LECTURE NOTES ON NON-ELLIPTIC FREDHOLM THEORY

ANDREW HASSELL, QIUYE JIA, AND ETHAN SUSSMAN

ABSTRACT. These are lecture notes from the Austral Winter School on Microlocal
Analysis and Non-elliptic Fredholm Theory, held at the Australian National Univer-
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1. LECTURE 1: THE SCATTERING CALCULUS ON R" INTRODUCED

Recall that the standard Hormander pseudodifferential calculus W™ (R") is the space
of operators A given by quantizations of symbols a € S™(R™ x R"™) as follows:

Ad(z) = (2m)" / e VEa(z E)p(y) dy de, ¢ € SR™)
— 2m)" / e, )B(E) de. (11)

Here the symbol class S™(R™ x R™) is the class of smooth functions a(x, ) satisfying
the standard symbol estimates

|D2Dfa(w, €)| < Casle)™ 17!, (12)

Our notation is that D,, = —id;, Dy = D3l ... Dg™ where a = (a1,...,a,) € N is
a multi-index, and (§) := /1 + |£|? is the ‘Japanese bracket’.

The scattering calculus on R”, denoted \I/;kc’*(R”), is a sub-calculus that is more
symmetric in (x,£). Given two orders (m,l), the set of scattering symbols of order
(m,1), denoted Si'(R™ x R™) are by definition the smooth functions a(z, ) satisfying
the estimates

|D2Dla(z,€)| < Caplw) 1ol )11 (13)

These symbol estimates endow Sgc ’l(R" x R™) with the structure of a Fréchet space,
with an increasing sequence of norms defined by

lallmie= s |DeDfate, €))L ()
(z,)ER?™ |a|+|B|<k
The quantization of such symbols gives us the space of scattering pseudodifferential
operators of order (m, 1), denoted Wi (R™).
The point of the scattering calculus is

e It is an ideal tool for doing scattering theory, i.e. the study of the generalized
eigenfunctions of operators on R™ and their large-distance asymptotics;

e It is the right framework for realizing certain non-elliptic operators as Fredholm
maps betwen suitable Sobolev-like spaces.

Some examples of scattering pseudodifferential operators:

e Constant coefficient differential operators of order m on R™ are scattering pseu-
dodifferential operators of order (m,0). To give specific examples, the Laplacian
A=) j Dz;Dy;, the wave operators D? — A and the Klein-Gordon operator
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D? — A — m? (where m > 0 is constant) are scattering pseudodifferential op-
erators. (Notice that we use the ‘microlocal’ convention that A is a positive
operator.)
More generally, pseudodifferential operators of order m in the Hérmander class
with symbols depending only on ¢ (thus, Fourier multipliers) are scattering
pseudodifferential operators of order (m,0).
Differential operators of order m with coefficients that are themselves symbols
in z of order [ are in Wi (R™).
Suppose that g = 3. gij()dz;dx; is an ‘asymptotically Euclidean’ metric on
R", i.e.

gij(x) — 8 € STHR"),

then the associated Laplace operator,
1 y
Ag=) \/ﬁDmg“ (2)\/9(x) Dy, g = det gij(x),
tj

is in W2 (R™). (Here g% (x) is the inverse matrix to gij(x).)

A non-example: differential operator with periodic (and non-constant) coeffi-
cients are in the Hérmander class, but not in the scattering class of pseudodif-
ferential operators.

1.1. Basic Properties of Symbols.

If m’ < m and I < then ST (R™ x R") < STH(R™ x R") is continuous.

. Dg‘D? maps SQQ’Z(R” x R") — Sgg_‘ﬂl’l_la|(R" x R™) continuously.
e Pointwise multiplication is continuous

SIHR™ x R™) x SV (R™ x R™) — S (R R™).

Density. Let Ssc™ " (R" xR") =, ; Ssc (R™ x R") denote the residual space

of symbols. Then S5.°>~ is not dense in S™ However, if a € S™!. then there

exists a sequence aj € S ° that is uniformly bounded in S¢ ! and which

converges to a in the (slightly weaker) topology of SSTZ/’Z/ for any m’ > m and
>l

Asymptotic summation: given a sequence of orders (m;,1;),j > 0 with m; N\
—00, l; N\ —0o, and a sequence of scattering symbols a; € Ssnclj’lj, there exists

a € Smolo guch that

J—1

) my,ly

a— E a; € S’
j=0

We call a an asymptotic sum of the a;; it is unique modulo Sg™ ™.

1.2. Compactification of phase space. We define the radial compactification of R"”
as follows: using polar coordinates, we can represent R\ {0} as (0, 00), x 5’5—1, where
r = |z| and = z/|x|. We then let s = 1/r, so that [1,00), = (0, 1]s. We compactify
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(0,1]s to [0, 1]s and then take the product with Sg_l; we have thus added a ‘sphere at
infinity’. Formally our compactification R" is given by
R*=R"U[0,1]5 x SZ71/ ~,

where the equivalence relation ~ identifies (r,Z) (when r > 1) and (s, &) exactly when
r = 1/s. Topologically R” is a closed ball.

The compactification of phase space R} x Rg is then defined to be T*R" := Rn,, XW&'
It is a compact manifold with corners of codimension 2.

We can reformulate the symbol estimates using the compactification T*R". We note
that a € St if and only if a is smooth on (T*R™), and if

((@)D2)* ((€)De) "a € (™)' L= (T*R")
for all multi-indices (v, 3). We then claim that (z)D, and (£)D¢ generate all smooth
vector fields on T*R" tangent to the boundary. Let’s show this. We can write

1 T, -
<x>D1‘k = @Dﬂ?k +Z® D

and since ( > is a smooth function on R”, we see that it is equivalent to requiring that
repeated applications of x;D,, and &;Dg, (as (j, k) range between 1 and n indepen-
dently) to a remain in the fixed space (&)™ (z)!L>°(T*R").

We claim that the vector fields z;D,, on R™ generate (over C*°(R™)) all smooth
vector fields on R” tangent to the boundary. To see this we notice that such vector fields
are homogeneous of degree zero under dilations x — ax, a > 0. In polar coordinates
r,y, where y = (y1,...,yn—1) are angular coordinates, i.e. functions of &, vector fields
that are homogeneous of degree zero take the form

Zb ) Dy, + c(y)rD.

Changing to s = 1/r this reads
> _bi(y)Dy, = c(y)sDs,
J

and this is evidently smooth in (s, y) (which is a smooth coordinate system on R™ near
the boundary), and tangent to the boundary since the coefficient of Dy vanishes when
s = 0. So the reformulation of the definition of the symbol space is

STUR™ x R™) = {a € (&)™) L (T*R") | Vi ... Via € (€)™ () L°°(T*R") for all

smooth vector fields Vi,... Vi on T*R” tangent to the boundary, and all k£ € N}.
(1.5)

It’s clear from this formulation that C°°(T*R") (or more precisely the set of restric-
tions of such functions to the interior T*R"™) is contained in SSC ; we call these symbols
classical symbols of order (0,0) and denote them SSCOCI(T*R”). We similarly define
(T*]R") = (&)™ ()1 S%Y (T*R™). Classical

classical symbols of order (m,1) to be S." sl

sc, cl
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symbols have a Taylor-like series at both spatial and frequency infinity. Choose bound-
ary defining functions s = 1/r for the boundary at spatial infinity and p = 1/|{] at
frequency infinity. (A boundary defining function for a boundary hypersurface H of
a manifold with corners is a smooth function that is nonnegative, vanishes at H and
whose differential is nonzero at H, i.e. it vanishes simply at H.) Then a € S;L”él iff a
admits asymptotic expansions as s — 0 and as p — 0 of the form

oo
a~ Zs_l+jaj(:%,£) where [¢] is bounded , a; € C™, s — 0, (1.6)
§=0
as well as
o
an~ Zp_m+kbk($,f) where |z| is bounded , by € C*°, p — 0. (1.7)
k=0

Near the corner, we have a Taylor-like expansion in two variables (p, s):

o0
a~ Z s_l+jp_m+kcjk(:%,é)cjk €eC®p—0, s—0. (1.8)
J,k=0

Not all symbols are classical! A simple example of a non-classical symbol in 5ol is ()™
or (€)" where A # 0 € R. Clearly, this symbol does not have a limit at the boundary
of phase space, as classical symbols of order (0,0) do.

1.3. Exercises.

Problem 1.1.

Prove the statements about density of symbols above. To prove the density statement,
take a function x € C°(R"™), such that x = 1 on B(0,1) and x = 0 outside B(0,2).
Let aj(x,&) be the function

aj(z,§) = x(x/5)x(§/j)a(z,§)
and prove the properties stated above for the sequence a;.

Problem 1.2. Prove the statement about asymptotic completeness above. In this
case, we may construct a as a sum of the form

a= Z@(ﬂ;ﬁ)(l — x(&)) (1 = x(€58)),
§=0

where the €; are a sequence of small parameters converging to zero sufficiently fast.
Notice that this sum is locally finite for any fixed (x, ) since only finitely many terms
are nonzero, so the sum converges to a smooth function. However, we need to show
more, we need convergence in the symbol space. Assume, mostly for ease of notation,
that mj; =m — jand [; =1 — j.

(i) Prove that a sufficient condition for convergence, both of the series above to a in
the topology of ngf’l, and of the series a — Z}]:o a; in the topology of S;Z;“J’l“’, is that
forall k>0, J >0,

lassr(@,€) (1 = x(es4a)) (1 = X(€5448)) lmesi—rig < 27"
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(ii) Show that these conditions are satisfied given a finite number of smallness con-
ditions on ¢; for each j. Hence we can satisfy all conditions and thus construct the
asymptotic sum.

2. LECTURE 2: COMPOSITION, PRINCIPAL SYMBOL, ELLIPTICITY

2.1. Composition. As the term ‘calculus’ suggests, the scattering pseudodifferential
calculus is a bigraded algebra, i.e.

vl o g C gt (2.1)

We will give a partial proof of this fact, taking for granted the graded algebra property
of the Hormander calculus. First we treat the case | < 0,1’ < 0; it is easy to reduce
to this case (see the first exercise). Let A € W2 and B € U™, Then A € U™ and
B € U™ (the usual Hérmander calculus), so we know that Ao B € "', We need to
show that the symbol of Ao B is in the space Sg +m/’l+l/, which is a stronger condition.
Let’s consider the first the asymptotic expansion of the symbol of the composition:

su(do By~ Y (PEOLEO) ((2.9)

al
o

(2.2)

Consider all terms with |a| = j. We have
Dgay(w,&) € Sle™*M, 9br (e, &) € SL

so taking the pointwise product gives a symbol in Sotm “lalbH=lal for all such terms.

We can asymptotically sum such terms since both exponents are tending to —oo as
|| — 00, obtaining a symbol in S§g+m’l+ll. This is a good sign, but is not a proof as
we also have to consider the properties of the remainder term.

There are three main approaches to composition: Gauss transforms, used in Hor-
mander’s treatise [12], as well as Zworski [26], Dimassi-Sjostrand [3], etc; left-right
reduction, used by lecture notes of Melrose, Vasy [23] and Hintz [10]; and using pullback
and pushforward of distributions via double and triple spaces, due to Melrose (e.g. [15]).
We will follow the left /right reduction method. This involves quantizing symbols that
depend on both the left and right variables of the Schwartz kernel of the operator, i.e.
we quantize symbols a(z,y, ) in a certain symbol class to the operator with Schwartz
kernel

Kala,y) = (2r) " [ & %a(a,y.6) de. (2.3
The relevant class here is symbols that behave in a scattering-like manner in the x and

y variables independently: that is, we consider classes Sec ’l’l(Rg x Ry x RY) satisfying
product-type estimates

DED;Da(w,€)| < Capla)! =1 (y) ()17 (2.4)

It turns out that these quantize to elements of U That is, only the sum [ + [ is
relevant to the spatial order of the operator, which is not surprising as only the jet
of the symbol a(zx,y,£) on the diagonal x = y affects the operator (modulo residual
terms). This is shown in Vasy’s Grenoble lecture notes [].
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To show composition, then, we follow the following standard strategy:

e We show that each symbol a(z,y,§) € ngf’l’l can be left or right reduced in a
unique manner. That is, there are uniquely determined symbols ar(z, &) and

agr(y,€), both in S;?’”’, that quantize to the same operator as (2.3)).
e We observe that the composition A o B is a pseudodifferential operator with

symbol ar(x,&)br(y;§)-

e We then perform, say, left reduction on this symbol to show that we obtain
something in ST . One expands the symbol in a Taylor series around the
diagonal x = y. As we have already seen, the terms in the asymptotic expansion
are no problem, but we need to consider the remainder term after subtracting
the first J terms in the expansion. There is a subtlety, as this remainder term
is obtained from the remainder term in the Taylor expansion of ar,(x,§)br(y, )
at x = y, and involves an integral along the line segment from x to y (the usual
Taylor formula integral remainder term). The problem is that if |x| is large,
and y is approximately —z, then the line segment passes near the origin. It
means that the remainder might, ostensibly, decay much less than the terms
in the expansion, since spatial decay happens when = and/or y are large. To
circumvent this difficulty, we can decompose our symbol ar,(x,&)br(y, ) into a
part far from the diagonal and a part near the diagonal. The part far from the
diagonal produces a residual operator as is shown by standard integration-by-
parts tricks — see exercises. The part near the diagonal has the good property
that the line segment from x to y has distance from the origin comparable to |z|
and |y|, and allows us to prove uniform decay of the remainder term as required.
See Vasy’s Grenoble notes [23] for the details.

We obtain the bigraded algebra property of the scattering calculus, and we have also
confirmed that the symbol of the composition admits the usual asymptotic expansion
, which is an even better expansion than the usual expansion in the sense that we
gain spatial decay as well as frequency decay with each additional term. Indeed, in the
scattering calculus, if we write Ry for the remainder term of expansion of A o B, then

Ry € w?}*m'*N’l“'*N and every norm of Ry in this space (by which we mean the

’_ 1
in M =N+ N)

c is bounded by a constant times a suitable norm

norms of or,(Ry)
of A in \Ilgg”l and a suitable norm of B in U u

2.2. Principal symbol. Let A = Op;(az) € Ui’ The principal symbol, ope'(A),
is defined to be the equivalence class of az, in SQS’Z/SQ_“_I. It is the same as the
equivalence class of ar if A = Opg(ar).

Notice the difference with the Hérmander calculus: the principal symbol determines
the leading behaviour of the symbol both as || — oo for all z, and as |z| — oo for all
¢ (even £ = 0).

For classical symbols, we can be more explicit. Assume that (m,l) = (0,0) for

convenience. Then a classical symbol a € Sgéod is by definition C* on T*R"”, and in
particular has a limit at 9T*R". On the other hand, if b € SS_CI’_I, then b = spb, where
b € C®(T*R™) where s = ()1, p = (¢€)~!. Such symbols are precisely those symbols

of order (0,0) that vanish at OT*R™. Thus, the principal symbol of a € Sgéod can be
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identified with the boundary value of a on dT*R”. The boundary value of a is exactly
knowing the limit of a as |§| — oo for all x and ¢, and the limit as |x| — oo for all £ and
Z. This boundary value is ‘smooth’ in the sense that it is smooth on each boundary
hypersurface, and is consistent at the corner. Next lecture, we will see that there is an
important symmetry between these two boundary hypersurfaces of the manifold with
corners T*R".

Fundamental properties of the principal symbol:

e By definition of the principal symbol there is a short exact sequence:
0 — wm-bi=l _y gml _y gml/gm=Li=1 _, (2.5)

where the third arrow is the principal symbol map.
e The principal symbol is multiplicative:
ot (Ao B) = o (A)o™ Y (B). (2.6)
e We also have the formula for the principal symbol of a commutator [A, B] =
AB — BA. Recall some background to this identity: the cotangent bundle
of any manifold, here R", is a symplectic manifold with a canonically defined
symplectic form w = 37, d¢; A dzj. This defines a Poisson bracket {-,-} and
for any real function p on T*R", a Hamilton vector field H,, on T*R" defined
invariantly by
w(Hy, V) =dp(V) = V(p).
Then we have

ot LG A, B]) = {a,b} = Ho(b) = —Hy(a), a=om'(A), b=V (B).
(2.7)

2.3. Ellipticity. We say that A € ol s (totally) elliptic if its principal symbol is
invertible,in the sense that there exists By € \I/;;m’_l such that
ot (A) o™ (Bo) = 1 € S0/
In other words,
or(A)-or(By) —1¢€ S b1 (2.8)
NB: this is a very strong version of ellipticity! The standard Laplacian A is not
elliptic according to this definition, for example: although the principal symbol at
frequency infinity is elliptic, the principal symbol at spatial infinity is not; in fact, it
vanishes at £ = 0. However, A 4 ) is totally elliptic in the scattering calculus provided
reC \ RSO-
The standard construction, adapted to the scattering calculus, shows that if A is an
elliptic scattering pseudodifferential operator, then there is an inverse modulo residual
operators in the scattering calculus. Let us show this.

Definition 2.1. Let A € U7 be elliptic. A parametriz for A is an operator B such
that

AB —1d € U > 5 BA—-1d. (2.9)

Proposition 2.1. Fvery elliptic element of the scattering calculus has a parametrix.
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Proof. Given A € gt elliptic, choose By € U™ ! as above. From (2.8), we see that
ABy —1d = —R; € U 171 (2.10)

We want to invert Id — R;. Modulo residual operators we can do this with a Neumann
series: let R be an asymptotic sum

R~R +RI+RI ...,
which exists as R{ S \I/S_Cj "~ Then we have
(Id — R))(Id+ R) =Id + R,, R, € U >
So defining B, = By(Id + R) we have
AB, =1d + R,.

In the same way, putting By on the left of A instead of to the right, we can find B;
such that

BA=Id+R;, R;€ \I/;COO’ioO.

We then note that B; and B, differ by a residual operator. This follows from the
following calculation:

B/AB, = B, + R/B, = B, + B|R,.

It follows that either B; or B, is a parametrix for A. O

We remark that for classical symbols of order (0,0), ellipticity is equivalent to the
condition that a| s7°n 1s everywhere nonzero. Since any classical a is continuous on
OT*R"™, and OT*R" is compact it follows that if a is classical and elliptic, then a is
bounded away from zero on OT*R™ and hence a~! is also smooth. By extending a~!
into the interior arbitrarily as a smooth function, we obtain an symbol b satisfying
ab—1¢ SS_CIC’I_1 so quantizing b leads to an operator By as above.

For a genéral operator A, we define the elliptic and characteristic sets of A, which are
subsets of 9T*R™. This is easiest to do in the case of classical operators. If A € \1/;’371

is classical, let @ = (¢)~™(z) !0, (A). Then @ is smooth on T*R" and we can define

Ell(A) = {q € 9T"R" | a(q) # 0},

- (2.11)
Char(A) = {q € 9T*R" | a(q) = 0}.

