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Motivation

Theorem (Dirichlet 1842)

For any x = (x1,x2) € [0,1]? and any N € N there exists
(P, q) = (p1. P2, q) € Z? x N solving

1
1 0<q§N
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Corollary

For any x € [0, 1]? there exists infinitely many (p, q) € Z? x N solving

1
q1+%
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i=1,2




Motivation
Let ¢ : N — R, be a monotonic function decreasing to 0. Define

pi| . 99
q

Wh() @ = {x €[0,1)*: ,n;?)é .

=limsup ] B <p7 Mq)) .

—
97 0<p1,p2<q q9 q
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, fori.m. peQz}
q

For 7 € Ry write ¢-(q) = q~ .

Define

3 = ‘ = ﬂ‘ —l=2
Bad, = {X c [O7 1]2 : C(X) >0 ma>; 17/ ;< q2 > C(X)q 2
orall ¢ € Q-.
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Question
How big is Wa (1) ? How big is Bad,?




Motivation

Question
How big is Wa (1) ?

How big is Bad, ?

@ (Khintchine 1926)
AWa(¥)) = {

@ (Jarnik 1929, Besicovitch 1934)

dimH Wg('l/)r) = H%, (’7’ > %)

0if Y ent(q)® <
Lif Y cnt(a)® =

@ (Khintchine 1926)
A(Bad,) = 0.

oo

.

o (Jarnik 1929, Schmidt 1960s)
dimH Bad2 =2.



Motivation

Lemma (Simplex Lemma, Kristensen
,Thorn, Velani 2006)

Let E C R? be a convex set with
ME) < (2713

Then the rational points 2 € Q? in E with
1< g < Q lie on some line of R?.

I<q@asN
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Motivation

Lemma (Beresnevich, Velani 2006)

Let {B;}ien be a sequence of balls in [0,1]? with r(B;) — 0 as i — oo.

Suppose that
A (Iim sup B,-) =1.
i—0c0

Then for any ball B C [0,1]? and any G > 1 there exists a finite disjoint
subcollection G of {B;}i>¢ contained in B such that

A BN Bi| =kAB)

BieG

for constant k > 0 independent of B and G.
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1-badly approximable

Define
¥(q) pi ¥(q)
Bad =<{xel?:3c(x) >0 c(x)—2 < max|x — —| < =2
2(¥) (9>0 ()5 < maxlx -2 :
| —
for al/% € QZ for i.m. g E QZ

= Wa(¥)\ [ | W2 (%@z;) :

keN




1-badly approximable

Define

_ 2. ¥(q) P P(q)

Bad,(¢)) = < x € I : e(x) > 0 c(x)T < 2% X;j — r < e
—_—
for al/% (S QZ for i.m. g € QZ
— Waw)\ () W2 (20
keN

Question

How big is Badx(v))?




1-badly approximable

Contributions to dimension
o (Giiting, 1963) For any ¢ >0 and 7 > 1

dimpy Wi (- )\ Wi (¢r+c) = dimy Wi (3)).
@ (Beresnevich, Dickinson, Velani, 2001) For any ¢ > 0 and 7 > %
dimy Wa(¢-)\Wa((log q)~“4-) = dimp Wa(y);)
@ (Bugeaud, 2003) Forany 1 >e¢>0and 7 >1

dimH Wl(wr)\wl(sz) :dimH Wl('(/)'r)
— dimy Badl(@/JT) =dimy Wl(’t/JT)



1-badly approximable

Theorem (Koivusalo, Levesley, Zhang, W 2023)

For m > %
dimH Bad2(1[)7-) — dimH Wz(lﬁq-).




Sketch of proof

@ For small ¢y > 0 construct a Cantor subset

C(r, N) C [0, 1]\ Wa(cwipr).
@ Construct a Cantor subset

D(1) C Wa(r) NC(T, N).

© Construct a measure g on D(7) such that for any € > 0 and any ball
B with centre in D(7) and sufficiently small radius

u(B) < r(B)Im V()

and so completing the proof by the mass distribution principle.



Constructing C(7, N)

Lemma (Simplex Lemma)

Let E C R? be a convex set with
ME)< ()7t 3.

Then the rational points ’7; € Q? in E with
1 < g < Q lie on some line of R?.

1<qu@paps<N



Constructing D(7)

Lemma (T¢; Lemma)

Let {B;}icn be a sequence of balls with r(B;) — 0 as i — co. Suppose
that there exists constant C > 0 such that

A (I N limsup B,-) > CA(/)

i—o00

for any I € U,cn Se(n)- Then for any | € U,cn Se(n) and any G > 1 there
is a finite subcollection Tg C {Bj:i > G} such that the balls are
disjoint, lie insides I, and

A( U Es) > ki A(1),

BETG,I

with k1 dependent on C.




Open problems

e Bad is winning on [0,1]2. Is Bady (1) winning on Wh(3;)?

@ Does the same result hold in the weighted setting? That is, does
dimy Bad(¢r,, ¥r,) = dimpy Wa(vr, ¥, )?

@ Under what conditions is it true that

dimy lim sup B; = dimy lim sup B;\ lim sup ¢B;?
i—00 i—00 i—00



Thank you!



