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Motivation

Theorem (Dirichlet 1842)

For any x = (x1, x2) ∈ [0, 1]2 and any N ∈ N there exists
(p, q) = (p1, p2, q) ∈ Z2 × N solving

max
i=1,2

∣∣∣∣xi − pi
q

∣∣∣∣ < 1

qN
1
2

, 0 < q ≤ N.

Corollary

For any x ∈ [0, 1]2 there exists infinitely many (p, q) ∈ Z2 × N solving

max
i=1,2

∣∣∣∣xi − pi
q

∣∣∣∣ < 1

q1+
1
2
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Motivation

Let ψ : N → R+ be a monotonic function decreasing to 0. Define

W2(ψ) : =

{
x ∈ [0, 1]2 : max

i=1,2

∣∣∣∣xi − pi
q

∣∣∣∣ < ψ(q)

q
, for i.m.

p

q
∈ Q2

}
= lim sup

q→∞

⋃
0≤p1,p2≤q

B

(
p

q
,
ψ(q)

q

)
.

For τ ∈ R+ write ψτ (q) = q−τ .

Define

Bad2 =

{
x ∈ [0, 1]2 :

∃ c(x) > 0 maxi=1,2

∣∣∣xi − pi
q

∣∣∣ > c(x)q−1− 1
2

for all p
q ∈ Q2.

}

= [0, 1]2\
∞⋂
k=1

W2

(
1

k
ψ 1

2

)
= W2(ψ 1

2
)\

∞⋂
k=1

W2

(
1

k
ψ 1

2

)
.

Question

How big is W2(ψ)? How big is Bad2?
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Motivation

Question

How big is W2(ψ)? How big is Bad2?

(Khintchine 1926)

λ(W2(ψ)) =

{
0 if

∑
q∈N ψ(q)

2 <∞
1 if

∑
q∈N ψ(q)

2 = ∞ .

(Jarnik 1929, Besicovitch 1934)
dimH W2(ψτ ) =

3
1+τ , (τ ≥ 1

2 ).

(Khintchine 1926)
λ(Bad2) = 0.

(Jarnik 1929, Schmidt 1960s)
dimH Bad2 = 2.



Motivation

Lemma (Simplex Lemma, Kristensen
,Thorn, Velani 2006)

Let E ⊂ R2 be a convex set with

λ(E ) ≤ (2!)−1Q−3.

Then the rational points p
q ∈ Q2 in E with

1 ≤ q ≤ Q lie on some line of R2.

1 / 2



Motivation

Lemma (Beresnevich, Velani 2006)

Let {Bi}i∈N be a sequence of balls in [0, 1]2 with r(Bi ) → 0 as i → ∞.
Suppose that

λ

(
lim sup
i→∞

Bi

)
= 1 .

Then for any ball B ⊂ [0, 1]2 and any G > 1 there exists a finite disjoint
subcollection G of {Bi}i≥G contained in B such that

λ

B ∩
⋃
Bi∈G

Bi

 ≥ κλ(B)

for constant κ > 0 independent of B and G .

2 / 2



ψ-badly approximable

Define

Bad2(ψ) =

x ∈ I2 : ∃c(x) > 0 c(x)
ψ(q)

q
≤︸ ︷︷ ︸

for all
p
q

∈ Q2

max
i=1,2

∣∣∣∣xi − pi
q

∣∣∣∣ <
ψ(q)

q︸ ︷︷ ︸
for i.m. p

q ∈ Q2


= W2(ψ)\

⋂
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ψ

)
.

Question

How big is Bad2(ψ)?



ψ-badly approximable

Define

Bad2(ψ) =

x ∈ I2 : ∃c(x) > 0 c(x)
ψ(q)

q
≤︸ ︷︷ ︸

for all
p
q

∈ Q2

max
i=1,2

∣∣∣∣xi − pi
q

∣∣∣∣ <
ψ(q)

q︸ ︷︷ ︸
for i.m. p

q ∈ Q2


= W2(ψ)\

⋂
k∈N

W2

(
1

k
ψ

)
.

Question

How big is Bad2(ψ)?



ψ-badly approximable

Contributions to dimension

(Güting, 1963) For any ε > 0 and τ > 1

dimH W1(ψτ )\W1(ψτ+ε) = dimH W1(ψτ ).

(Beresnevich, Dickinson, Velani, 2001) For any ε > 0 and τ > 1
2

dimH W2(ψτ )\W2((log q)
−εψτ ) = dimH W2(ψτ )

(Bugeaud, 2003) For any 1 > ε > 0 and τ > 1

dimH W1(ψτ )\W1(εψτ ) = dimH W1(ψτ )

=⇒ dimH Bad1(ψτ ) = dimH W1(ψτ ).



ψ-badly approximable

Theorem (Koivusalo, Levesley, Zhang, W 2023)

For τ > 1
2

dimHBad2(ψτ ) = dimHW2(ψτ ).



Sketch of proof

1 For small cN > 0 construct a Cantor subset

C(τ,N) ⊂ [0, 1]2\W2(cNψτ ).

2 Construct a Cantor subset

D(τ) ⊂ W2(ψτ ) ∩ C(τ,N).

3 Construct a measure µ on D(τ) such that for any ε > 0 and any ball
B with centre in D(τ) and sufficiently small radius

µ(B) ≪ r(B)dimH W2(ψτ )−ε,

and so completing the proof by the mass distribution principle.



Constructing C(τ,N)

Lemma (Simplex Lemma)

Let E ⊂ R2 be a convex set with

λ(E ) ≤ (2!)−1Q−3.

Then the rational points p
q ∈ Q2 in E with

1 ≤ q ≤ Q lie on some line of R2.



Constructing D(τ)

Lemma (TG ,I Lemma)

Let {Bi}i∈N be a sequence of balls with r(Bi ) → 0 as i → ∞. Suppose
that there exists constant C > 0 such that

λ

(
I ∩ lim sup

i→∞
Bi

)
≥ Cλ(I )

for any I ∈
⋃

n∈N Sℓ(n). Then for any I ∈
⋃

n∈N Sℓ(n) and any G > 1 there
is a finite subcollection TG ,I ⊂ {Bi : i ≥ G} such that the balls are
disjoint, lie insides I , and

λ

 ⋃
B̃∈TG,I

B̃

 ≥ κ1λ(I ),

with κ1 dependent on C .



Open problems

Bad2 is winning on [0, 1]2. Is Bad2(ψτ ) winning on W2(ψτ )?

Does the same result hold in the weighted setting? That is, does

dimH Bad2(ψτ1 , ψτ2) = dimH W2(ψτ1 , ψτ2)?

Under what conditions is it true that

dimH lim sup
i→∞

Bi = dimH lim sup
i→∞

Bi\ lim sup
i→∞

cBi?



Thank you!