More generally, for a non-necessarily-classical operator A, we say that a point ¢ €
OT*R™ is in ElI(A) iff there exists a symbol b € Se™ ' such that op(A)-b— 1 is in
Sehlina neighbourhood of ¢ € T*R™. More precisely, there is a smooth function
on T*R”, identically 1 near g, such that y(cz(A)-b—1) isin S '. The characteristic
set Char(A) is defined to be the complement of the elliptic set in 9T*R". Notice that
the elliptic set is an open subset of T*R", and hence the characteristic set is closed.
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2.4. Mapping properties of residual operators. We will discuss the boundedness
properties of scattering operators more fully in Lecture 3. But here, we make an
elementary observation about the mapping properties of residual operators. It is easy
to see that a symbol a of order (—oo, —00) is precisely a Schwartz function on R?".
It follows that the Schwartz kernel of Op(a) is also a Schwartz function on R?", as it
involves taking the Fourier transform of a in £. Such Schwartz kernels map distributions
to Schwartz functions, since if u; and ug are distributions, and K (z,y) is Schwartz in
R27 | then

Y7

ug — (ug, (K(z,-),u1)), ueSR"),,

is a continuous linear functional on &'(R™), and thus (K (z,-),u1) is Schwartz. Thus,
residual operators map distributions to Schwartz functions.

It follows that the null space of any elliptic operator A is Schwartz. In fact, if B
is a parametrix, with BA = Id + R, R residual, then Au = 0 implies (Id + R)u = 0,
so u = —Ru is Schwartz. This has some consequences for essential self-adjointness of
symmetric elliptic operators.

2.5. Applications of the elliptic parametrix construction. We give a few corol-
laries. Fix real-valued V € S™¢(R"™) for some £ > 0. Recall that a bound state of a
Schrédinger operator A 4+ V' on R™ is an L2-eigenfunction with negative eigenvalue.
Our discussion above immediately implies

Proposition 2.2. Bound states are necessarily all Schwartz functions.

Next, we give a spectral-theoretic application. Recall that a symmetric, densely
defined unbounded operator on a Hilbert space is said to be essentially self-adjoint
if its closure is self-adjoint. Then, the spectral theorem can be brought to bear. In
particular, all eigenfunctions of an essentially self-adjoint operator have real eigenvalues.

To show that essential self-adjointness is subtle:

Example. Fiz ¢ € {—1,41} and k € N. Consider P = D% 4 ex* € W2F(R). This is
certainly symmetric:

(Pu,v)r2 = (u, Pv) 2 (2.12)

whenever u,v € H?(R). Q. Is it essentially self-adjoint, when considered as an un-
bounded operator on L?(R) with domain C°(R)? A.

o Ifk is even and € = 41, or if k € {0,1,2}, then P is essentially self-adjoint.

e Otherwise, P is not essentially self-adjoint. In fact, for any complex number
\, there exists an L*-eigenfunction of P with that eigenvalue. So, P is not
essentially self-adjoint for any domain D C H*(R). (That we took D = C°(R)
is mot important.)

Most of this is a consequence of some classical ODE theory (Liouville-Green, or JWKB),
which tells us that there exist solutions with prescribed exponential behavior as x — Fo00.
For example, if k > 4 is even and € is negative, then any solution of the ODE Pu = \u
18 asymptotic to a linear combination of

1 £ 2 || (k+2)/2
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as |x| — oo. As long as k > 3, this lies in L2(R). If instead k > 3 is odd, then there
exists a u with the asymptotic eq. on one side of the real line and superpolynomial
decay on the other. Either way, we have an L?-eigenfunction with eigenvalue . Similar
arguments apply to the remaining cases. (If k = 0,1,2, then the asymptotic eq.
is incorrect, receiving a correction from the A term.)

The following reformulation is useful:

Lemma 2.1. Fiz m,s € R. Let D denote a subspace CX(R") C D C H™*(R").
Suppose that A € Wi'® is L2-symmetric (eq. (2.12)). Then, A is essentially self-adjoint
on L? with domain D if and only if

kerr2(A +£14) = {0},
for both choice of signs.

This reduces questions of the essential self-adjointness of differential operators P to
a concrete question about the well-posedness of the PDE (P +i)u = f.

Proof. If A is essentially self-adjoint, then it has real spectrum, so the non-trivial part of
the lemma is that kery2(A 414) = {0} is sufficient to conclude essential self-adjointness.

Note that if P is L*-symmetric, then we in fact have (Pu,v);> = (u, Pv)2 for all
v €S and v € S'. Here, the L?-inner product is understood distributionally:

¢*(¥) ¢ed
v(¢) veds.

Indeed, if we fix u € S, then (Pu,v) 2, (u, Pv)r2 depend continuously on v with respect
to the topology of &’ and agree when v € S.

Deficiency index theory (see e.g. [RS72, Chp. VIII §2]]) says that the essential self-
adjointness of A on D is equivalent to the range of A £ ¢, acting on D, being dense
in L2, for both choices of sign. Therefore, it sufficient to consider only D = C°(R").
Now,

(¢, ¥) 2 = { (2.14)

Rancee(gny (A £4) = L? <= Ranggopn)(A£1i)" = {0}

—

— {ueLl?: ((Axi)v,u)2 =0 for all v € C(R™)} = {0}
= {uel®: (v,(AFi)u)2 =0 for all v € C°(R™)} = {0}
— {uel?: (AFi)u=0}={0}.
ker; 2 (A1)
(2.15)
O

Why is it not obvious that kery2(A + i) = {0}7 This is the statement that +i is
not an eigenvalue of A, but we saw in the example above that this can happen, e.g.
for A = 92 + 3. What goes wrong if we try to apply to the unbounded operator A
the usual argument that bounded symmetric operators have only real eigenvalues? If
u € L? satisfies Au = \u, and if P were bounded, then

Nlull* = (Au,u) = (u, Au) = AJul]?, (2.16)
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which implies A = A* if u # 0. The problem is that if A is not bounded, then we
only know (Au,v);2 = (u, Av)r2 for “nice” u,v, and it may not be the case that an
L2-eigenfunction is nice. For example, for A = 02 + 23, the ker;2(A + i) consists of
functions which are smooth but which do not decay particularly rapidly at infinity.
They are in L2, but if we try to carry out the proof that (Au,u)p2 = (u, Au)2, the
integration-by-parts produces boundary terms. In fact,

(Au,u) 2 # (u, Au) 2 (2.17)
for such w.

Proposition 2.3. If V € S7¢(R") is real, then the operator P = A+ V is essentially
self-adjoint on L? with domain C° .

Proof. By the argument above, it suffices to show that any L2-eigenfunction of P with
eigenvalue % is sufficiently nice for (Pu,u)r2 = (u, Pu)r2 to hold.

Note that P + X\ is an elliptic element of 20 if A is non-real. Consequently, any
element of its null space must be Schwartz. O

2.6. Exercises.

Problem 2.1. Show that the composition result above in the case | < 0,1’ < 0 implies
composition for arbitrary orders.

Problem 2.2. Consider a symbol in the case Sse bl ith the property that it vanishes
whenever |z — y| < (x)/4. Show that the quantization of such a symbol is residual.
(Integrate by parts suitably.)

Problem 2.3. Suppose that the characteristic set of A € om0 g disjoint from fiber
infinity. Suppose that A is symmetric, meaning that (Au,v)r2 = (u, Av)r2 for all
u,v € S.

Show that A, with domain C2°(R™), is essentially self-adjoint on L?(R™).

Problem 2.4. Suppose that V € C*°(R) satisfies lim, , o V(z) = 0. Suppose that u
is a bound state, with energy E < 0. Show that u is smooth everywhere and Schwartz
on the left- half-line.

Problem 2.5. If £ > 0 and V € S(R), then A + kx? + V is essentially self-adjoint
acting on CZ°(R). Hint: a coordinate change from x to some

F= {‘T (z<1) (2.18)

2?2 (z>2)

may be useful. Note: A = —92.
Problem 2.6. Consider the differential operator on the real line given by P = —92+1.
A student makes the following argument:

P is an elliptic element of \IlgéO(R), and so, via elliptic regularity, Pu = 0 =

u € S(R).
But, u(z) = €® solves Pu = 0 and is not Schwartz. What mistake did the student
make?



14 ANDREW HASSELL, QIUYE JIA, AND ETHAN SUSSMAN

3. LECTURE 3: WEIGHTED SOBOLEV SPACES

3.1. Intertwining with the Fourier transform. In the first lecture, we defined
w0 — g0 (R™), which is a certain proper subset
L

of Hérmander’s W0 = WO(R"). Roughly, one should think of sc-pseudodifferential op-
erators as those ordinary pseudodifferential operators with “good” behavior at infinity.

The purpose of this subsection is to provide another motivation for the sc-calculus,
namely that it is, in some sense, the simplest pseudodifferential calculus that treats
momentum/frequency and position on equal footing. This is an attractive feature of the
sc-calculus not possessed by Hormander’s W.

One can develop this theme in many ways. Here is one:

Proposition 3.1. If F denotes the Fourier transform, then F o Uil o Fl = Wi .
That s,

FoAoF ! E\If‘;f (3.1)
for all A € vl

Remark 3.1. In contrast: Fo W0 F~! is not a subset of ¥9. (We will not prove this,
but it follows via a similar computation to that below.)

Proof. Fix A = Opy(a), a € S5 Let us compute the action of F o Ao F~! on
¢ € S(R™). Directly plugging into the definition eq. ((1.1)),

FodoFo(¢) = n) " [ [ O oe)deds = [ K(CO0OE (32
where
K(¢, €)= (27r)—"/eiz'(f—%(x,g)dx. (3.3)

To make this more recognizable, we can rename dummy variables:
K(ay) = (20" [ €0 Da(e e = 2m) " [ €@ Da(-g e (39

We now recognize this as Kz (x,y), where a(z,y,£) = a(—=¢,y). Let R(r/2) : R?" — R??
denote the 90° rotation

R(m/2): (2,8) = (=€, 2).
Then, @ = a o R(w/2). So,

FoAoF ! =O0pg(aoR). (3.5)

The key point is that a o R is a sc-symbol, specifically one in Sg™, because R(r/2)
is (obviously) a map
R(m/2): S5™ — Siv®,
owing to the fact that the estimates used to define SS90 treat position and frequency

on equal footing. O
As part of the previous proposition, we proved:

Proposition 3.2. If A € Uy, then, if a denotes the full left symbol of A, then ao R is
the full right symbol of A.
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Corollary 3.1. The principal symbol of Fo Ao F~' isaoR.

Proof. For either left or right quantization, we have A = Opy/p(a) = a € o(4). So,
this follows immediately from Proposition O

Remark 3.2. For the reader acquainted with Fourier integral operators (FIOs), let
us remark that the Fourier transform can be thought of as an FIO quantizing the
symplectomorphism R*!.

Then (since the composition of FIOs is an FIO), and since pseudodifferential opera-
tors are FIOs whose underlying symplectomorphism (/canonical relation) is the identity,
F o Ao F~! should be an FIO for any A € ¥,., whose underlying symplectomorphism
is R*! oid oRF! =1id, i.e. a pseudodifferential operator.

3.2. Weighted Sobolev spaces. The ordinary (L?-based) Sobolev spaces H*(R") =
U~ (R™)L2(R") play a fundamental role in the ordinary microlocal analysis of PDEs.
The analogous role in scattering theory is played by the (polynomially) weighted
Sobolev spaces

HEYR™) = L2(R") = (z) “H*(R") C S'. (3.6)
These come with a natural Hilbertizable topology, namely that coming from H?, such
that multiplication by (x)~¢ defines a continuous map H*® — H3.

Remark 3.3. Warning: different conventions exist for how Hge® should be indexed.
We are following the convention that higher orders mean more regularity and more
decay.

In this subsection, we will present a few basic facts about weighted Sobolev spaces.
Proofs will only be provided when they differ in some essential way from the corre-
sponding facts about ordinary Sobolev spaces.

Proposition 3.3. The map ¢: S — (Hsée)* given by o(f)(u) = [uf extends boundedly
. . -8, ~ ENANT
to an isomorphism Hgc > (Hg )*.

Proof sketch. Follows from the duality (L?)* = L2 O

Proposition 3.4 (Schwartz representation theorem). ® (srer H =S ,
sl
® Usier Hse = S

Proof sketch. The first fact follows from Sobolev embedding. The second follows by
dualizing the first. O

In the spirit of the previous subsection, let us remark:
Proposition 3.5. F : ' — g

Example. Suppose M C R" is a closed codimension k-submanifold of R™. Then,
the Dirac-6 function dp; lies in Hsséz whenever s < —k/2. So, Foy € HSS(’;Z whenever
0 < —k/2.

For example, if M = {0}, then Féyr = 1. We are claiming that 1 € (r)*H® whenever
¢ < —n/2, which is true.
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Proposition 3.6. If A € U, then, for all 8',0' € R, A maps

A:HSY — HE =0 (3.7)
and does so boundedly.

So, if s,¢ > 0, then applying A € U3 reduces regularity by s orders and reduces
decay by ¢ orders. Similar statements apply if s < 0 or ¢ < 0, switching “reduces” to
“increases” where necessary.

The proposition is an easy corollary of the L?-boundedness of ordinary ¥DOs:

Proof. We have a commutative diagram

Ha' A gyt (3.8)
X <x)[,l T x ()=t
Hs/ Hs'—s
(z)t ~C )=

in which all of the maps except the top map are known to be bounded. (The reason
we know that ()¢ ¢A(z)~" maps H® — H¥~* boundedly is that, since (z)" € W5’
for any r,
() Afw)" e W cwyl v, (3.9)
and we already know, as part of the theory of U, that elements of ¥ map H® — H® 5
boundedly.)
So, A maps Hg?cl’é/ — HS‘;*S’ZLE, and does so boundedly. O

Remark 3.4. It is sometimes useful to note that Op(a) depends continuously on a in
the sense that if aq,as,--- € S’;gc’e is some sequence such that a,, — a in Ssséé, then

Op(an) = Op(a)
in C(HS" HL Y.

3.3. The Rellich theorem. Recall the Rellich compactness theorem, which states that
if X is a closed manifold, then the inclusion H™ (X) — H™(X) is compact whenever
m<m'.

Importantly, this fails when X = R™. Indeed, fix v € C(R™). Then, for any
nonzero k € R", the translates u,, = u(e + nk) converge weakly to 0 in H" for every
m € R. (Why?) But, ||u,||gm is constant, and therefore not converging to 0. So,
H™ (R™) < H™(R") is never compact.

Instead, the “correct” analogue of the Rellich compactness theorem on R" is:

Proposition 3.7. For any s,s', 0,0, with s < s’ and £ < (', the embedding HSS(;’W —
HSSC’Z 18 compact.

Proof Idea. The full result follows easily from the m,s = 0 case.

So, we want to show that if £ > 0, then the inclusion Hs® < L? is compact. In other
words, we want to show that if u1,usg,... is a sequence of elements of Hgl® converging
weakly to 0 in this space, then ||u,||z2 — 0.
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Via the Rellich compactness of the inclusion H® < L? on compact manifolds (say,
the torus R™/AZ"™ for A large) (the Rellich compactness theorem), it must be the case
that || xun||rz2 — 0 for any x € C°(R™). This means that the L?>-mass of the w, is
leaving every compact subset. But we want to say that the L?-mass of the u,, is going
to zero. So, what we need to rule out is that the L? mass of the u, “escapes” to
spatial infinity without decaying. Intuitively, it makes sense that this is ruled out by
weak convergence in Hg°; were u, to escape, it would be expected to be possible to
construct an adversarial v € He." © = (Hg")* such that (v, u,) /4 0.

Rather than argue along these lines, it is somewhat easier to use an alternative
characterization of compact maps between Hilbertizable spaces, namely that the com-
pact maps are those in the closure (under the operator norm) of the set of finite-rank
operators. [

Proof. For each R > 0, consider the multiplication operator Mr = x(z/R). By the
Rellich compactness theorem, there exists a finite-rank operator Fr : Hs® — L? such
that HMR — FR”HSSC’S—>L2 < 1/R 1\IOVV7

11— Frllgee o2 < 11— Mgllgze 2 +[IMg — Frllgze 2 < |1 — Mgl gze 2 +1/R.

(3.10)
But, x(e/R) converges, as R — oo, to 1 in S&°, for every € > 0. [Exercise.] It follows
that |1 — Mg||yze 2 — 0as R — oo, O

Suppose that A, A’ € U2 have the same principal symbol. Then, it follows that
A—A cw b1 (3.11)

So, the difference K = A — A’ is compact acting on any fixed sc-Sobolev space. In
the sc-calculus, principal symbols capture operators modulo compact errors. This is the
single most important property that the sc-calculus has that Hormander’s ¥ does not
— it is why Wy, is as useful as it is when doing scattering theory.

3.4. A quick review of abstract Fredholm theory. It is a fact of life that many
PDEs one cares about are not well-posed. For example, if A, denotes the Laplace-
Beltrami operator on a closed Riemannian manifold (M, g), then, for A € R, the prob-
lem

{u € H*(M), (3.12)

Agu—u=feL?

is only well-posed if A is not an eigenvalue of A,.

After well-posedness, Fredholmness is the next best thing. Recall that if X',) are
two Banach spaces and P : X — ) is a bounded linear map, then P is said to be
Fredholm if the following three conditions are all satisfied:

(i) P has closed range,
(ii) P has finite-dimensional null space,
(iii) P has finite-dimensional cokernel Y/PX = (PX)* .

Roughly, being Fredholm means being invertible modulo a finite-dimensional ob-
struction.
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Example. If (M, g) is a closed Riemannian manifold, then, for any first-order differ-
ential operator Q with smooth coefficients, the operator P = Ay + Q is Fredholm as a
map H™(M) — H™ 2(M), for any m € R. Thus, every eigenvalue of A, has finite
multiplicity.

Example. On R"”, if
n n
N S 5
j=1 j=1

denotes the positive semidefinite Laplacian and X\ > 0, then 2\ + X is Fredholm as a
map H™(M) — H™2(M), for any m € R.

This is not true if A < 0. Indeed, then P = A + X, considered as a map H?> — L?,
has range

range P = F{u € L? : (¢2 — \)"lu € L*(R™)}

which is dense in L? but not all of L?, and therefore not closed.

Moral. Unlike on closed manifolds, Fredholmness on non-compact spaces can de-
pend on seemingly lower-order operators. The reason for “seemingly” in the previous
sentence is that A € \Ifgc’o and +\ € \lngO; so in terms of differential order, it is true
that A is higher-order, but in terms of decay order, they are both Oth order.

