
001000000000
000100000000
000010000000
000001000000
000000100000
000000010000
000000001000
000000000100
000000000010
000000000001







010000000000
101000000000
010101000000
001010000000
000100000000
001000000000
000000010000
000000101000
000000010101
000000001010
000000000100
000000001000







001000000000
010101000000
102010000000
010101000000
001000000000
010100000000
000000001000
000000010101
000000102010
000000010101
000000001000
000000010100







000100000000
001010000000
010101000000
101000000000
010000000000
001000000000
000000000100
000000001010
000000010101
000000101000
000000010000
000000001000







000010000000
000100000000
001000000000
010000000000
100000000000
000001000000
000000000010
000000000100
000000001000
000000010000
000000100000
000000000001







000001000000
001000000000
010100000000
001000000000
000001000000
100010000000
000000000001
000000001000
000000010100
000000001000
000000000001
000000100010







000000100000
000000010000
000000001000
000000000100
000000000010
000000000001
100000000001
010000001000
001000010100
000100001000
000010000001
000001100010







000000010000
000000101000
000000010101
000000001010
000000000100
000000001000
010000001000
101000010101
010101102010
001010010101
000100001000
001000010100







000000001000
000000010101
000000102010
000000010101
000000001000
000000010100
001000010100
010101102010
102010020202
010101102010
001000010100
010100002000







000000000100
000000001010
000000010101
000000101000
000000010000
000000001000
000100001000
001010010101
010101102010
101000010101
010000001000
001000010100







000000000010
000000000100
000000001000
000000010000
000000100000
000000000001
000010000001
000100001000
001000010100
010000001000
100000000001
000001100010







000000000001
000000001000
000000010100
000000001000
000000000001
000000100010
000001100010
001000010100
010100002000
001000010100
000001100010
100010000002




Σ =




100000000000
000000100000
000000000001
000000000010
000010000000
000001000000
010000000000
000000010000
000000001000
000000000100
000100000000
001000000000




1

2

3

4

5

6 7

8

9

10

11

12

Ẽ6

Ña Ñb =
12∑

c=1

Ñab
c Ñc

Ña =





N̂a ⊕ N̂a, a = 1,2, . . . ,6

Ñ7 = Σ Ñ2Σ,

Ñ7Ña−6, a = 8,9, . . . ,12

• Σ = Z2 chiral conjugation, ΣÑaΣ = Ñā, 2̄ = 7, 3̄ = 12, 4̄ = 11 else ā = a (ambichirals).
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Commuting Column Transfer Matrices

u u u

u u u

u u u

u u u

u u u

u u u

u u u u u u

u u u u u u

u u u u u u

u u u u u u

u u u u u u

u u u u u u

−i∞

−i∞

−i∞

−i∞

−i∞

−i∞

T(u) B σκ N̂aN̂b

Wκ

Wκ

Wκ

Wκ

Wκ

Wκ

Wa

Wa

Wa

Wa

Wa

Wa

Wb

Wb

Wb

Wb

Wb

Wb

[T(u),T(v)] = 0

• A periodic lattice showing (i) the column/seam transfer matrices T(u), N̂a, N̂b and (ii) the

automorphism seam σκ with κ = 0,1. The composite seam is the matrix product Tx = σκ N̂a N̂b.

• The braid seams B,B are the limits limu→∓i∞T(u), that is, the face weights are replaced by

the complex braid face weights B,B. The seams B,B commute with T(u) and with each other.

The fused s-type braid seams ns (and their complex conjugates n̄s) are defined recursively by

n0 = 0, n1 = I, n2 = B, ns = n2ns−1 − ns−2, 3 ≤ s ≤ g−1

The N̂a seams are given by the same linear combinations of ns as the graph fusion matrices.