Let P: X — Y denote a bounded linear map. A semi-Fredholm estimate is one of

the form
[ullx < C([Pully + lleul 2) (3.13)

for . : X — Z a compact injection from X to some other Banach space Z, and C > 0
a constant (independent of u). This essentially means that we can control u in terms
of Pu and some weak norm ||cu||z of .

Remark 3.5. If P had no null space, then we would have an estimate ||u||x < C||Puly.
So, a semi-Fredholm estimate is almost as good, except we have to allow a “small” error
on the right-hand side to accomodate the fact that P may have null space.

The following fact about Fredholm operators is “standard.”

Proposition 3.8. Fix Hilbert spaces X,Y. Then, the following are equivalent:

(i) P is Fredholm.
(ii) P is invertible modulo a compact error. That is, there exists a bounded linear
operator @ : Y — X such that

QP —idy, PQ — idy

are compact.
(i1i) (Semi-Fredholm estimates.) P and P* :Y — X both satisfy a semi-Fredholm
estimate.

Proof. The equivalence of (i), (ii) really is a standard fact, explained in many functional
analysis texts, so we will focus on the equivalence of (iii) with the other two.
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e (iii) = (i): Suppose that u1,ug,us, ... were some infinite orthonormal sequence
of elements of ker P. Then, u, — 0 weakly in X. Since ¢ is compact, this implies
leun]|z — 0. But this violates the semi-Fredholm estimate for P, which, when
applied to u,, says

1= lunllx < [leunllz. (3.14)

So, the kernel of P has to be finite-dimensional.

To see that the range of P is closed: suppose that wui,us,us,... are some
infinite sequence of nonzero elements of X' such that Pu; — f. Suppose we
knew that the u; (or a subsequence thereof) stayed within some large ball in
X. Then, by the Banach—Alaoglu theorem, we could pass to some subsequence
converging weakly to some us € X. Assuming without loss of generality that
passing to the subsequence is not necessary, Pu; — Pus, weakly. This implies
Pus, = f,so f € Ran P.

Of course, it need not be the case that u; stay bounded in X, since we
always could add an arbitrarily large element of ker P to u; without changing
its image under P. So, we might as well take u; € (ker P)*. Now suppose that
still |luj|| = oo. Let 4; = u;/|luj||. Since these stay bounded in X, by Banach—
Alaoglu we can assume that they converge weakly to some v € (ker P)*. Now,
Pa; — Puv weakly, but also ||Pu;|| = [|Pu,||/|luj]] — 0. So, we must have
Pv = 0. On the other hand, tu; — v strongly in Z. The semi-Fredholm
estimate says

L= [la;llx S N1Pajlly + a2 (3.15)

Since ||P;|ly — 0, this means that |[c;]|z, and therefore ||cv]|z, must eventu-
ally be bounded below by something positive. So, v # 0. But, the three facts
v € (ker P)*+, Pv =0, v # 0 are inconsistent.

So, the range of P is closed.

From this, it follows that the cokernel is isomorphic to ker P* (see Prob-
lem The argument above shows that the finite-dimensionality of ker P*
follows from the semi-Fredholm argument.

e (ii) = (iii). Let K = QP — idy, which we assume is a compact operator on X.

Then,

[ullx < [|QPullx + [Kullx < [[Pully + ([ Kullx (3.16)

Let Z = ker K & KX, endowed with the norm ||(u, k)||z = ||ul|x + ||k||x. Let
t: X — Z be defined by ¢ : u — (Ku, ke gu). Then,

[ullxe S [[Pully + lleul 2 (3.17)

So, we get a semi-Fredholm estimate for P.
Applying the same argument to P*, we conclude that it satisfies a semi-
Fredholm estimate.

O

The operator () in above is called a parametriz for P.
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3.5. Elliptic Operators are Fredholm. Now the main result of this lecture:

Proposition 3.9. If A € UL is elliptic, then it is Fredholm as a map HEY
HSC’—S,Z/—E.

Proof. Follows immediately from the elliptic parametrix construction, the characteriza-
tion Proposition of Fredholmness, and the compactness of the embedding Hszl’_l —
L?(R™) O

Consequently:
Proposition 3.10. [f A € w3l s elliptic, then kerg: A is finite-dimensional.

Proof. By the elliptic parametrix construction, kerss A consists entirely of Schwartz
functions. Thus, they lie in the kernel of A restricted to any individual sc-Sobolev
space, say L?. By the the previous proposition, the Fredholmness of A acting on L?
implies that the kernel is finite-dimensional. O

Corollary 3.2. Consider P=A+V,V € S7¢. For each E < 0, there are at most
finitely many bound states with that energy.

3.6. Problems.
Problem 3.1. Prove Proposition
Problem 3.2. Prove Proposition

Problem 3.3. (1) Show that if P : X — ) is a bounded linear map between
Hilbert spaces X', ) with closed range, then ))/PX = ker P*.
(2) Is this true if we do not assume that P has closed range?

Problem 3.4. Consider u(z) = e” sin(e®).
(1) Show that u € HS_CM(R) for [ sufficiently negative.
(2) (Optional.) For which H&‘(R) is u in? (k is an integer.)

Problem 3.5. Consider a repulsive Coulomb-like potential V,

_i —1—</mon
e A )]

Show that kers/(A + V) is finite-dimensional. Hint: a coordinate change might be
useful.

4. LECTURE 4: MICROLOCALIZATION
Recall that the wavefront set WF(u) of a distribution u € D'(R) is a SubsetEI
CR" x 9R* =S*R" (4.1)
- =~
base  Sn—1 fiber

lUsually, one defines wavefront set to be a fiberwise conic subset of T*R™ = R™ x R™. The compact-
ified perspective is that, instead of taking the wavefront set to consist of lines in the cotangent bundle,
to only take their “endpoints” at fiber infinity.
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obstructing smoothness — the wavefront set over a point € R” in the base is a subset
of the fiber S*~! over x describing the directions where the germ of u at z fails to be
smooth. A distribution is smooth if and only if it has empty wavefront set.

In this lecture, we talk about the scattering wavefront set. This assigns to each
tempered distribution v € 8" a subset

WFq(u) C O(R™ x R") (4.2)

of the “square boundary” 9(R"™ x R™) which obstructs u being Schwartz. Over the
“interior” R™ C R”, this is just the ordinary wavefront set WF(u). The novel thing
about the sc-wavefront WFg(u) is that it contains, in addition to the ordinary wavefront
set, a set of points over spatial infinity. Namely, over cofl, § € S"~!, the sc-wavefront
set contains the frequencies at which w, in that direction, fails to be Schwartz. So,
while the ordinary wavefront set is detecting a failure to be smooth, the sc-wavefront
set is also detecting failure to decay.

Obviously, we need to make this mathematically precise. We will do this in the next
subsection. Afterwards, we will discuss examples.

4.1. Basics. In this section, if S is a subset of (R™ x R"), then we use SC to denote
the complement of S within this set:

St = (O(R™ x R™))\S. (4.3)

The sc-wavefront set of a tempered distribution u is defined by

C
WFq(u) = N charg.(A) :( U ellsc(A)) : (4.4)

Aev2P st. AueS AevlP st. AueS

Since this is an intersection of closed sets, it is closed.

Proposition 4.1. e The portion of WFy.(u) not over base infinity is just the
ordinary wavefront set WF (u).
o [fu is compactly supported, then its sc-wavefront set is the same as its ordinary
wavefront set.

Proof. Exercise. O
Proposition 4.2. u € § < WF(u) = 2.

Proof. o (=): take A =1.
e («): if WFs(u) = @, then, for each point p in A(R" x R"), there exists an
A, € %" such that ellsc(Ap) 2 p and Apu is Schwartz. Because the sets
ellsc(A,) are all open, and because A(R" x R") is compact, we can choose a
finite number J € NT of points p; such that the sets ellsc(Apj) form an open
cover of O(R™ x R™). Now consider

J
A= ATA; € WP (4.5)
j=1



22 ANDREW HASSELL, QIUYE JIA, AND ETHAN SUSSMAN

This satisfies Au € §. The principal symbol of A is
J
a= Z ’aj ’27
j=1
where the a;’s are the principal symbols of the A;’s. Because the sets ells.(Ap,)
form an open cover of J(R™ x R"), a is totally elliptic. So, it follows that

AueS=ueS. (4.6)
O

A local version of this is:

Proposition 4.3. Let § € S ! be a direction. Then, WFs.(u) is disjoint from the
fiber over cof if and only if there exists some x € C*°(S"1) identically = 1 near 6 and
some 1) € C(R) identically = 1 near the origin such that the product x(r~—1x)yp(1/r)u
is Schwartz.

More generally:

Proposition 4.4. Suppose that A € Uy has WF.L.(A) disjoint from WFgs.(u). Then
Au is Schwartz.

Proof. See Problem O

Proposition 4.5 (Microlocality). If A € Wy, and u € §’, then WFg.(Au) € WFg.(u)N
WEFL (A).

Proof. e First, we show that WFy(Au) C WF/ (A), i.e. WFy.(Au)t O WF/ (A)L.
Suppose that p € WFQC(A)B. Then, 4B € o0 elliptic at p but whose operator
wavefront set is disjoint from that of A. Then, BA € ¥.™> ™. Thus BAu € S,
so the elliptic set of B, including p, is contained in WFSC(Au)E.

e Second, we show that WF.(Au) C WFy(a), i.e. WF(Au)l D WF(u)b. If
p € WFq(u)C, then there exists a B € W% elliptic at p but with WF..(B)
disjoint from WFg.(u). It follows that WF..(BA) is disjoint from WF(u). So,
Proposition implies that BAu € S. It follows that p € WFSC(Au)E.

O

Just as differential operators do not spread supports, pseudodifferential operators do
not spread singular supports or wavefront set.

The following proposition will be useful in reducing computations of sc-wavefront set
to computations of ordinary wavefront set:

Proposition 4.6. Except at the corner of the square OR™ x OR™, WFg.(u) consists of
the union of the ordinary wavefront set WF(u) set of u and the rotation by 90° of the
ordinary wavefront set of Fu.

By rotation we mean turning the square R” x R™ on its side.

Proof. Follows from Proposition (3.1 O
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Similarly, if we want to measure u’s failure to lie in some sc-Sobolev space HSSC’[, then
we consider
WES (u) = N charg.(A). (4.7)
A0 st AueHS®

Proposition 4.7. WFs(u) = U, ser WEFE(u).
Remark 4.1. The closure here is necessary! (Why?)

The propositions above apply, mutatis mutandis, to the WFS&Z. For example, mi-
crolocality reads:

Proposition 4.8. If A € V%' and u € S', then WFSY (Au) C WEETSUH(u) n
WEFL (A).

4.2. One-dimensional examples.

Example. Fiz 0 > 0. Consider u € S'(R) defined by u(z) = €°%. Then, WFg.(u)
consists of exactly two points, one over each of the two points in coSC.

Proof. The Fourier transform of u is a Dirac §-function over the single point o € R.
The ordinary wavefront set of such a J-function is the whole cosphere S:R over the
point where the d-function is located. The sc-wavefront set must be the same — we
cannot have any sc-wavefront set at base infinity — since the d-function is compactly
supported. So, the claim follows from Proposition [4.6] O

This is consistent with the intuition that WFg. is measuring which frequencies fail
to decay.

Example (Wavefront set at the corner). How do we interpret sc-wavefront set at the
corner

OR™ x OR"™ C 9(R™ x R™)? (4.8)
Let us get some intuition in the n = 1 case.

e Consider the Dirac comb u(x) = >, ., 6(x — k). Since the singular support of
u 18 Z, and since the sc-wavefront set is a closed set, the sc-wavefront set of u
must contain points in the corner.

This applies also to

u(@) = ¥ f@)o(e — k)
kEZ
for f Schwartz.

e Consider u(zx) = e This tempered distribution is not Schwartz, so it has to
have sc-wavefront set somewhere. But it is smooth, so it has no ordinary wave-
front set. Moreover, it’s Fourier transform has the same form (up to rescaling)
and therefore has no ordinary wavefront set either.

Therefore, by Proposition [{.6, the wavefront set of uw must be entirely at the
corner.

Intuition: sc-wavefront set at the corner corresponds to oscillations with infinite
frequency which fail to decay.
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4.3. Higher-dimensional examples: it’s about the cones.

Example. A plane wave has the form u(x) = e*® for k € R". Claim: the sc-wavefront
set of u consists of a single point over each point at spatial infinity.

Proof. Same as in the one-dimensional case. O

Ignoring fiber infinity, we can think of the portion of 9(R" x R™) over oof), § € S*~1,
as consisting of one point for each plane wave.

Example. A spherical wave has the form u(z) = e for o € R. The sc-wavefront
set over ool consists of a single point, that in the sc-wavefront set of the plane wave
e* T for k= ob.

Q. Fiz a plane wave ¢**. At how many points do WFy (%), WFy.(e"(") inter-
sect? A. 0 if o # ||k||, 1 otherwise.

Example. Let n = 2 (for notational simplicity). Consider a “beam” of the form
u(r) = x(22)e™ for nonnegative x € C°(R) not identically zero.

Q. What is the sc-wavefront set of u? A. The sc-wavefront set is entirely over the
forward/backwards directions £ooey, e; = (1,0), but, rather than consisting of a single
point over each, it consists of (the closure of) all of the wavevectors k € R? of the form
k= (o,n), n€R.

Proof. First of all, u is smooth — it has no ordinary wavefront set. Its sc-wavefront
set therefore sits entirely over base infinity. Some of this wavefront set could be in the
corner. Let’s ignore this (but see Problem . The question we are then asking is
about the sc-wavefront set of u over base infinity at finite frequency. This is equivalent
to asking about the ordinary wavefront set of the Fourier transform 4.

The Fourier transform @ is x(&2)0(&; — o). Because x is compactly supported, the
support of ¥ must be the whole real line. (This is because the Fourier transform of
any C2° function on the real line extends to an entire, nonzero function on the complex
plane, so cannot vanish on any nonempty open sets.) So, the ordinary wavefront set of
U is

WF(a) = N*{{& = o} (4.9)
That is, it consists of the entire conormal bundle of the line {¢; = o}. Rotating this
by 90°, we conclude the claim. O

Moral: We cannot determine the plane waves out of which a distribution is built if
we restrict attention to a rectangular prism R = {||y|| < C'}, because, if we only have
access to u|g, then we cannot distinguish different functions of the form ethr A, for
A € C*°(R") for k € R™ with the same first component. Instead, we need access to
the whole cone {||y|| < Cx1}.

4.4. The microlocal elliptic parametrix construction.

Proposition 4.9. Suppose that A € Ut s elliptic at p € O(R"™ x R™). Then, there
exists a B € Uy such that AB — 1, BA — 1 have WF._ disjoint from p.
This also applies with p replaced by any closed subset.

Proof. Analogous to construction of parametrix for totally elliptic operators. O
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Microlocality says that pseudodifferential operators cannot spread wavefront set.
Elliptic regularity says that pseudodifferential operators cannot kill wavefront set except
where characteristic. Specifically:

Proposition 4.10. Suppose A € UL, Then,
WESY (Au) D WFLY (u)\ charsf(A).
Proof. If B € 0 and K =1 — BA, then, from u = BAu + Ku, we get

WFe(u) € WFgo(BAu) U WFy(Ku) € WFgo(Au) U WF (K). (4.10)
So,
WF(u) C WFee(Au)U (] WFL(I — BA). (4.11)
Bewl?

If p ¢ char®(A), then the microlocal elliptic parametrix construction says we can find
some B such that the operator wavefront set of I — BA does not contain p. So, p is
not in the intersection above. So,

[ WFL(I — BA) 2 chary/(A). (4.12)

Bew?
So we end up with WFg.(u) € WFg.(Au) U charSéE(A), which is a restatement of the
desired result. O

4.5. Problems and exercises.

Problem 4.1. Prove Proposition[4.4 Hint: you cannot use microlocality, since we used
Proposition to prove microlocality. Instead, use the microlocal elliptic parametrix
construction.

Problem 4.2. Suppose that u is real-valued. Show that WFg.(u) is closed under the
fiberwise antipodal map.

Problem 4.3. o Prove WFg.(u +v) € WFq(u) U WFq(v).

o Let u= ijl ek ® for some distinct k; € R™. What is WFg.(u)?

Problem 4.4. Let p(x) denote a nonzero polynomial of x € R™. What can the sc-
wavefront set of p be? Can you guess the answer before doing any work?

Problem 4.5. Consider u(z) = ¢*° € §'(R). What is the sc-wavefront set of this u?
Can you guess the answer before doing any work?

Problem 4.6. Consider the Bessel function J,(z), v € R. What is the sc-wavefront
set of u(z) = 1z>ox(1/x)J,(x)?
Hint: use Bessel’s ODE, z2u”(x) + zu'(z) + (2% — v?)u(z) = 0.

Problem 4.7. Consider the Airy function A(x). What is the sc-wavefront set of A?
Hint: use Airy’s ODE A”(x) = zA(z).

Problem 4.8. Consider the beam u(z) = x(22)e’°®! on R?. Show that the portion of
its sc-wavefront set at the corner is the closure of the sc-wavefront set at finite frequency.
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Problem 4.9. Repeat a nonempty subset of the problems above for the Sobolev wave-
front sets WEL»%.

Problem 4.10. Let j > 0, x € C°(R) be identically 1 near the origin. What is the
sc-wavefront set of x(y/z})e’**? Here z = (v1,y)

5. MICROLOCAL PROPAGATION ESTIMATES I

5.1. Null bicharacteristics and microlocal propagation. Consider P € \Ilg'g’l(]R”)
which is not elliptic. The failure of ellipticity could be at frequency infinity, at spatial
infinity, or both. For example, the Helmholtz operator A—\2, where A > 0, is elliptic at
frequency infinity but not at spatial infinity, while the Klein Gordon operator D? — A —
m?, m > 0, is non-elliptic both at frequency infinity and at spatial (or more precisely
spacetime) infinity. We’ll assume that P has a real, classical principal symbol p € SSC o
Recall some basic symplectic geometry: the vector field H), is given by the formula

op 0
=3 (56,05, omy05) &1

Although we write this using the usual Cartesian coordinates on R™, this is actu-
ally invariant under coordinate changes: if (z1,...x,) are any local coordinates and
(&1,...,&,) are the dual coordinates induced by (z1,...x,) on the fibres of the cotan-
gent bundle, then H), takes the form in these coordinates.

If P happens to have order (1, 1), then the Hamilton vector field is a smooth vector
field on T*R", tangent to the boundary, and hence restricts to a smooth vector field on
OT*R™. This is straightforward to see from , which we write as follows:

8p 0 _1 0p 0
H, = -1 —) — 1= — ) 5.2
p Z (07 3¢ (@) — 107 5 (©5¢) (5.2)
As we have seen before, the vector fields ()0;; and (£)0g; are smooth on T*R™ and
tangent to the boundary, while the coefficients in (5.2)) are classical of order (0,0) and
hence smooth on T*R™. For operators of general order (m,[), it is convenient to rescale
the Hamilton vector field as follows:

SCH;TL,I — <x>fl+1<€>fm+al' (53)

Then *°H," g again smooth on T*R" and tangent to the boundary. Moreover, the
flow of *°H," ! exists for all ‘time’. An easy calculation (see exercises) shows that this
rescaled vector field is tangent to p = 0, where p = (z)~(¢)™"p is a smooth function
on T*R™ vanishing at Char(P). It follows that if one point of an integral curve of H,
is contained in Char(P), then the whole integral curve is contained in Char(P). Such
integral curves play an important role in microlocal analysis.

Definition 5.1. A (null-)bicharacteristic of P is an integral curve of SCH;n’l contained
in Char(P) = {p =0} N OT*R".

Simple example: take P = D,, € 1. Then p = & and H,, = 0;,. The regularized
Hamilton vector field is SCH;’O is (x)0,, and is tangent to IT*R™. Note that if we are

only interested in frequency infinity, then over a bounded region in x-space there is no
need for the regularization.
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5.2. Propagation theorems. A major theorem (or really a meta-theorem, with many
versions in different contexts) in microlocal analysis is called ‘Propagation of Singular-
ities’, or perhaps more accurately ‘Propagation of Regularity’. Our first version of this
theorem is:

Theorem 5.1. Suppose that P € \I/;Z’Z(R") and admits a real, classical principal symbol
p. Suppose that u € S'(R™) satisfies Pu € S(R™). Then

e WFy.(u) C Char(P), and

e WFq.(u) is a union of bicharacteristics of SCHZ,”’Z.
That is, if q,q' € Char(P) are on the same bicharacteristic of P, then ¢ € WFg.(u) iff
q¢ € WFg(u). Equivalently, g ¢ WFg(u) iff ¢ ¢ WFg(u), i.e. we have ‘propagation
of regqularity’ along bicharacteristics.

We can also give a more quantitative version of this, in which we look at wavefront
set relative to HF:

Theorem 5.2. Suppose that P € \PQQ’Z(R”) and admits a real, classical principal symbol
p. Suppose that u € S'(R™) satisfies Pu € H**. Then

o u is in H¥T™F* microlocally on EN(P), i.e.
WESFmA () N El(P) = 0;
o WEsfm—Lr+i=1(y) c Char(P) is a union of bicharacteristics of SCH;”’Z.

Remark 5.1. Notice the discrepancy of the two orders in the two statements of The-
orem On the elliptic set, we gain regularity of order (m,l), the same as the order
of P, where ‘gain’ refers to the orders of the Sobolev space containing u compared to
the orders of the Sobolev space containing Pu. On the characteristic variety, there
is no ‘automatic’ gain as in the elliptic case, but there is a ‘conditional’ gain, i.e. if
one has regularity of a certain order of Pu and regularity of u at some point along a
bicharacteristic, then one has regularity along the whole bicharacteristic. However, the
‘non-elliptic’ gain here is only (m — 1,1 — 1), one less in each exponent relative to the
elliptic gain. This is always the case and is explained by the method of proof below.
More on this later in Lecture 6.

We will prove a microlocal propagation estimate that implies Theorem and is a
strictly stronger result, as it is ‘fully microlocal’: instead of the global assumption that
Pu € H*" we only assume this in some microlocal region. To set up this theorem, we
suppose as before that P € U7 has real, classical principal symbol, and v : [0, so] —
Char(P) is a nontrivial bicharacteristic, i.e. nonconstant (equivalent to assuming that
SCH,T’Z does not vanish at v(0)). Let Uy and U be open subsets of 9T*R" such that Uy
contains v(0) and U contains ([0, so]).

Theorem 5.3. There exist operators B, E,G € V20 such that
7([0, s0]) € Ell(B) Cc WF'(B) C Ell(G) c WF'(G) C U,
v(0) C EIl(E) c WF'(E) C Uy,
such that for all s,k, N there exists C > 0 such that for all u € S'(R™) we have
IBul o < c(||GPu|st_m+1,k_l+1 + 1 Bul e + ||uHH_N,_N). (5.5)
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This inequality holds in the strong sense that if the RHS is finite, then so is the LHS, and
the inequality holds. In particular it means that if u € H-N"N_ Pu is in Hs—m+1Lk-+1
microlocally in U, and w is in H** microlocally in Uy, then u is in HS* microlocally
on Ell(B), in particular on ([0, so]).

Remark 5.2. Note that this estimate is ‘fully microlocal’ in the sense that the as-
sumptions both on v and Pu are microlocalized near the region of interest, which
is the bicharacteristic segment ([0, sg]). The only exception is the assumption that
uw € H=N=N but this is really no assumption at all, since every tempered distribution
is in H~N~N for sufficiently large N.

We will prove this result next lecture.

5.3. A simple example. In the remainder of this lecture we will present a proof in
a simple model situation. Here will be working at frequency infinity, over a bounded
region of R2. Let P = D, € Lo (R?), and we suppose that u is a tempered distribution
such that Pu = f € L?(R?). We will assume that

u € L3([~2,0], X [<2,2]z,).

The problem is to prove that u is L? on a rectangle that is larger in the z; direction,
although (for convenience) a bit smaller in the L? direction: show that

u € L*([<2,2]4, % [~1,1]4,).

That is, regularity of u ‘propagates’ in the x;-direction. It will be enough, in view of
the assumption on u, to show it is L? on L?([~1,2],, x [~1,1]4,).

We choose a cutoff function yi(z1) that is identically 1 on [—1,2], supported on
[—2,3], and monotone nondecreasing between [—2, —1], monotone nonincreasing on
[2,3]. We also choose a cutoff ya2(x2) that is identically 1 on [—1,1], supported on
[—2,2], and monotone nondecreasing between [—2, —1], monotone nonincreasing on
[1,2]. We define

a(z1, w2) = x1(z1)x2(z2)e™
We compute
i[P,a(z1,22)] = Oy a(xy, x2)

= —b(z1,x2) + e(x1, x2) where

_ 5.6
bar.2) = alzr.2) — X (@)1 200~ xa(r2) > 0, >0
e(z1,22) = X1(21)1a,<0e” " xa2(22) > 0.

Then we compute (for suitably regular u, say v € C'!'(R?)) the commutator
i<i[P, a(zy, z2)|u, u>L2(R2) (5.7)
in two different ways.
First, we unwrap the commutator, obtaining
(.7) = i{a(xr, 22)u, Pu) — i( Pu, a(x1, x2)u) (5.8)

=2Im <Pu, a(xy, :Eg)u> =2Im <f, a(z, :cQ)u>
Second, we use ([5.6]) to write
B.7) = —(bu, u) + {eu, u). (5.9)
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Using the support property of e, we put these two identities together and use Cauchy-
Schwarz on (5.7)) to find that

1
(bu, ) < (e, ) + |13 + ellaul 2

for any € > 0. Here, the (eu,u) term can be controlled by C”HUH%Q( but

[_271]901 X[_272]9~“2)’
we do not make this step just yet.

Notice that 0 < a < 9. So a? < 9a < 9b. Choosing ¢ = 1/18, we find
1
(bu, u) < C'(eu, u) + 18| f72 + 5 (bu, u).
We now absorb the (bu,u) term on the RHS and obtain, after multiplying by 2,
<buvu> < 20'<eu, u> + 36”-]0”%2

Unfortunately, this argument does not prove that u is L? on [~1,2] x [~1,1] as it
requires that (bu,u) < oo (for the absorption step), which is a stronger assumption!
So it might seem that what we’ve done so far is completely pointless. This is not the
case however, as we have proved a quantitative estimate that can be combined with an
approximation argument to achieve our aim. Quantitative estimates are very powerful
as we shall see shortly.

To do this, we notice that we can assume without loss of generality that u is com-
pactly supported, and any compactly supported tempered distribution is in H~%, for
sufficiently large N. Fixing such an N, we let

u, = (1 +7A) "My =T, M>N/2,7>0,

and consider the limit as » — 0. Intuitively, as r — 0, 7). tends to the identity operator.
In fact this is rigorously true in the topology of W&" for any n > 0; moreover, T is

uniformly bounded in 020 as r — 0 and converges strongly to the identity operator in

B(L? L?) (exercise). We have
u, € L? for all 7 > 0, and Pu=T,f = f,

where for the second identity we used the fact that P and 7, commute (both are Fourier
multipliers). Our previous estimate applies to u, for each r > 0, and we obtain

(buy, up) < 20" (eur, up) + 36|| fr]| 72 (5.10)
Now we take the limit as 7 — 0. Since f € L?, we have f, — f in L? and hence

FelIZ2 = 1172

Next we consider the limit of the (eu,,u,) term. This is slightly more complicated as
u, unlike f, is not globally in L?. We write this term by choosing a new cutoff function
1, so that ¢» = 1 on the support of e, and 1 is supported in [—2,1];, X [-2,2],,. We
have

<6TTU7 Tr“) = <6TT¢U7TT¢U> + <6T'r(1 - ¢)U7Tr¢u> + <TTU7 eTT(l - ¢)u> (5.11)

The first term on the RHS converges to (eu,u) since u € L2, T, — Id strongly, and
¥ = 1 on the support of e. We would like to show that the other two terms tend to
Z€ro.
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Consider the operator €T, (1 — ). Since e(1 — 1) = 0 (as the supports of e and
1 — 4 are disjoint) this operator is equal to e(T}, — Id)(1 — ¢). We recall that T, — Id
converges to zero in the topology of W for all n > 0. However, we can say much more
by writing the operator eT.(1 — 1)) as the expansion of this composition to K terms,
plus a remainder term. The expansion vanishes identically, and the remainder (which
is eT}.(1 — 1) itself) tends to zero in Wg™ T K7 for all 1 > 0. From this we see that
€T, (1 — ¢)u converges to zero in every Sobolev space, showing that the second and
third terms on the RHS tend to zero.

Using and the reasoning above, we have

lim sup(bu,., u,) < 20" (eu, u) + 36| f||2.. (5.12)

r—0

Now we would like to distribute v/b on both sides of the inner product on the LHS.
This can be done either by choosing b to be a square of a smooth function from the
outset, or we can give up a little, and choose x € C2°(R?) such that 0 < x? < b and
x =1on [-2,1] x [-1,1]. Then we have from that

lim sup ||xTrul|32 < 20" (eu, u) + 36]| f||3-. (5.13)
r—0

The uniform boundedness of xT,u in L? means that there is a weakly convergent
subsequence, (weakly) converging to v € L?, say. A fundamental property of weak
limits is that ||v]|7, also satisfies the inequality (5.13). On the other hand, we have

xTru — xu in a weaker topology, that of H~N="=N=7 using the convergence of
T, — Id in W& for all n > 0. Uniqueness of limits shows that v = yu. We deduce that

IculZe < 20" (e, u) + 36]£122 < 20" ulZa o), wooz) +360F 12 (5.14)
and since x = 1 on [—1,2] x [—1, 1], we have achieved our goal.

5.4. Exercises.

(1) Check that the rescaled Hamilton vector field SCH;,n’l of P = Op(p) is tangent
to p = 0, using the notation in the lecture notes above.

(2) Show that T, = (14rA)~ is a uniformly bounded family of operators in WX,
for any M > 0.
(3) Suppose that u is a tempered distribution in R? satisfying the PDE

D:c1u:5+fv

where 0 is the two-dimensional delta distribution, supported at the origin in
R? and f is an L? function of (x1,72) € R? supported where x1 > 0. You are
given that u is C* for x1 < 0. Use the result of Theorem to answer the
following questions:

(i) Suppose that s < —1. Show that u is ‘locally’ in H*(R?), in the sense
that for any ¢ € C2°(R?), we have ¢u € H*(R?).

(ii) Suppose that —1 < s < 0. Give an optimal bound on WF*(u). (Hint: it
might help to first consider the case that f = 0.)

(iii) Suppose that s > 0. Give an optimal bound on WF?(u), expressed in
terms of WF?(f) (and taking account of the 0 term as well).
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6. MICROLOCAL PROPAGATION ESTIMATES II

In this section we prove Theorem for a general operator P. However, we shall
assume that P € Ug' which simplifies some of the numerology. There is no real loss of
generality, as solving an equation Pu = f is equivalent to solving T Pu = T f where T is
an invertible operator. We can always choose an invertible scattering pseudodifferential
operator T' with real, classical symbol, such that TP € \I/;él (see below) and this reduces
us to this case.

For such a P, with real, classical principal symbol, we want to construct B, E,G €

\11850 as in the theorem, so that the estimate

|Bullgzes < C(IGPullgror + | Eul grox + |full -.-x ) (6.1)

holds. The nontrivial case of is that w is in H=N~N, that Pu is in H®* microlo-
cally in U, and that u is in H*" microlocally in Uy, otherwise the RHS is infinite (or
can be made infinite by choosing F, G carefully) and the result is vacuously true. So
we assume this for the remainder of the proof.

6.1. Proof of Theorem Step 1. We construct A € \Ifg(‘f% with real symbol a,
with A = A* such that

i(P*A— AP) = —B*B — (A" "A)*A™* A+ E' + R, (6.2)

where

e A®F = (2)F(D)* is an invertible elliptic operator, with real, classical symbol, of
order (s, k). Note that (D)® is an abbreviation for Op((£)®).
B = A**B, where B is as in .
E' € U2 and WF'(E') C EIl(E).
R € U211 WEF/(R) C EI(G).
G is microlocally equal to the identity on WF'(A).

Notice that in (6.4]), the LHS has order (2s, 2k) although the individual terms P*A and
AP have higher order. In fact, we can write this as

i[P,A] +i(P* — P)A,

and [P, A] has order (2s,2k) since commutators drop order by (1,1) relative to the
sum of the orders of the individual operators; while (P* — P) has order (0,0) since
arl,’rl(P) = O'Il)}l(P) = Ué}l(P*). On the RHS side, the first three terms have order
(2s,2k), while the last term has order (2s — 1,2k — 1). Thus, if we view the R term
as a remainder term of lesser interest (we only care about it microsupport, as in the
fourth bullet point above), then the operator equation can be arranged by making
it hold at a principal symbol level.
The reason for being interested in the quantity i(P*A — AP) is that

(i(P*A — AP)u,u) = 2Im(Pu, Au).

Given the identity (6.4), and a sufficiently nice u (meaning it is in a Sobolev space with
sufficiently large orders), we can make the following calculation:

2Tm(Pu, Au) = —||Bul|%; — [|A™ "% Au||2, + (E'u, u) + (Ru, u). (6.3)
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We can microlocalize the Pu term by using the fact that G = Id microlocally on
WEF'(A). Therefore, by redefining R by the addition of a residual operator (which we
do not indicate in notation), we obtain from (6.4)) the variant

i((GP)*A— AGP) = —B*B — (A" FA)*A=>"*A+ E' + R, (6.4)
and this leads to (with the same redefinition of R)
2Tm(G Pu, Au) = —||Bul|2, — |A™ 7" Au||%, + (E'u,u) + (Ru,u). (6.5)

in place of (6.3). We estimate the LHS as follows: we write Au = (A=%7F)"1A=5"F Ay
and move the left factor to the other side of the inner product, noting that the adjoint
of (A‘s’_’“)_1 is A®*. We then apply Cauchy-Schwarz to the inner product. We obtain

|Bull2: + 1A * Aul2, < A GPul| 2| A * Au 2 + (E'u,u) + (Ru,u). (6.6)

We now apply the inequality 2ab < a® + b? to the first term on the RHS. We also
apply an elliptic estimate to the (E'u,u) term, noting that (A*>"E)*A*"E is elliptic on
WEF'(E’) (see exercises at the end of the lecture). We can do the same with the R term.
In fact, we choose a B’ € W% such that WF'(R) C El(B') ¢ WF'(B') C EI(G), and

estimate it in the same way.
1A Bul|F2 + A7 7" AullF. < ||A*"GPull7. + A7 Aul|7
+ C||A" Bul|72 + CIA* ™22 Bl 72 + Cllul} -y, (6.7)

where the final term arises from the remainder term in the elliptic estimates. The
|[A=%7" Aul|?, terms cancel. Now eliminating the A®* factors and writing norms in
terms of weighted Sobolev norms, we have obtained

1Bullyer < C(IGPUR s + NBuler + 1B ullycsrrso + lulldynn ), (68)

which is almost the estimate we are aiming for: the only discrepancy is the term
C’HB’uHi[S_l/“_l/2 on the RHS. Notice that this term is just like the Bu term on the
LHS that we are estimating, but it has orders lower by (1/2,1/2). We can thus proceed
by induction, estimating the B’ term as above, up to an additional B”u term that
would be measured in the Sobolev space H~1"~1 and so on. Each time, we need to
enlarge the microlocal support of B’, B”, ... relative to the operator before (and also
enlarge the microlocal support of the E’ term correspondingly), but we can do this
while always remaining in the region where G is microlocally equal to the identity.
After a finite number of steps, the order of the extra term is reduced to (—N,—N) and
then this term can be absorbed in the ||lul|3,_y _y term, at which point the argument
is terminated and the estimate is proved.

To complete the proof, we need to accomplish two more steps: arrange the operator
identity , and eliminate the assumption that w is in a sufficiently nice Sobolev
space.

Remark 6.1. Returning to Remark the reason that there is a loss of 1 in both
orders relative to the elliptic gain is that, in the propagation proof, the estimate arises
from the ellipticity of B, which comes from the positivity (actually negativity, as we
presented it!) of the commutator i[P, A]. On the other hand, in the elliptic estimate
the ellipticity is directly from the ellipticity of P. Since the commutator drops order
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by (1,1) relative to the composition of the two operators, this causes the propagation
estimate to be weaker, i.e. we need to measure Pu by a stronger norm to deduce a
fixed Sobolev norm of Bu.

6.2. Proof of Theorem Step 2. Constructing the operators. We do this first
in the case that (s, k) = (0,0). The general case is hardly more complicated.

We need to arrange . Since we are not much interested in the properties of R
(other than its microlocal support, which is anyway bounded above by the union of the

microlocal supports of the other operators), to have (6.4)) it is enough to ensure it holds

at a principal symbol level. Let p; = iop(P* — P) € SSgB; this is a classical symbol,

and real since ¢(P* — P) is symmetric. At the principal symbol level, (6.4) reads
Hy(a) +pra=—b*—a*+¢. (6.9)

Using ODE theory, assuming that ~ is not contained in the corner of T*R", there are
local coordinates (z1,2'), 2/ € R?*=2 on 9T*R" near ([0, so]) so that v(0) = (0, 0) and
H, = 0, in this coordinate system, i.e. bicharacteristics are given by 2z’ =constant. A
small, mostly notational, modification of this construction serves to treat the case that
~ is contained in the corner of T*R"; we do not pursue this further here.