• For each A-D-E lattice model, the seams ns, n̄s and N̂a, N̂b satisfy the Verlinde and graph

fusion algebras respectively for arbitrary system sizes:

ni nj =
∑

k∈Ag−1

Nij
k
nk, 1 ≤ i, j ≤ g−1, N̂a N̂b =

∑

c∈G

N̂ab
c
N̂c, a, b ∈ G

0-8



Ẽ6 Ocneanu Algebra of Seams
• Following the relations for N̂a:

N̂a = na, a = 1,2,3; N̂4 = n6 − n2, N̂5 = n5 − n3 = σ, N̂6 = n2 + n4 − n6

with N̂b = N̂b̄, b = 1,2, . . . ,6. The 12 Ẽ6 seams P̂a,b = N̂a N̂b (a = 1,2, . . . ,6; b = 1,2) are

{P̂1, P̂2, . . . , P̂12} = {P̂1,1, P̂2,1, . . . , P̂6,1, P̂1,2, P̂2,2, . . . , P̂6,2} (Basis Seams)

• The seams satisfy the Ocneanu algebra (checked in Mathematica for system sizes M ≤ 12)

P̂η P̂µ =
12∑

ν=1

Ñηµ
ν
P̂ν, Ñη Ñµ =

12∑

ν=1

Ñηµ
νÑν, η, µ = 1,2, . . . ,12

• Cayley table of the commutative Ẽ6 Ocneanu algebra using the notation η = P̂η:
1 2 3 4 5 6 7 8 9 10 11 12

1 1 2 3 4 5 6 7 8 9 10 11 12
2 2 1+3 2+4+6 3+5 4 3 8 7+9 8+10+12 9+11 10 9
3 3 2+4+6 1+2(3)+5 2+4+6 3 2+4 9 8+10+12 7+2(9)+11 8+10+12 9 8+10
4 4 3+5 2+4+6 1+3 2 3 10 9+11 8+10+12 7+9 8 9
5 5 4 3 2 1 6 11 10 9 8 7 12
6 6 3 2+4 3 6 1+5 12 9 8+10 9 12 7+11

7 7 8 9 10 11 12 1+12 2+9 3+8+10 4+9 5+12 6+7+11

8 8 7+9 8+10+12 9+11 10 9 2+9
1+3+8

+10+12
2+4+6

+7+2(9)+11
3+5+8
+10+12

4+9 3+8+10

9 9 8+10+127+2(9)+118+10+12 9 8+10 3+8+10
2+4+6

+7+2(9)+11
1+2(3)+5

+2(8)+2(10)+2(12)
2+4+6

+7+2(9)+11
3+8+10 2+4+2(9)

10 10 9+11 8+10+12 7+9 8 9 4+9
3+5+8
+10+12

2+4+6
+7+2(9)+11

1+3+8
+10+12

2+9 3+8+10

11 11 10 9 8 7 12 5+12 4+9 3+8+10 2+9 1+12 6+7+11
12 12 9 8+10 9 127+11 6+7+11 3+8+10 2+4+2(9) 3+8+10 6+7+111+5+2(12)

• For 1 ≤ η ≤ 6 and µ ≥ 3, P̂η,µ is given in terms of the Basis Seams by the Quantum Symmetry

P̂η,µ = N̂η N̂µ = N̂η N̂µ̄ =
12∑

ν=1

Ñηµ̄
ν
P̂ν, η, µ = 1,2, . . . ,12
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Ẽ6 Ocneanu Algebra as a Quotient

• There is a ring homomorphism

φ :
〈
P̂a,1, P̂a,2 | a = 1, . . . ,6

〉
→ Z[x, y]

/〈
p1(x), p2(x, y)

〉

p1(x) =
∏

s∈Exp(E6)

(
x− 2cos sπg

)
= x6 − 5x4 +5x2 − 1, Exp(E6) = {1,4,5,7,8,11}

p2(x, y) = y2 + (x5 − 5x3 +4x)y − 1, p2(y, y) = p1(y)

P̂1,1 7→ 1, P̂2,1 7→ x, P̂3,1 7→ x2 − 1, P̂4,1 7→ x5 − 4x3 +2x

P̂5,1 7→ x4 − 4x2 +2, P̂6,1 7→ −x5 +5x3 − 4x, P̂a,2 7→ φ(P̂a,1) y, a = 1,2, . . . ,6

• The Ẽ6 integrable seams mutually commute and are simultaneously diagonalizable.