Choose € > 0 sufficiently small so that, in the coordinates (21, 2’),

[—2€, 50 + 2] % {|2'] < 2¢} C U € WF*°(Pu)?,
[—2€,2¢] x {|2'| < 2€} € Uy € WF*O(u)C.
We now choose several cutoff functions. Let ¢(2') € C2°(R*"~2) be such that ¢(z') =
1 for |2/| < eand ¢(z') = 0if |z/| > 2e. Then, in the z; direction we choose turn-on and
turn-off functions. The turn-on function is x1(z1) which is smooth, monotone, equal to

0 for z; < —e and 1 for z; > €. The turn-off function we specify a bit more explicitly, as
we need to take square-roots and show smoothness of these. We let xo be the smooth

function defined by
0,t <0
xo(t) = {e/ >0 (6.10)

where F > 0 will be chosen sufficiently large. Notice that
Xo(x) = F xo(x)/a. (6.11)
The turn-off function is then defined by

X(e) = xolso €= 2) = V() =~y (612

We now define
a(z,2") = xa(z21)*x(20)(2)*. (6.13)
We compute
Hpa + pra = X' (21)x1(21)*9(2')?
+p1(2, 2 )x(z1)x1 (21)*9(2')? (6.14)
+2x1 (21)x1 (21)x (1) (2')”
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where the sum of the first two lines is nonpositive (for F sufficiently large) and the

third line is nonnegative. We will define b so that the first two lines are —b? — a?, and

the third line is €’. Using (6.12), this requires that

F
62:<—+ ) z 21)20(2)?% = x(z1) 2 (z10) (). 6.15
ot ezt x(21)x1(21) ¥ (2)" = x(21)"x1(21) ¥ (%) (6.15)
Noting that ,/x1 is a smooth function, we have
b=/ x(21)x1(21)¥(2") . p1— x(21)x1(21)?¥(2')? (6.16)
(50 +€—21)?

Clearly, for F sufficiently large, the argument of the square root is bounded away from
zero on the support of x1(21)x(21)¥(2’)? and therefore b is smooth, and can be extended
to T*R™ as a symbol of order (0,0).

As mentioned above, we define €’ to be the third line of :

¢/ = 2x1(21)x1 (20)x (21) ()% (6.17)

We choose g, the principal symbol of G, to be a smooth function equal to 1 on the
support of a (hence also on the support of b and ¢) and supported in U.

We then extend the smooth functions a,b,€’,g into the interior and quantize to
obtain operators

_ Opy(a) + Opy(a)*

A )
2

B = OpL(b)v E' = OpL(e/)a G= OpL(g)'

so that is satisfied, noting that this makes R € Ut We must extend g into
the interior so that it is identically 1 in a neighbourhood (in the ambient space, i.e.
not just at OT*R™) of WF/(A). We also note that WF. (R) is bounded by the union
of WF/ (A), WF(B) and WF(E’). Thus (6.4)), and the conditions listed below that
equation, are all satisfied.

In the case of general (s, k) we redefine a to be

a = (£)* () x1(21)*x(21)9(+')?

and proceed as before. In the calculation , as well as multiplying the whole
identity through by the factor (£)2*(z)?* we will obtain extra terms, while arise from
differentiating these factors. The new terms, in effect, have the effect of replacing the
p1 term by

pr+ (€)% @) R H, (€)% (2)F).

It is easy to see that this additional term is a symbol of order (0,0); in fact, it is
the principal symbol of A=2%~2F[P, A252*] which has order (0,0). So, effectively the
difference is to replace p; by some other symbol p; of order (0,0), so this allows the
construction to proceed exactly as before, with b and €’ redefined suitably. It would be
a useful exercise to compute the exact formulae for b and €’ in this setting of general
orders.
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6.3. Proof of Theorem Step 3. At this stage we have proved the required in-
equality for sufficiently regular/decaying u. As with the simple example proved last
lecture, this is not very satisfactory as we need to assume at least as much regular-
ity /decay as is proved. Indeed, the ||Bul||?, . term needs to be absorbed on the RHS,
which requires it to be finite a priori. Nevertheless we have proved a quantitative esti-
mate for sufficiently regular/decaying functions, and as with the example last lecture,
we can use a regularization argument to obtain the full result.

In the simple example last time, we used 7}, = (14+rA)~M as a regularizing operator.
This worked well as it commuted with the operator P = D,,. In the more general case,
the lack of commutation is an issue and we have to be more careful. Moreover, T;. only
improves in the differential sense, not the decay sense. To emphasize the point here,
we will henceforth assume that ~y lies in the spatial boundary, at finite frequency. Thus
the appropriate ‘regularization’ is to multiply by (1 4 7|z|?)~™. We will thus define a
family a,, r > 0, (again sticking to the case s = k = 0 for notational simplicity; note
that the s parameter is actually irrelevant for us if v is at finite frequency, and only
the k is relevant) by

ar = x1(21)*x(20)¥(2')* (1 + r|z) M. (6.18)

This will allow us to apply the regularized operators A, = (Opy (a,)+Opy(a,)*)/2, ete,
to u (notice that although u is only assumed to be in H~= the lack of differential
regularity is not a problem as our operators are all microsupported near v, and in
particular away from frequency infinity; that is, they can be taken to be order —oco
in the differential sense, so only the spatial order needs to be improved). Then, when
we compute H,a, + pia,, we obtain an extra term from differentiating the regularizer.
Recalling that H,, is a smooth vector field on T*R" tangent to the boundary, in the
coordinates (z1, 2/, pp), where p, = 1/|z| is a defining function for the spatial boundary,
we have, in the ambient space,

0 0
J ' Py Py
p 821 + Q(zl’ z ,pb)pb apb

for some smooth function ¢ € C°°(T*R"). Therefore,

2Mqr|x|?
(14 7lzf?)

One can check that the factor f. = 2Mgqr|z|?/(1 + r|z|?) is a symbol of order (0,0),
uniformly as r — 0. Thus, this additional term is similar to the additional term from
varying the order of the symbol a: it in effect changes p; to a new symbol of order
(0,0), although now it is r-dependent (but in a uniform way). We notice that it is
proportional to M, which could be large. However, we fix M (depending on N, where
uw € H-™M~N) and then choose F large enough so that the square root defining b, is
well-defined and smooth. It is a subtle but important technical point that we can only
do a finite (although arbitrarily large) amount of regularization in this argument.

The upshot of this is that we can repeat the previous construction with r-dependent
operators and obtain families of operators A,, B, E., R, satisfying the identity (in
the case of general orders (s, k), but assuming that ~ is located away from frequency

Hp(1+r\x|2)*M = (1+r!x|2)*M = fr(1+r|x|2)*M.
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infinity)
i(P*A, — A, P) = —B*B, — (A"5FA,)*A~5"*A, + E. + R,, (6.19)

where these operators satisfy, for every n > 0, and every S € R,

o A. € \I/fgg"’ uniformly, and A, € \I/;?C’%_QM for each r > 0,
S,k—M

o B, c Uk uniformly, and B, € U3 for each r > 0, B, — B in \Ilssc’kJr”,
o E. € US uniformly, and E. € U5 M for cach r > 0, E. — E' in W2,

o R, € \I/fg”“‘l uniformly, and R, € \Ilfc’%_l_QM for each r > 0, R, — R in
\IJS,Qk—l—H]
SC .

Because of the regularization, we can now take expectation values with v € H—N—N
and we find that

1BruliZ < € (IGPulen + (B, ) + ulldynv ), (6.20)

We now ‘take a limit’ as » — 0, or more precisely investigate the uniform properties
of this inequality in this limit. Intuitively, we expect that the term (E]u,u) should be
uniformly bounded, since u is in H** microlocally on WEF'(E'). This is correct, and
is one of the exercises for this lecture. Thus the RHS of is uniformly bounded,
and it follows that B,u is uniformly bounded in L2, as r — 0. We can therefore find a
sequence 7; tending to zero such that Brju converges weakly, say to v € L?. Similarly
to last lecture, we have

ol < timsup | Breda < OGPl + 1 Bullyes + fulfnov)- (621)
T

On the other hand, we know that B,u converges to Bu in a weak Sobolev norm, since
B, — B in U3 So we have B,u converges to both Bu and v distributionally.
By uniqueness of limits, Bu = v so we have the inequality (6.21) for Bu in L2, or
equivalently for Bu in H**. This completes the proof of Theoremﬁ,

6.4. Exercises.

(1) Let E' € U2** and suppose that E € W is elliptic on WF'(E'). Show that
for all N there is a constant C such that, for all u € H5*,

(B, u)] < C (Il Bullpoe + ull? y )

Hint: find an operator C' € U such that E' = (ASFE)*CAS*E + R, where R
has sufficiently negative orders.

(2) Extend the previous result as follows: Suppose that or(E.) = op(E')(1 +
r|z|?)~™. Prove the above inequality with E’ in place of E’ on the LHS, with
a constant C' independent of r for all » € (0,1]. Hint: use the fact that the
operator norm of C' is controlled by a suitable Sgéo—norm of its left-reduced
symbol.
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7. LECTURE 7: SCATTERING CALCULUS ON MANIFOLDS (WITH BOUNDARY)

We introduce the scattering calculus and discuss its basic properties in this part.
Some treatments here are from the lecture notes of Peter Hintz, which is available at:
https://people.math.ethz.ch/ hintzp/notes/micro.pdf .

We only deal with operators acting on scalar functions with details, but a significant
portion of those general statements in this section have fairly straightforward gener-
alization to vector bundles. Of course, difficulties in dealing with vector bundles will
arise in concrete problems.

7.1. The scattering cotangent bundle. Let M be a n-dimensional manifold with
boundary and denote its boundary by M. Then its smooth structure determines a
(equivalent class of) boundary defining function z. All of our bundles, symbol classes,
calculi will be the same as the classical ones on manifolds without boundary on the
interior of M, but not uniformly down to oM.

Suppose y = (y1, ..., Yn—1) is a coordinate system near p € M, then

(3«":2/17 ceey yn—l)

forms a coordinate system of M near p.
A local frame of the spaceﬂ of vector fields that are tangent to OM will be

20, Dyy s .. Oy (7.1)

We denote their C*°(M)-span by Vi, (M), which is called the space of b-vector fields on
M. A direct computation shows that this is a Lie algebra with the Lie bracket being
the standard commutator:

Vi, Volf =WViVaf —VaVif, f e C(M). (7.2)
Then we define the space of to be
Vee(M) = 2V, (M). (7.3)
From and the definition, we know that locally Vi.(M) is the span of
220y, 20y, ... ¥y, . (7.4)

This is again a Lie algebra with the Lie bracket being the commutator as in (7.2). In
fact, it is even better, in the sense that

Vse(M), Vse(M)] = [2Vp (M), 2V (M)] C 22V, (M) = 2Vse (M),

which means commutators has one order better decay compared with Vs.(M) and this
corresponds to the more general fact that the scattering calculus is commutative on the
top level in both the differential and decay sense, and this is one of the major reasons
that makes it more tractableﬂ compared with other calculus (for example, b-calculus)
when one wants to obtain Fredholm property or invertibility.

2Rigorously speaking, generators of the left C'°°(M)-module.
30f course, when it is applicable!
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This uniquely determinesﬁ a vector bundle *T'M, which is called the scattering tan-
gent bundle. The bundle of importance for our analysis is its dual bundle *¢7* M, which
is called the scattering cotangent bundle. Its local framdﬂ is given by

dr d AYrp—
. (7.5)
2 x x
This is going to be the phase space in which we work and coefficients in terms of
this frame gives the ‘scattering frequency’. Concretely, this means that we write the

(extension of) tautological one-form as

dx dy
=T7— - 7.6
a 7'12 + @ z (7.6)

where p1 = (p1, ... pin—1) and g - d*f = Z?gll ”2%

In the case M = R”", they are closely related to the frequency in classical Fourier
analysis. Let (z,() be coordinates of T*R™, then one have

Td—g—l-u-@:@dz, (7.7)
x x
with z = |2|7! for |2| large and y € R""! is obtained from a local parametrization of
S"=1. So one can think of 7 as the radial component of your classical frequency while
w1 is the tangential component.

Of course, as we did on R", to facilitate the high frequency analysis, we will com-
pactify the fiber to be R”™ and denote the corresponding bundle by ST M. We call
it the compactified scattering cotangent bundle, which is an n-ball bundle over M. Its
boundary consists of two parts: its restriction to OM, which we denote by SCT:;MM ,
and the ‘fiber infinity’, which is locally of the form U x OR", where U is an open set
in M on which you can trivialize S*T*M. We will use pgs (df stands for ‘differential
face’) to denote a boundary defining function of this boundary hypersurface, which is
just the boundary defining function of R™ formed by compactifying the R” of (7, ).
Even when M is a manifold with boundary having no corner, this will have a corner
formed by the intersection of these two parts.

Remark 7.1. If one is familiar with the so called double space construction of those
calculi, then in general the conceptually correct phase space to work with should be
the conormal bundle of the lifted diagonal of your double space. See |16, Lemma 4.6]
for the case of b-calculus and this should be a quite general philosophical principle that
applies to many settings.

7.2. The symbol class and the quantization. We will define the scattering symbol
class and the corresponding pseudodifferential algebra in this lecture.

As we have seen in the case M = R”, compared with the classical symbol class, the
main property of the scattering symbol class is that it gains decay when you differentiate
in spatial variables.

We will define them in terms of smooth functions on the interior of 6T M with
certain prescribed growth or decay rate when we approach M or fiber infinity, but of
course, one should think of them as objects living on this compactified phase space.

4Gee Problem

5Again, by frame below, we mean the generator of a left C°° (M )-module.
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Let M° be the interior of M and we denote the restriction of **T*M to M° by
s¢To M. The space of scattering symbols of order (m,r), which we denote by S’ (M),
consists of smooth functions a on 5Ty, M such that in a coordinate chart:

|(202)*0, 070 0alw, y, 7, )| < Cagra(T, )™ 7Pl (7.8)

We will call m the differential order, and r the decayﬂ order. For fixed indices, the
inﬁmurrﬂ of Cypys on the right hand side gives a seminorm on this symbol class. All
those seminorms together gives the Fréchet topology on Ss” (M).

In the case with M = R”, we know that the 0., will be equivalent (in the sense that
the linear transformations between them have uniformly bounded coefficients on both
directions) to 220, xd,,. So remain the same growth under zd,, 9, is indeed the
same as gaining one order growth under 0.

Let S(M) = yen 2V C>®(M) be the Schwartz function class on M. Then for
a € Si’" (M) that is supported in a single coordinate chart, the (left) quantization of
a € Si¢’" (M) is defined to be the operator acting on functions in S(M) and supported
in the same chart by

—n iTx_wl (LY dx'dy’
Op(@)f(2) = (2m)" [ [T Gty 10 e, (79)

and defined on larger spaces by extension. And it act on functions with support disjoint
from this chart by a kernel that is a Schwartz function on M x M.

Generally, we define Wg" (M) to be the space of operators having Schwartz kernels
of the form

> Ai+R, (7.10)

where A; acts like in various charts and R € S(M x M). That is, near the diagonal
of M x M, it acts by and off the diagonal, it acts by a kernel that is a Schwartz
function.

This definition gives a local reduction to g (R™) modulo S(M x M). Now it might

be illuminating to look at the phase T“’U;gc’,”/ +p- (2 - g—:) in the R™ case. For example,
in the region of R™ such that z, dominates all other components and z, > 0, then we

can take

1 .
r=— y= 2 i=1,2.n—1 (7.11)
Zn Zn
And we have
o W Ry +§ d (7.12)
o =T— — = —T — Z. A2 .
) K - . n 2 i@z,
where Z = (21, .., 2n—1). Comparing with o = ( - dz, we know
G=pil<i<n—1, ¢ =(-r- 22 (7.13)

Zn

6 fact, this is a growth order on the symbol or operator side if one think about how the requirement
changes as r increases. It will become clear that this is a good name after we define corresponding
Sobolev spaces.

"We fix an atlas of coordinate charts that is locally finite.
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Then we have

Clem=p-C Dy s cr et - )

which equals to our phase to the leading order. (They differ by (Ia;”f/ (- y).)
In addition, this phase is the reasonable one to use by composing elements in Vs.(M)
from the left. If we apply 22D, xDy, then it brings down an 7, ;1 factor respectively.
We will call Us(M) = U,,, Ui (M) the scattering pseudodifferential algebra on
M. We will discuss its structure as a multi-graded algbra in the next part. Lastly, we
set
W om0 (M) = (T (M), (7.14)
m,l
which consists of operators with kernels being Schwartz functions on M x M, and we
will call them residual.
Classical symbols are defined in the same manner as the R"-case:
ST (M) = pgfmx*TCoo(SCT*M) C Sy (M), (7.15)

sc,cl

If @ is classical, then A = Op(a) is called classical.

Now we turn to the quantization map. Considering general setting without any
restriction will face the issue that you need to compare the volume growth of your
manifold and the off-diagonal decay of your kernel or other objects you are sum-
ming/integrating over. In this notes we make the following assumption:

M is (topologically) compact.
The word ‘topologically’ means that we still allow certain ‘geometrically’ non-compact
setting. The most typical example would be the asymptotically conic manifolds. That
is, with M being a manifold with boundary as above, and equipped with a metric of
the form (these are called scattering metrics)
dz?>  h(z,d

where h is a metric on M depending on x smoothly. This also gives a metric on **T'M,
making it complete.

As we will see in Theorem there can’t be a ‘perfect’ quantization. So we just
define it via gluing . Concretely, let ¢; : U; — R™ be a coordinate chartﬁ7 and
let x; be a partition of unity that is subordinate to this cover and let x € C2°(U;) be
identically 1 on suppy;. Then we define

Op(a) = > Op(xia)Xis (7.17)

where Op(x;a) is defined via ﬂ and it can act one ¥;f since it have support con-
tained in Uj;. ~

Here the localizer ¢; differs with ¢; because in we allow f to have support
slightly larger than a.

8Rig0rously speaking, one should reduce R™ to R™ and half-spaces further.
9Here we packaged pull-backs, trivialization induced by ¢; into the definition of Op.
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7.3. Basic properties of the calculus. We discuss basic properties of Wy, in this
part.

First we define the principal symbol of scattering pseudodifferential operator. Con-
sider Ajoe = xAx with x € C°(M) with support contained in a single coordinate chart
¢ : U — U’ C R™ and is identically 1 on some smaller V' C U (of course, it will be 1 on
V then). Then we know that Aj,. can be identified with

(d)_l)*Alocqb*» (718)
which is a scattering pseudodifferential operator on R™ (verify this!). So locally this
(¢71)* Ajocd* can be written as Op(ay) for some ag € S™"(R™). Finally, we set

CLV = ¢*aU/|scT‘>;M, (719)

where ¢ : 5T, oM — ¢(U) x R™ is the trivialization induced by ¢. And the equivalent
class

lav] € ST (V) /S H(V) (7.20)
is independent of the choice of x and the coordinate system ¢, by checking the ‘coor-
dinate invariance’ as in the classical settingiﬂ This defines the principal symbol of A
locally and the actual ‘global’ principal will be the equivalent class modulo S~ (M)
obtained by gluing those ag-. It is not hard to check the following fact: if V; C V, then
we have

[av] Ty M = [avl]. (7.21)

Definition 7.1. The principal symbol of A € Vg’ (M) is the unique equivalent class

o™ (A) € ST (M)/SL A () (7.22)
such that: let a € Si" (M) be any representative of it and V, lay] as above, then
[alsers 1] = [av] in ST (V)/Ske™ " HV).

Proof. The uniqueness is easy: the restriction of ¢"""(A) to any coordinate chart is
uniquely determined.

To show the existence, we use a partition of unity {¢;} subordinate to a locally
finitd] open cover {V;} as in the definition of [ay] above. Now we take a representative
ay, for each [ay;] and set

a= Zqﬁiav“ o™ (A) = [a] € SET(M)/SETHTHM). (7.23)

Now we verify that [a] satisfies desired properties. Take any V' in the definition, since
for any p € V, there is a ¢ € C°(V) that is identically 1 near p, so we only need to
show that for all ¢ € C°(V) we have

[(pa)lv] = [(pa)v].

As aforementioned, making further restriction does not change the equivalent class, so
we restrict [ppiay;] and [ppiay] to V; NV to see that

poiay;, = gpiay + e,

10T his is not very trivial. Read Section 6.1 of Hintz’s notes if you haven’t seen this.
U1t can be taken to be finite by our assumption.
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with e; € S;Z_I’T_I(M) and is supported in "I, M. Then we have

¢CL = ¢GV + Zeia

while 37, e; € S H(M), as desired.
O

Remark 7.2. Being able to glue those local principal symbols can be thought of a quite
algebraic fact. In fact, it is easy to check Sie”" (M) and St~ " "' (M) are sheaves on
M. But in general quotient of sheaves is only a pre-sheaf. However, Sie™ """ 1(M) is a
flasque (that is, the restriction map is surjective) subsheaf of Sgc” (M), which is enough
to derive that Sa"(M)/Sm~"""*(M) is a sheaf. And we can verify compatibility
conditions for [ay] in terms of intersection and restriction to derive that this global
principal symbol exists. In the proof above, Skt~ "1 (M) being flasque is reflected for
example by saying e; is global directly.

Now we turn to the ellipticity. For a € Sg¢” (M), it is called elliptic (in Ss¢”" (M)) at
q € d(T M) if
" pdtalz, y, 1) = C >0
in a neighborhood of g. We say a is elliptic (in Sg’" (M)) if it is elliptic at every point of
A(*T"M). Of course, this property descends to a property of St (M) /Sw~t"1(M)
and we say A is elliptic if og’ (A) is elliptic. This is equivalent to the following fact:
a € Sso’" (M) is elliptic if and only if there exists b € Ss." " (M) such that

ab—1¢€ S M). (7.24)
Also, A is elliptic in Wgo" (M) if and only if there is a B € U " (M) such that
AB —1d, BA—1d € v _b71(M). (7.25)

In fact, the error term can be improved to be in W™ °°(M) and such B is called the
parametrix of A.

Proposition 7.1. The principal symbol map gives the following short exact sequencﬂ:
0 = wmLr=L(ar) o wrmr (ar) 20, gme(ar)smeleL(ar) - 0.

This means that o”"(-) captures the leading order behaviour in both the differential
sense and the decay sense. If two operators have the same principal symbol, then the
coincide up to Wi~ (M)-level (in the sense that their difference lies in here).

Then the proof of the composition law can be done by local reduction to the R”-case.

We state the conclusion below.

Proposition 7.2. U, is a multi-graded x-algebra in the following sense (let x denote
the formal adjoint)

Ae V" (M) = A" e V"(M),

7.26
A€ TmT(M), B e Umam2 (M) — Ao B e WItmaritrz()r). (7.26)

1284y, as left C°°(M)-modules. But this is not that important in our analysis.
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In addition, the principal symbol map ‘preserves products’:
gmitme,ritre (AB) = oM (A)O’m2’r2 (B) (7'27)

Of course, the product on the right hand side is defined via taking representatives to
form a product and then take the equivalence class again. One can check that this does
not depend on the choice of representatives.

As we will see in the proof of propagation estimates, commutators will play a very
important role in microlocal analysis. In scattering calculus, commutators has the
following property that is analogous to the classical case:

Proposition 7.3. Let A € W™ (M), B € Wi>"™(M), then [A, B] € Wi T2 bntra=t(yy)
and
0_m1+m2—1,r1+r2—1([A’ B]) — _i{o.mlﬂ‘l (A)7O.m2,7“2 (B)} (7'28)

The proof comes down to local reduction to the R™ case and use the asymptotic
expansion. The Poisson bracket on the right hand side is defined via taking represen-
tatives and compute using the definition that is almost the same as the R"-case which
we recall below. For p,a € C*°(*°T*M), {p,a} is defined via

{p,a} = Hpa, (7.29)
where H), is the Hamilton vector field uniquely determined by
dp(H') = ws.(Hp, H'), (7.30)
for any smooth vector field H' on 5¢T* M. Here ws. is the symplectic form
dx d
wse = —d(T— +p- —y)
r r (7.31)
dx dy dr  p-dy
x x x x

Of course, both of the Poisson bracket and the Hamiltonian vector field are the
same as the classical one in the interior and one can compute them in terms of local
coordinates. But notice that our contact form is *NOT* 7dx + u - dy, but there are
x-factors involved and the expression in terms of those coordinates will look different
from the classical case.

By condition solving for the undetermined coefficients, we have

Hp :an<x28x) + auP(‘ray) - (anxp +xp- a,up)a’r
— (xOyp — ) - Op.

One point we would like to emphasize here is that one can see from (7.28) that
Hamiltonian dynamics will enter naturally if one want to run arguments involving
commutators (like propagation estimates).

In fact, one can check that this Poisson bracket satisfies the Jacobi’s identity and
makes C*°(*°T*M) a Lie algebra. On the other hand [-, -] also makes Uy, a Lie algebra.
Then (7.28)) says that the principal symbol map (modulo the i-factor) preserves those
structures on the top level. Of course, one would like to ask can we preserve this

completely precisely? The answer is no, even in a much more limited setting. This is
the Groenewold’s theorem:

(7.32)
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Theorem 7.1. On R", as long as S C C*°(T*R") includes symbols that is polynomial
in positions and frequencies, then there is no quantization map @ : S — W(R"™) such

that Q(x;) = x;, Q(§;) = Dy, and:
—iQ({f,g}) = [Q(f), Q(g)]. (7.33)

A sketch of the proof is as following: the condition for polynomials of first two orders
determines it have to be the Weyl quantization, at least restricted to polynomials up
to order three. And then the quantized version of (x1,&; stands for the first component
of position and frequency respectively)

1 1
will lead to contradiction. See [9, Section 13.4] for details.

7.4. Sobolev spaces, mapping properties. Recall we have the Schwartz function
class on M defined by
S(M) = [ =N e (), (7.34)
NeN
and it is equipped with the Fréchet topology induced by this intersection (for example:
SUD(3.4)€6(U) ].'L"*Nag’yu| for a fixed set of charts (U, ¢) forming an finite open cover of

Then we denote S'(M) to be the dual space of it (continuous linear functionals on
it). It is called the space of tempered distributions on M.

The metric (7.16|) gives a volume form |g§f}{\ and this defines L2.(M). Concretely,
let x; be a partition subordinate to coordinate charts {(U;, ¢;)} consists of finitely U;
and we define

lallzzany = (3 / xiulz, y)Pldv]) /2 (7.35)

for u € S(M). Here |dv| is |%| if we are near the boundary and if some of U; is
completely away from dM and have coordinate system z = (z1, .., 2z, ), then we just use
|dz|. One can verify that this is a norm and L2,(M) is defined to be the completion of
S(M) with respect to this norm.

Let {(U;, ¢i,xi)} be as above, and set

1k 1/2
loll oy = (367 ) ) 2 (7.36)

for u € S(M), and again set Hg." to be the completion of S(M) with respect to this
norm. This is a Hilbert space with the inner product defined by

(u,0) =Y (Ai(¢; ) (xiw), A8 (xiv)), (7.37)
i
where A; is a invertible elliptic operator in Ws.(R") and (,-) is the L2-pairing with
respect to |dz| or ]jﬁ%] as above, depending on we are near the boundary or not.
__The boundedness of Wy .-operators on Sobolev spaces are proved by reducing to the
R case and the residual part with S(M x M) kernel is easy to deal with. We only list

results below for the convenience of reference afterwards.
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Proposition 7.4. Let A € V' (M), then for any s,l € R, A is a continuous map
from HEL (M) to HE ™" (M):

HAUHHSSC—m,lfT ) S CHUHH:C,Z, (738)

(M

where the constant C may depend on A,m,r,s,l and choices we made in the definition
of norms.

As aforementioned, A € Wge'" (M) is elliptic if and only if there is a B € U™ (M)
such that

AB —1d, BA—1d € U_>">(M). (7.39)
And this yields the elliptic estimate:

Proposition 7.5. Suppose A € W' (M) is elliptic, then (7.38)) can almost be reversed
with an error term:

||u||Hssc,z < C’(HAuHHss;m,zfr(M) + HUHHS—CN,—N). (7.40)
Here N € R is arbitrary, but the useful case is when N is large: —N < s,1.

Finally, we briefly introduce the scattering the wavefront sets for distributions and
operators. Let A € WIX" (M), then WF (A) is the subset in d(*T M) that captures
locations and frequencies where A is non-trivial, where trivial means acting with integral
kernel that is a Schwartz function. Concretely, let a be the full symbol of A (potentially
modulo a V™" *-term, according to our definition of the operator class) using the
quantization , then for ¢ € (T M), we say that ¢ ¢ WFL.(A) if there exists
X € C®(T"M) such that x(¢) = 1 and ya € S °°(M), which is the space of
Schwartz functions on ¢T" M. This is equivalent to that there is a QQ € \Ilgéo that is
elliptic at ¢ such that QA € U™~ °°, which means A is acting with an integral kernel
that is a Schwartz function microlocally at ¢

For u € &'(M), the scattering wavefront set of order s,l, denoted by WF2!(u) is
the subset of &(*T" M) that captures locations and frequencies where v fails (to have
enough regularity of decay) to lie in Hs' (M). Let g € O(5T" M), we say q ¢ WES (u)
if there is a Q € 020 that is elliptic at g such that Qu € HS&Z(M). One can also take
union over those finite order wavefront sets to form a set that measure where u fails
trivial (i.e., being Schwartz):

WF(u) = | ) WF (u).
s,leN

7.5. Generalization to vector bundles. The scattering algebra and pseudodiffer-
ential algebras constructed in previous chapters extends to operators between sections
of vector bundles naturally. We describe this process very briefly for the scattering
algebra as given in [17, Section 3], and this transplant to other algebras in a verbatim
manner. The major motivation (for the author) of this generalization is the application
to systems of PDEs and geometric rigidity theory.

Let g : E — M and 7p : I — M be two vector bundles over M of rank rg and rg
respectively, either complex or real. We define the space of scattering pseudodifferential
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operators from E to F' with differential order m and decay order | as
UM E, F) :== C®(X; Hom(E, F)) @ U™ (M), (7.41)

where the tensor product is over C*°(M), viewing C*°(X;Hom(E,F)) as a right
C>(M)—module and Wi (M) as a left C°°(M)—module. Equivalently, an element in
UM E, F) is a matrix with entries in W2 (M). Suppose e1, wwerp and f1, ., frp
are local frames of E and F' over an open set O respectively, then for any K € U, we
have P;; € \IIQZL’Z(M), 1<j<rg1<i<rpsuch that

P> ojej) =Y Pyl fi, (7.42)
=1 ij

where ¢; € C2°(0) and suppp; C K. We transposed the matrix interpretation com-
pared with notations in |17] to make it more compatible with basic linear algebra.

The space of corresponding symbols, denoted by Sev ’Z(M ; £, F) is the space of rp X
rg matrices with entries in SQS’Z(M ), and the quantization map sending a symbol to
\Iig'gl(M ; £, F) is applying the quantization map in the scalar case componentwise. The
ellipticity

The Sobolev spaces Hg' (M; E) is defined using a partition of unity, a local trivial-
ization of F/, and a scattering connection V¢, which gives the notion of differentiating
sections of E along scattering vector fields, i.e., sending sections of E to sections of
E satisfying conditions for connections on vector bundles, but with V(M) replaced by
Vse(M). For a positive integer s, H3.(M; E) is defined to be the space of sections of
FE such that it up to s—order derivatives using V¢ and scattering vector fields are
square integrable. Here we assume there is a fixed Hermitian inner product (and hence
volume form) on E to define the integration. For general s € R, we define for s > 0 by
interpolation, and then use duality to define the s < 0 case. The weighted case is done
by multiplying " componentwise, where x is the boundary defining function of M.

The concept of the adjoint operator requires us to fix a density €2, and define A* of
V(M E, F) as an element in WIr'(M; F* ® Q, E* ® Q) using the equation of pairing

(Au,v) = (u, A*v), (7.43)
where u, v are sections of E and F* ® () respectively. a € S;Z’Z(M; E, F) is said to be el-
liptic at (z, (s) if on a conic neighborhood of this point there exists b € S_Cm’_l(M; F,E)
such that boa —Idg € See" ' (M; E,E) and aob—Idp € Se"" *(M; F, F). Then the

principal symbol the mapping properties, elliptic estimates, wavefront sets are similar
to the scalar case.

7.6. Problems.

Problem 7.1. Check the claim we made in Section when M = R", 9, will
be equivalent (in the sense that linear transformations between them have uniformly
bounded coefficients on both directions) to 229, xdy,.

Problem 7.2. Check the claim that a scattering metric as in ((7.16]) gives a metric on
SCT'M and it is complete. Can we do something similar to ¢T*M?
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Problem 7.3. In Section we claimed that taking V(M) as local sections uniquely
determines a vector bundle. Verify this. (Hint: For any p € M, let Z, C C*°(M) be
the ideal of smooth functions vanishing at p, then define the fiber

ST M = Vs (M) /I, - Vse(M).

Then verify that this gives a vector bundle. Maybe think about what is C*°(M)/Z,
first.)

Problem 7.4. Verify the equivalence of two definitions of the ellipticity given in Sec-
tion

Problem 7.5. Derive ((7.32).

Problem 7.6. In terms of the quantization map in (7.17)), verify: Op(1) = Id. And
this quantization map is almost surjective: Ui’ (M) = Op(Ssc” (M) + W™ °(M).

8. LECTURE &: APPLICATIONS TO INVERSE PROBLEMS

In this part we will discuss some application of the scattering calculus to inverse
problems. In particular, we will discuss the result of Uhlmann and Vasy (with an
Appendix by Zhou) [20], but with a slightly different proof, which is more similar to
the presentation in later papers [19] [25] [14] [24]. But we avoid introducing a quasi-
homogeneous semiclassical calculus, which is used in some of those referred papers.

We can’t offer a thorough literature review, but only refer to [19, Section 1] [21].

8.1. The X-ray transform. Let (X,g) be a Riemannian manifold with boundary.
The geodesic X-ray transform is a generalization of the Radon transform, and the
inverse problem on it can be formulated as follows: On a Riemannian manifold (X, g),
the information we have are integrals like

(I f)(2() = / vt (8.1)

o

where v is a geodesic segment in a neighborhood O, of a fixed point p € 0X. Here 0
stands for viewing f as a tensor of rank 0. And the general case is defined via taking
the integrand to be f(y(t))(¥(t),...,¥(t)) when f is a tensor field.

In this part, we consider the local geodesic ray transform with weights in dimension
at least 3. ‘Local’ means that the geodesic segment we integrate over lies in O, and has
endpoints on 90X, see Section for the more detailed definition. We show that we
can recover the restriction of the function f to O, which amounts to the injectivity of
Iy, by proving an estimate which uses the Sobolev norm of Ipf (viewed as a function
on the projective sphere bundle PSX) to control the Sobolev norm of f. In addition,
this estimate is stable under small perturbations of the metric g.

8.2. Notations and results.
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8.2.1. The set up. Let (X, g) be a Riemannian manifold with boundary. It is convenient
to consider a larger region containing X. So suppose X is embedded as a strictly convex
domain in a Riemannian manifold (X, g) (we have used the same notation to indicate
the smooth extension of the metric). Here convexity means when a geodesic is tangent
to 0X, it is tangent and curving away from X.

Concretely, let X be the closure of X in X and let p be the boundary defining
function of X, which means p(z) vanishes on 9X, p(z) > 0 on X, and satisfy the non-
degeneracy condition dp # 0 when p = 0. Using G to denote the dual metric function
on T* X, the convexity means that if at some 3 € Ty X\o with p € X and o being the
zero section, we have:

if (Hep)(B) = 0, then (H&p)(8) < 0. (8.2)

We will consider local geodesic transform near p in a neighborhood O, C U of pin X.
See Section for more details on O, and the meaning of local here. Recall that an
initial point and an tangent vector at this point determine a geodesic. The bundle we
use to parametrize geodesics is the projective sphere bundle, denoted by PSX, whose
fibers are R x S"~2. It parametrizes geodesics whose initial velocities has unit tangential
component, except for those ones that are normal to our foliation (corresponding to
A = +00). Those excluded geodesics are irrelevant for our purpose since our cut-off x
is restricting our analysis to those geodesics that are almost tangential to our foliation.

8.2.2. The foliation condition and the choice of the coordinate system. If we define the
region we consider to be {0 < p(z) < ¢}, the region might be non-compact (even when
¢ is small, it might be a long thin strip near the boundary). So we use a modification
of —p making the level sets less convex to enforce its intersection with X happen in a
compact region.

To this end, we introduce another boundary defining function z satisfying

di(p) = —dp(p), Z(p) =0, (8.3)

whose level sets are strictly convex from the sub-level sets {z < —T'} for a constant
T > 0, which means geodesics tangential to this region will curve away from it. This
function is used to introduce the artificial boundary, which is a level set of Z : {Z = —c}
for ¢ > 0. This level set intersects with 0.X and together with dX it encloses a small
region on which our discussion happens. This allows us to conduct analysis locally. In
terms of this new parameter ¢ > 0, the region O, is

Qe :={z€ X :%(z) > —¢,p(z) > 0}. (8.4)

We can choose & such that €. is compact for ¢ sufficiently small. Our proof for the
local result is valid for all small c.