The eigenvalues yield a 1-d representation of the Ẽ6 Ocneanu algebra in terms of the quantum

dimensions. Set x = qs+ q−s = 2cos sπ12, y = qs̄+ q−s̄ = 2cos s̄π12 with q = eπi/12

• Solving
p1(x) = 0, p2(x, y) = 0

yields 6× 2 = 12 solutions for x, y:

(s, s̄) ∈ S = {(1,1), (4,4), (5,5), (7,7), (8,8), (11,11), (1,7), (7,1), (4,8), (8,4), (5,11), (11,5)}

These indices coincide with the operator content of the E6 modular invariant partition function

Z(q) =
g−2∑

r=1

∑

(s,s̄)∈S

χr,s(q)χr,s̄(q̄)
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Ẽ6 Structure Constants

For Ẽ6: p2(B,B) = B
2
− P̂6,1B− I = 0 ⇒ N̂

2

2 = I+ N̂6N̂2

• Using this, the product of any two seams P̂a,a′ and P̂b,b′ is obtained using commutativity and

associativity. Let a, b, c = 1,2, . . . ,6 and a′, b′, c′ = 1,2 and consider the four quadrants (a′, b′) of

the Cayley table. By commutativity the (1,2) and (2,1) quadrants agree leaving 3 cases:

a′b′ = 1 : N̂aN̂b =
∑

c
N̂ab

c
N̂c =

∑

c
N̂ab

c
P̂c,1

a′b′ = 2 : (N̂aN̂2)N̂b = N̂a(N̂bN̂2) =
∑

c
N̂ab

c(N̂cN̂2) =
∑

c
N̂ab

c
P̂c,2

a′b′ = 4 : (N̂aN̂2)(N̂bN̂2) =
∑

c
N̂ab

c
N̂c N̂

2

2 =
∑

c
N̂ab

c
N̂c (I+ N̂6N̂2)

=
∑

c
N̂ab

c
N̂c+

∑

c,d

N̂ab
c N̂c6

d(N̂dN̂2) =
∑

c
N̂ab

c
P̂c,1 +

∑

c,d

N̂ab
c N̂c6

d
P̂d,2

This gives the Ẽ6 Ocneanu algebra structure constants in terms of N̂ab
c as

Ña,a′; b,b′
c,c′ = (δa′,b′δc′,1 + δa′b′,2δc′,2)N̂ab

c+ δa′b′,4δc′,2

6∑

d=1

N̂ab
dN̂d6

c = twelve 12× 12 matrices

• Let us prove p2(B,B) = 0. For a given u-independent eigenvector of T(u), the eigenvalues of

B,B are 2 cos sπ12, 2 cos s̄π12 with (s, s̄) ∈ S. But it is readily verified that

p2(2 cos sπ12,2 cos s̄π12) = 0, (s, s̄) ∈ S

The proof that the integrable seams satisfy the Ẽ6 Ocneanu algebra, for arbitrary system sizes M ,

thus follows by simultaneous diagonalization since the seam eigenvalues (quantum dimensions)

satisfy the Ẽ6 Ocneanu algebra.
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Conclusion

• It is argued that, for all critical A-D-E lattice models and arbitrary system sizes M :

(i) the s-type braid transfer matrices ns satisfy the Verlinde algebra,

(ii) the a-type integrable seams N̂a satisfy the graph fusion algebra,

(iii) the integrable seams P̂a,b satisfy the Ocneanu algebra and quantum symmetry.

All of these statements have been checked in Mathematica for M ≤ 12.

• Expressions can be obtained for the local face weights of each of the integrable seams.

For Type I theories, explicit expressions are obtained for the Ocneanu algebra structure constants.

• Conformal topological defects result from the integrable seams in the continuum scaling limit.

• The algebra of seams gives a natural physical interpretation of the Ocneanu algebra — it

implements the local operator product expansion on conformal defects. The Ocneanu algebra

encodes how, for twisted boundaries, the left and right chiral halves of a CFT are glued together.

• Since the seams commute with the transfer matrix T(u), they are in some sense symmetries.

But some seams admit zero eigenvalues, so these seams are generalized noninvertible symmetries.

• The A-D-E models are sℓ(2) spin-12 models. The new insights give tools to systematically

investigate the Ocneanu algebras of higher spin and higher rank models, eg. spin-1 and sℓ(3)

models as well as sℓ(2) affine A-D-E models.
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