We give an explicit construction of # here to show it exists locally (thus can be
used for our Theorem , but our result is valid for any Z satisfying conditions above.
Shrinking O,, if necessary, we can assume the neighborhood we are working on is entirely
in a local coordinate patch. We take

B(z) = —p(z) —elz —p*, 2€ 0, (8.5)

where |-| means the Euclidean norm in this coordinate patch, and this term is introduced
to enforce the region characterized by Z to be compact. Here € > 0 is a fixed constant
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chosen before we choose ¢. For example, we can take ¢ = 1. Taking ¢ > 0 sufficiently
small, {z > —c} is compact. This is because T > —c,p > 0 implies p < C and
|z — p| < ¢/e. Since we are in a fixed coordinate patch, topologically this region is a
closed subset of a compact Euclidean ball, hence it is compact. In addition, by the
discussion in |20} Section 3.1], each ¥; with 0 < ¢ < ¢ is convex in the sense that any
geodesic tangent to it curves away from {Z < —t}.

We now turn to the convex foliation condition we need. From now on, we assume &
to be any function that satisfies and convexity condition after it. Our foliation of
the part of X near 0X is given by level sets of . That is, the family of hypersurfaces
{2, = 2 Y(=t),0 <t < T}. Here we choose T' to be a number such that desired
properties of # hold from %y up to Xp. For Theorem ., which concerns the local
injectivity, we only use the part of the foliation with ¢ < ¢. While for the Corollary,
which concerns the global result, we use the entire foliation up to £ = —7T. By our
choice of ¢, we may take T' = c¢. Taking T larger will make the region on which our
result holds larger. In fact, one may apply a layer stripping method to obtain injectivity
result up to . When T > ¢, we may take 3. as the ‘new boundary’ and apply our
Theorem [8.1] and then repeat. For more details of the layer stripping method, see the
discussion after [20, Corollary].

Finally, the coordinate system we use is

(:'U?y?g’n)’ (8-6)

where & = Z + ¢, and y is the coordinate on ¥, which are line segments in our context.
&, n are fiber variables dual to x, y respectively in the scattering cotangent bundle *“T™*X
(i.e., we are writing covectors as i—% + n%).

We emphasize that introducing X and the artificial boundary {Z = —c} brings us
convenience in this framework, allowing us to restrict our analysis in to this local region
and use the scattering pseudodifferential calculus.

8.2.3. The local geodesic ray transform. Geodesics below are with respect to the metric
g. Recalling , we replace & by * = T + ¢, so that x itself becomes the defining
function of the artificial boundary. In an open set O C X, for a geodesic segment
v C O, we call it O-local geodesic if its endpoints are on X N O, and all geodesic
segments we consider below are assumed to be O,—local with O, as in the
previous part.

As we mentioned in the introduction, the local geodesic ray transform of a function

f is defined by:
Iof(s / fly

where s € PSX, ~(:) is the geodesic determined by s. So our geodesic ray transform
is a function on PSX.

8.2.4. The main result. We use exponentially weighted Sobolev spaces: Hp(Op) :=

s H5(O (Op) ={f € H} .(Op) : e_gf € H?(O,)}, where the additional subscript F' is a
positive constant, which indicates the exponential conjugation.

For exponentially weighted Sobolev spaces on other manifolds, we use the same
notation with O, replaced by that manifold. Furthermore, PSX|o, is the restriction
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of the projective sphere bundle to O,. With all these preparations, the main theorem
is:

Theorem 8.1. For p € 0X, with & as above, we can choose Op = { > —c} N X, so
that the local geodesic transform is injective on H*(O,), s > 0. More precisely, there
exists C > 0 such that for all f € Hp(Op),

Al mg0,) < CllHoflas+1(Psx)o,)- (8.7)

_ In the corollary below, X, >, are defined as above, and in addition we assume that
X is compact.

Corollary 8.1. If the convex foliation construction {;} is valid up to {& = —T}
and Kr := X\ Uselo,) Y, has measure zero, the global geodesic X-ray transform is
injective on L*(X). If Kt has empty interior, the global geodesic transform is injective
on Hp(0p)(X) for s > 5.

Remark 8.1. We added ‘global’ because the function are not restricted to O, anymore.
In addition, our result is stable since all the conditions we need in the proof are also
satisfied by small perturbations of g, and the constant C in can be made uniform
for small perturbations of g, hence the same result holds for small metric perturbations.

Proof. Assuming the theorem holds, we prove the corollary. For nonzero f € L?(X)
and K7 has measure zero case, suppf has non-zero measure by the definition of L?(X).
Consider 7 := infgppr(—2). If 7 > T, then suppf C Kp, which has measure zero,
contradiction. So 7 < T and by definition f = 0 on X; with ¢ < 7. By the definition
of 7, closedness of suppf and compactness of X, we know there exists ¢ € £, Nsuppf.
However, consider the manifold given by {Z < —7}, to which we can apply our theorem.
Since we have local injectivity near ¢, we conclude that ¢ has a neighborhood disjoint
with suppf, contradiction.

If fe H(X),s > %, f #0, then f is continuous by the Sobolev embedding theorem
and consequently suppf has non-empty interior since .Then apply local result to a fixed
point in suppf gives the contradiction. O

8.3. Why scattering calculus? We briefly explain why we need to use the scattering
calculus instead of Kohn-Nirenberg or Hérmander type calculus (or Boutet de Monvel
type, if one want to run parametrix for this manifold with boundary) here. Before the
result of Uhlmann and Vasy [20], Stefanov and Uhlmann [18] have already shown that
the normal operator we define below (without the cutoff) is an elliptic pseudodifferential
operator.

However, if one don’t restrict to geodesics that are becoming more and more tangent
to the boundary of the local region, then the right hand side of the stability estimate
will involve Sobolev norms on a slightly larger region, since the X-ray transform and
in turn the normal operator will involve information outside this region. Consequently,
this does not give the desired invertibility.

Now if we introduce the cut-off, as we do below like x(2) with x(-) € C=°(R), then
they are not bounded to the same level as the original symbol under actions of D,
and the resulting normal operator is not a classical elliptic PsiDO as one approaches
the boundary (not the 0X, but the one introduced by localization). (Think about
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[ x(Az)d\ =z [ x(A)dX for intuition.) But they are bounded under repeated appli-
cations of D, and the normal operator lies in W..

In addition, this cone of geodesics (that is, those ones with |A\| < ) is becoming
degenerate in the standard (co)tangent bundle. However, it is of fixed size using the
scattering structure (A9, + w - 9, =~ (A\228, + w - 29,)!

Also, this localization is necessary as one will see in the proof. The smallness of the
region works like a ‘semiclassical’ parameter the finally allows us to remove the error
term in the elliptic estimate.

Of course, one can choose other scaling to restrict to geodesics tangent to the artificial
boundary. For example one can use \/z here as the defining function of the artificial
boundary and consider geodesics with |A| < /z. But that results in some pseudo-
differential algebras in which one needs to treat non-commutative (operator-valued)
boundary symbols. See [20, Remark 3.4].

8.4. The pseudodifferential property and ellipticity of the normal operator.
In this section we prove the pseudodifferential property and ellipticity of the expo-
nentially conjugated microlocalized normal operator. The exponential conjugation is
needed because although the Schwartz kernel of the normal operator A = L o I (see

definitions of L, Iy below) behaves well when X = x;?”, Y = @/T_y are bounded, it is not
so when (X,Y) — oo. This conjugation gives additional exponential decay to resolve
this issue.

Using the notation (z,v) = (x,y, \,w) € PSX, we define the modified adjoint oper-

ator of Iy as

(Lv)(z) == :L“_2/X(i,y)v('yxvy%w)d)\dw,

where v, 4 ) (t) is the geodesic starting at (z,y) with initial tangent vector (\,w). x is
smooth and compactly supported in the first variable, with x(0,y) = 1 and the size of
its support is uniformly bounded. All derivatives with respect to y are also uniformly
bounded. v is a function defined on the space of Op,—local geodesic segments, whose
prototype is the geodesic ray transform

o) = hf(2) = [ fo)at
v
in which f(v(t)) can be replaced by higher order tensors, coupling with +(¢) in all of
its slots in more general situations. By the compactness of €. discussed after
and |(\,w)| > 1 and the convexity assumption we made, below (see also [24,
Lemma 3.1]) shows that there exits a uniform bound T}, of the escape time of O,. Thus
we assume |t| < T, in arguments below. Iy is the original geodesic ray transform oper-
ator and L is its adjoint if we ignore y and assume fast decay conditions on integrands.
So their composition is the model of the normal operator.
We define the conjugated normal operator Ap as

Ap = e FI7L o Ihel*,

By the definition of L and Iy, we know Ap acts by

. By F = A
AFf(Z) = 2/6 ‘ z(wz’y’)\’w())X(57y)f('Yx,y,/\,w(t))dt‘dVL (88)



52 ANDREW HASSELL, QIUYE JIA, AND ETHAN SUSSMAN

with |dv| = |[dAdw| being a smooth density. B
Recall the parameter ¢ in the definition O, = {Z > —c} N X and we only concern
the region 0 <z =T + ¢ < ¢, we have:

Theorem 8.2. Ap € V.Y for F > 0. In addition, if we choose x € C>(R) appro-
priately with x > 0,x(0) = 1, its principal symbol, including the boundary symbol, is
elliptic.

Proof. For the original derivation of the decay property of Ap’s Schwartz kernel and
consequently the membership Ap € \IIS_CI’O, we refer readers to [20, Section 3.5]. And
see |18, Section 5] for the interior of the region.
In this lecture, we use the following quantization formula:
_ pz—z’ | y—y dz'dy/
aua)ute.y) = 20" [ ST oty o) dsdn. (89

which is more convenient to evaluate in the current setting and does not differ from
(7.9) on the principal symbol level, to compute the principal symbol. And this does not
affect the conclusion about pseudodifferential property as well. The Schwartz kernel of
Ap is given by:

K (7)) = (2m)2 / e ap(z, C)de,

where ap is the left symbol of Ar. From the definition of Ap, we know
F F

B, F A
Kap(e,2)) = / ¢ T e (2 )6~ Yngaa(D))
X

dt|dv|
= (2m)" /eI;+I(Wz,yi,w<t))x_2x()\7y)e_igl'(zl_'Yx,y,A,w(t))
x
dt|dv||d(’|.

Taking inverse Fourier transform in 2’ and then evaluate at ¢, which turns out to be a
factor dp(¢ — ¢’), we know:

ap(z,¢) =(2m) e *CF L Kap(z,2)

2'=¢
dt|dv|.
Suppose we use the coordinate in the scattering cotangent vectors: ¢ = i—% + n% and
use the coordinate v, w(t) = (79(02,)\7w(t), 'yi?;,)w(t)), the expression above becomes
A

)
xT

F

_E,___F
CLF(Z,C) _/6 T z(vw,y)\yw(t))x—ZX(

Next we investigate the phase function of this oscillatory integral and then apply the
stationary phase lemma. We denote components of v, ,(t) (recall v = (A, w)) and its
derivatives by

y)ei(x%ag)'(%(:;,A,w(t)—:vﬁfz,,A,w(t)—y)dt’dy‘. (8.10)

'Vm,y,)\,w(o) z, y)a /yas,y,)\,w(o) = ()\,w),

—
8.11
S yn(t) = 205 A, 1), Bz, g, A, ), (8.11)
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where «, 8 are defined by by this equation and are smooth with respect to their vari-
ables. In addition, « is a quadratic form in w, and it is strictly positive definition in w
for small enough x, A, t, which means being close to the starting point at the boundary,
by our convexity condition.

Since ;. w starting at (x,y) with initial velocity (A, w), there exists smooth func-
tions M, T'® guch that

’Yx,y,)\7w(t) = (1‘ + At + atQ + F(l) (l’, Y, )\7 W, t)tga Y+ wt + F(Q) (33‘, Y, )\a w, t)t2)7

where we only expand the second component to the first order and have included the
B—term in the definition of T'®). Then we make the change of variables

~ ot A

t=—, A=-—.

x x

By the support condition of x, the integrand is none-zero when \is in a compact
interval. However, the bound on # is |f| < %, which is not uniformly bounded, we
amend this by treating it in two regions separately. Using these new variables, we
rewrite our phase as

o= {(;\f + af? + xf?’I‘(l)(w, Y, T\, w, xt)) + n(wt + 221 (z,y, T\, W, xt)).

The damping factor coming from exponential conjugation is

F, F
RN

- = — PO\t + at? + 3T (2, y, 2\, w, xf))
v ryac,y,)\,w

X (.CU(QL‘ + At + Oét2 + t3r(1)($7 Y, JI}\,U), xf)))_l
=— F(j\f—l- at? + fga:f(l)(x, v, T\, W, xt)),

where I'™ is introduced when we first express 79(01; \w(t) by variables ¢, A, and then
invoke our change of variables, then collect the rélflziining terms, which is a smooth
function of these normalized variables. So this amplitude is Schwartz in ¢, hence we
take a constant ¢, > 0 and deal with regions |{| > ¢ and |{| < ¢ separately. In our
later argument, we will take ¢, small to enforce ¢ = 0 holds for critical points.

To see the peudodifferential property, we analyze the damping factor by analyzing
the structure of geodesics. By the convexisty condition we assumed, there exists
a Ao > 0 and C > 0 such that for all A < A9, we have (whenever 7, , 1 .,(t) is defined):

P W) > @+ A+ O, (8.12)

Then by the same computation above, and notice that zt® = ¢ x £2, which is < 2 if we
select ¢o to be small so that the uniform upper bound of ¢ is small, we know that this
phase is O(e*Ctz) for large £ with some C' > 0. In particular, those stationary phase
results for compact intervals applies here as well.

We left the proof of those geometric facts in Exercse They were proven in [24,
Lemma 3.1].

To summarize, after substituting ¢ and the damping factor above into , it is
not hard to see, for finite (£,7n) that it remain bounded under repeated application of
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x0, and 0y. And indeed, the x(\/xz)-factor tell us that we might lose control if we
consider the classical pseudodifferential algebra with respect to (z, y)E| here.

In addition, the Gaussian in # decay allows the stationary phase argument below to go
up to arbitrary many terms, and this also shows the symbolic behaviour as (£,1) — oo.
See Problem [R.4]

Before considering the critical points of the phase for small x > 0, which is what we
finally need, we first consider the critical points of the phase at x = 0. This helps us
to get rid of those ') _terms and simplifies the process to solve the equation for the
critical points.

When z = 0, the phase becomes

EE+ at?) +in - w.
When |f| > ¢, the derivative with respect to A vanishes only when &€ = 0. Since our
analysis on the ellipticity is happening away from the zero section, thus & = 0 implies
|n| 2 1. Then we consider the w-derivative to see that there is no critical points here.
So the region |f| > ¢ gives rapid decay contribution when x = 0.

The case x > 0 can be dealt with the same method, but with more complicated
computation. Notice that, a,T'® take \ = l‘j\,t = zt as variables, and produces an
extra x factor when we take partial derivatives with respect to 5\,tA. Concretely, the
derivative with respect to A is:

g?\b = Ef(l + $fa)\01 + 1'2520,\F(1)) + 17$27523)\F(2)

= 55(1 + t@,\a + t26,\F(1)) + nt28,\F(2).

Recall that [t| < T, and we can choose Ty to be small by shrinking O,. Thus when
both |£| > C|n| and |£| > € hold, &£ is non-zero and is going to dominate other terms,
SO gf can not vanish and there is no critical point in this case.

In fact, expression for g‘j{ above shows that we have to have &/f < 1 at critical points

In]
(if we still only consider |t| > €;). Then we decompose w according to the direction of

7 to write

n-w=|nwl, w=wl+wt. (8.13)
Then we have
b= yn\(é’(XH of?) + iwl).

Setting the ¢-derivative to 0 and recall %f < 1, we know |wll| < 1 and it is a valid

coordinate component for w. Finally taking w!-derivative gives £ = 0, contradiction (or
come to the next case).

Next we consider the region |f| < €;, whose closure is compact, and consequently we
can apply the stationary phase lemma. The same as before, we consider the condition
that the derivative with respect to X and f vanish. First consider the z = 0, in which
case the expression can be significantly simplified:

£t =0, 55\+77-w:0.

13Be careful here! We would be at “finite place’ if we use the classical pseudodifferential algebra.
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Repeating the argument before, we have the condition for critical points:
t=0, 55\+77-w:0.

Further, since the €; in arguments above is arbitrary, we know that the condition = 0
holds for any critical point including the x # 0 case. The second condition can be
derived if we notice that (for general x):

9¢

§=(€X+n-w)+0(f),

where the O(#) term vanishes when £ = 0, and can be computed explicitly:
(26 + 220 )i + (32eTW + 229,0P)i2 + 229,03,

So those two conditions for stationary points extends to the x # 0 case. In order to
apply those conditions of critical points of the phase, we first rewrite (8.10)) as:

F F .
ap(z,¢) = / ¢ T ® 2y ( ;)ezg%,g)~<v§;;,k,w(t)—m,v;?;,A,w(t>—y> dt|dv|
:/eF(j\f+af2+f3xf‘(1)(x,y,xj\,w,:pf))x(j\) (814)
G ENHa? + 832l (,y,2 w,2h)) +n(witat T3 (2,23 0,20)) 3745 dw.

An alternative, in fact better way is to use the notation 6§ = (S\,w) and apply the
stationary phase lemma with respect to £, § to compute the leading part as |(£,7)| — oo.
We decompose 6 according to directions parallel to and orthogonal to (£, 7) and denote
projections of @ by 6!l 0+ respectively. Then the critical set is given by ¢ = 0,6/l = 0.
(Of course, one needs to bound error terms as above to say that this indeed is the only
cirtical set.) So the leading part, up to a constant factor, is

€l [ xoh).w(o)ip (8.15)

where the |(£,7)|7! comes from the square root of the determinant of the Hessian of
the phase in the stationary phase lemma and A(01),w(6+) indicates that this critical
set is parametrized by 61 and thus other variables are functions of it. Now if we choose
x > 0 with x(0,y) = 1, then this indeed gives an elliptic (in the differential sense)
symbol.

Next we turn to show boundary part of the principal symbol of Ag is also elliptic
(when the fiber variables are finite). Evaluating at x = 0, the boundary principal
symbol of Ap is

ar(0,y,¢) = / e FOFaR) (3, )l C X 1) g\ .

Now a(:):,y,ac;\,w) = a(0,9,0,w) := a(y,w), which is a positive quadratic form in w,
hence changing the sign of w does not change its value. Now an observation is that we
can allow x to depend on y and denote it by x(s,y). We choose them to be a Gaussian
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density first, then we use approxnnatlon argument to obtain one that has compact

support in s. We choose x(s,y) =e 2@“«') , then we have:
/ e~ F(itai?) | (3)ieGi+al)twnd) i3 g

— /(/ efFj\ffFQ—’SJriﬁj\fdj\)efFaEQJriw-anriéandt“dw

. LR . . e aFt2 _cof2_ a 2.2
The integral in \ is a Fourier transform of Gaussian density, it is 4/ 2”?0‘6 PR i
Thus we need to compute:

/e o5 (F24-£2) 8 +iw- ntdt
which is again a Gaussian type integral, and it equals to a constant multiple of
\/f (F2 4+ ¢%)~ e @i—(:%
which is even in 7. Finally, with a constant factor C, we have:

F (w2
r(0,y,() = C/ \/ F2+§ e 224 FHa(yw) duw. (8.16)
Sn 2

When z = 0, this equation shows that a F(O, y, ¢) is lower bounded by a positive constant

when the fiber variables are uniformly bounded. In fact, a more detailed decomposition

in w also gives lower bound as [(£,7)] — oo. The only potential issue to make it not

lower bounded is when |w - 75| > |£]> > F?. But one can look at the part on S"~2
(€2 +F2)1/2

that is perpendicular to n with radius ~ TR This part is roughly a small
. . . 2 2\1/2 _ F(wn)?
interval times S"~3 and will have volume ~ (\§|4+|) and the factor e 2€%+F3a(y,w)

is uniformly lower bounded here. So the integral is = 1 even as |(§,7n)| — oo, which is
how it should be, according to the previous part about ellipticity near fiber infinity.

Notice that the constants in are uniformly bounded for all choices of small
¢, thus we can choose ¢ small and it will be lower bounded by a positive constant for
0 <z < ¢ by continuity (which is uniform in terms of choices of ¢).

Now we amend the compact support issue. Let x be a Gaussian as above, which
generates an elliptic operator, then we pick a sequence x,, € C°(R) converges toy in
the Schwartz function space S(R). Then we can obtain the convergence of x, to Y
in Schwartz function space. This gives us the convergence of X —Forier transform in
S(R). The Y —Fourier transform step is also continuous with respect to the topology
of S(R). In particular, we obtain the convergence of |(|a, r(z, (), the symbol obtained
from x,, in the C? topology, which is enough to derive an elliptic type estimate for x,
with large enough n. O

8.5. The proof of the main theorem. Fix ¢y small and apply results in previous
sections to €, estimates above are uniform with respect to ¢ € (0, ¢p]. We let ¢ vary
and take b € C(X) such that 2 < b(c) on Q.. For €., denote Ap in Section
constructed for €, by B.. By Proposition By the ellipticity of B. we have its
parametrix G, such that G.B. = Id 4+ Eo., Eo. € U™ (X).
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Consider the map V.(Z,y) = (T + ¢,y), and let
A, = (U Y)'BYY E, = (9,1 (Eo.)Vr. (8.17)

This conjugation is introduced to make this family of operators to be defined on a fixed
region My := {Z > 0}. We have an estimate of the error term in terms of f. To be more
precise, we consider the Schwartz kernel K, of E., which satisfies le =N’ NK 5| <
Cy on .. Then we insert a truncation factor ¢. compactly supported in €., and
being identically 1 on smaller compact set K., such that |¢p.(z,y)dc(2', v )Kg,| <
Ch eV (2/)"FL for all N. The (n + 1)-power factors are introduced to deal with
the scattering density. Then we apply Schur’s lemma on the integral operator bound
(together with the aforementioned N — th power estimate) to conclude that

||¢c c¢c||L2 ' (Mo)— L2, (Mo) < C” 2N (8.18)

In particular, we can take ¢y so that this norm < 1 when ¢ € (0,¢y]. Since those
conjugations are invertible, this guarantees that ¢.G.B.¢p. = Id + ¢ Ep@. is invertible.
So for the functions supported on K., B is injective. K. can be arbitrary compact
subset of 2. for arguments up to now. Support conditions are encoded by subscripts
below. For example, Hs (M,)r, is the space consists of those functions in He" (MC)
which have support in K.. Define M, := {Z +¢ > 0} and K. := M.N{p > 0} =

K, is compact by our choice of Z. We have

HUHH;;’”(MC)KC < CHBCUHHSHW(]\?[C)-
If we recover this expression to A, this is (with f = e v):
AL e er iy < ClAA 2

We can get rid of the r—indices with the cost of increasing the power of left hand
side to e+~ . That is:

(MC)KC Hssjl’TJrI(MC)‘

1L 258 i < CNATL 2

Finally we consider the boundedness of operators involved. We consider the decompo-

sition A = L o Iy, and show that L is bounded. In order to prove this, we decompose
L into L = My oIl o My, with My, 11, M; being

My :H*([0,+00)e x Ry x Ry x SE72) = H*([0,+00), x Ry x Ry x SE72),
. A
(Mlu)(x,y, )\70.)) = X(E?y)u(ajayv)‘7w)7

I ([0, +00)s x RY1 x Ry) = H*([0, +00), x R'Y),  (Iu)(z,y) = / w(, A 1)d,
R

Hs+1(M )

My :H*([0,400); x R — o~ TV H3([0, 400), x RETY), (Mo f)(z,y) = 2D f(z,y).

Consider the boundedness of M; when s € N first. The general case follows from
interpolation. Consider derivatives of z* X(%, y)u(z,y, A\,w) up to order s. Each order
of differentiation on x gives an ! factor, which is canceled by x* and the remaining
part belongs to L? by smoothness of y and u € H*. M, is bounded by the definition
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of the space on the right hand side. The operator II is a pushforward map, integrating
over |A| < C|z| (notice the support condition after we apply M;), hence bounded via
Minkowski inequality.

On the other hand, Iy itself is a bounded operator. This comes from the decomposi-
tion Iy = IT o ®*, where ® is the geodesic coordinate representation ®(z,v,t) = v, (t)
and II is integrating against ¢, which is bounded as a pushforward map. Because the
initial vector always has length 1 on the tangent component, the travel time is uni-
formly bounded. @ is one component of I' and the later is a diffeomorphism when we
shrink the region. So ® has surjective differential, hence the pull back is bounded.
Consequently Iy is bounded.

The boundedness of L gives us an estimate

1471

£ gy < Clllofllae+ipsx g )

where we require f to have supported in K., and used the fact Ry x S*~2 parametrizes
S*~1 apart from two poles, and this completes the proof.

8.6. Problems.
Problem 8.1. Verify that & given by (8.5)) has properties we want.

Problem 8.2. What is the expression of the damping factor introduced by the conju-
gation in terms of X = £=%7? Why this is good for us?

rxr

Problem 8.3. Prove (8.12)), and verify the claim about the uniform upper bound of ¢.

Problem 8.4. Prove that ar in (8.10) is indeed symbolic with respect to scattering
frequencies (¢,7n). (Hint: Fix the order of derivatives you want to deal with, then
perform stationary expansion up to some level depending on this order.)

Problem 8.5. (i)Why this proof does not work in two dimension?
(ii) What conclusion can we say in two dimension using this proof?
9. LECTURE 9: HELMHOLTZ OPERATOR
Let g be an asymptotically Euclidean metric on R”. We assume that
Gij — 51']' € S_I(Rn)

The metric Laplacian A, , given by

DS gl(x)Dxi(gij(w)\/g(:U)Dzj ), glx) = det gy (x). (9.1)

is the operator associated to the Dirichlet form

QN = [ IVusPivoltg) = | @)De D7 o) do.

That is,
Q(U) = <U, A9u>
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Let A > 0 be a spectral parameter, let V € S™!(R") be a real-valued potential function,
and let

P=A,+V(x)— N\ (9.2)
We call P a ‘Helmholtz operator’. The operator Py = A — \? is called the free, or flat,
Helmholtz operator. We study the free case first.

9.1. Free Helmholtz operator. The free Helmholtz operator Py is unitarily equiv-
alent, via the Fourier transform, to the multiplication operator |[¢]?> — A% on Rg. It is
easy to see that |£|2, as a multiplication operator, has continuous spectrum on [0, o),
and each spectral projection Ej corresponding to a nontrivial interval I has infinite
dimensional range. It follows that |£|2 — A% is not Fredholm on L2, for any X € [0, co).
We will, nevertheless, find Hilbert spaces X', ) betweeen which Py (and P) is Fredholm
(and, in fact, invertible) — see Lecture 12.

It is clear that |¢|?, as a multiplication operator, has no L? eigenfunctions. In fact
|€]2 — A2 vanishes on a set of measure zero, so if f € LQ(]R?) satisfies (|¢]2 — A\2)f =0,
then f vanishes outside a set of measure zero and is zero in LQ(R?). However, there
are certainly many generalized (non-L?) eigenfunctions, which comprise the scattering
theory of Py. In the Fourier picture, these are simply distributions on R? that vanish
when multiplied by [£|? — A2. Such distributions are the product of the delta function
0(]¢| — A) with another distribution, but one has to be careful as the product of two
distributions is not always well-defined. However, as 0(|¢| — \) is in H—Y/ 2_E(R?) for

any € > 0, we can multiply it by u € H1/2+€(RQ). This is because
(Oau, @) = (On,ud), & € S(RY), 0x = djg-n,

and u¢ is in HY/?t¢ which allows pairing with 8. One can also note that by Sobolev
trace theorems, any u € H1/2+6(R?) can be restricted to the sphere {|{| = A} as an H¢
function. Then we can take the tensor product with the § function in the transverse
direction.

Since the spectral projection onto [0,)\2} is given by multiplication by 1<y, the
spectral measure dE(\?) is given formally by §(|¢| — A\)dA. Thus, the spectral measure
maps H1/2+€(Rg) to H_I/Z_e(Rg). In terms of weighted Sobolev spaces on R}Y, we can
put any ‘spatial’ (in terms of £!) order that we like, as the behaviour near || = oo is
not relevant. Thus, the spectral measure for Py on the Fourier side maps H/2+e5 (R’g)
to H=1/2-e5' (]Rg) for any S, S’. Conjugating by the Fourier transform, we see that the
spectral measure for Py in physical space maps H5:1/2+¢ (RY) to H -1/ 2_6(R?) for any
S,S’. By abuse of notation we usually write this as Hs’l/z"“(Rg) to H“7_1/2_6(R?)
for any S. It turns out that all nontrivial generalized eigenfunctions of Py, or more
generally P, fail to lie in H°—1/2 (RZ), but there is an infinite-dimensional family that
lie in H>~1/2=¢(R?) (and many more, such as the plane waves ¢**? where |0] = 1,
that have slower decay than this). This value —1/2 of the spatial order is called a
‘threshold’ and will play a key role in the microlocal theory of scattering in Lectures
11 and 12.

Let’s consider the spectral measure dE()\?) acting on a Schwartz function f(x). On
the Fourier side, this is the Schwartz function f(£) times dy. The inverse Fourier
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transform is smooth, but non-L?, so it must have interesting behaviour as |z| — oco.
We can compute the asymptotic of the inverse Fourier transform,

(2m)™ / e FNG)ALde,
Sn—l

using the stationary phase lemma. The general stationary phase lemma says that if 8
is a large parameter and ® is a smooth function of 4 € R*~! that has a nondegerate
critical point at yo, that is, d®(yo) = 0 but its Hessian is nondegenerate, and no other
critical points on supp a where a(y) is smooth and compactly supported, then

.
(27r
g
Moreover, if there is no stationary point, then the integral is O(8~") for every N.
The intuition is that the rapidly oscillating phase gives rise to cancellations everywhere
except at a critical point. In an O(3 -1/ 2) neighbourhood of the critical point, the phase
is approximately constant and leads to a contribution at order (6‘1/ 2)(”_1), which is
the volume of a ball of radius f~1/2.
Notice that A|z| can be viewed as a large parameter multiplying the phase function
Z - 0. As a function of 6 with Z fixed, this phase function is nonstationary except at
the two points § = +2, where we can only move 6 in directions orthogonal to . To
compute the Hessian of the phase function at these critical points, as we need for the

stationary phase expansion, we assume (without loss of generality, due to the symmetry
of the sphere) that £ = (1,0,...,0). Then

Y= B o).
=2 =2 =2

The Hessian is thus —Id,—1 when # = & and Id,,_1; when § = —Z. The stationary phase
expansion then gives us

)("_1)/2| det d2q>(y0)|—1/2€i6<1>(y0)+i7rsgnd2{>(y0)/4a(y0) + O(B_(H—H)ﬂ)- (9.3)

z-0=0,=

/4 eil)\|x|f(:l:)\£.)
| (n=1)/2
(9.4)
(In fact, there is a complete expansion with the same oscillatory term eF Al and
decreasing powers of |x|.) These generalized eigenfunctions take the form of a spherical

, . 21 (n— ;
—n ix- N0 n—1 -n (n—1)/2 im(n—1
(2m) /S OO Y ~ (2m) ( \ ) %:ﬁ )

wave, e*?l with a decay rate |z|~("~1)/2 and an amplitude f’(i)\i“), up to fixed
constants depending only A and dimension. We see from this explicit expansion that,
as long as f does not vanish identically on {|¢| = A}, this function is in H°~1/2-¢(R")
for every € > 0, but not in H*~1/2(R?).

We can compute the scattering wavefront set of spherical waves e**|, by noting that
they are annihilated by D, + A and D,,;, where we use polar coordinates (r,y) and the
(y1,---,Yn—1) are angular coordinates, that is, functions of #. The scattering wavefront
set is therefore in the intersection of the characteristic varieties of these operators. We



LECTURE NOTES ON NON-ELLIPTIC FREDHOLM THEORY 61

use scattering frequency coordinates (7, p1, ..., fin—1) dual to —D,., rilDyj, consistent
with the usage in Lecture 7. The intersection of the characteristic varieties is

{lz|™* = 0,7 = FA, u=0}.

We call these sets radial sets, and denote them Ri, and Rqy. Notice that p = 0 is
equivalent to saying that & = :l:é are parallel. More on the radial sets soon.

Notice that we can also find the scattering wavefront set by first calculating the
usual wavefront set of d) times a smooth function, and then applying the action of the
Fourier transform on the scattering cotangent bundle. See exercises.

9.2. General Helmholtz operator. As a general Helmholtz operator P is not trans-
lation invariant, we cannot use the Fourier transform as with the free Helmholtz op-
erator; instead we use the scattering calculus. We note that the principal symbol of
P is elliptic at frequency infinity, and is equal to the principal symbol of Py at spatial
infinity, where it is not elliptic. Thus, Char(P) = Char(F,), and the Hamilton vector
field of P on Char(P) coincides with the Hamilton vector field of Py, which makes it
very easy to compute.

Recall that the characteristic set of Py, and hence also P, is given by the sphere || =
A over each point & at spatial infinity. That is, the chacteristic set is an (n — 1)—sphere
of radius X in each fibre of phase space lying over spatial infinity, which is itself an
(n — 1)-sphere.

Now we compute the Hamilton vector field of Py (or equivalently, P) on Char(P).
In Cartesian coordinates, (z,&), this takes the form 2¢ - 0,. This is nothing more
than straight line motion (in physical space) in the direction ¢, with speed 2\. The
coordinate ¢ does not change. We want to understand what this looks like rescaled by
a factor of |z| or equivalent rescaling, and then restricted to Char(P) at spatial infinity.
(In Lecture 5 we rescaled an operator of order (2,0) such as P by a factor |z||¢]|7?,
but we can dispense with the ¢-factor since Char(P) does not reach frequency infinity.
It is also sometimes convenient to replace the factor |z| by some other factor that is
homogeneous of degree one in x, such as x;.)

We use projective coordinates: assuming that x; is a dominant variable locally,
meaning that z1 > c|z| for some ¢ > 0, we can use p := £1/x; as a boundary defining
function for spatial infinity locally (with the sign chosen so that p, is nonnegative),
and y; = xj/x1, j > 2, as the angular coordinates. In preparation for studying the
Hamiltonian flow near the radial sets, we observe that near the radial sets, if z1 is a
dominant variable then so is &;; in particular, £&; will not vanish so we may divide by it
locally. So we may define smooth coordinates w; := &;/&;, j > 2, in a neighbourhood
of the radial sets and complete the coordinate system with p = [£]? — A2, which is
easily checked to have differential linearly independent from dw;. In the coordinates
(p,y,p,w) we can compute

o 60n = 6 (F 00, 150y,
J

pf1 Z fjaxj = iéleé)yj, (9.5)

Jj=2

= p_IHp = +& ( — p0p + (wj — yj)ﬁyj).
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We see that this vanishes at p = 0, w; = y;, which is to say, exactly when = and § are
parallel. Further changing variable from y; to v; = w; — y; we we can express this as

o7 Hy =761 (00, + Y 0, ) (9.6)
J

We see from this that the radial sets {p = 0,v = 0} are either sources or sinks of
the Hamilton vector field, depending on the sign F&;. This has the same sign as
—(sgnx)(sgn¢), which is positive on Ri, and negative on Royt. We see that Ri, is a
source, and Rout a sink, of the Hamilton flow.

Next we show that the two radial sets are the global source and sink of the Hamilton
flow. To do this we note that the two coordinate systems above (one where z; > 0, one
where 21 < 0) cover the whole of Char(P) except on the hypersurface where z1/|z| = 0,
where we must switch to a different dominant variable. We continue to assume that
&1 # 0 (as £ is constant under the flow), and assume without loss of generality that z
is a dominant variable (locally, on a particular trajectory) where 1 /|z| = 0. We switch
to the new boundary defining function p’ = 1/x?. We find then that

x x x
(Pl)_al(gj;) = Hp(z1) — ;;Hp(@) =26 — 2;;52-
This is nonzero when /x5 is close to zero, since £ # 0. Thus, the trajectory passes
from the coordinate chart where z; > 0 to the coordinate chart where z; < 0 (or vice
versa, depending on the sign of £;). We see that every trajectory converges to Ri, as
the ‘time’ parameter tends to —oo and to Ryt as the parameter tends to +oo.

There is an alternative, more geometric way of thinking about the Hamilton, or
bicharacteristic, flow. The flow in the interior of phase space is just straight line motion.
If we fix & with |{g] = A and consider all the trajectories with & = &, these form a
pencil of parallel lines with direction fo. Each such line is determined by its intersection
with the hyperplane 11y orthogonal to &. If we dilate so that this point of intersection
tends to infinity, we obtain a limiting trajectory at spatial infinity. Moreover, if we
scale the Hamilton flow by a factor of |z|, or something homogeneous of degree 1 in
x, then the flow is homogeneous of degree zero and has a limit on the spatial sphere
at infinity. It is intuitively clear that each such trajectory tends to & = —& (which
is on Rj,) as ‘time’ tends to —oo and to & = —1—50, on Rout, as it tends to +oo. Each
trajectory is half a great circle connecting these two antipodal points (we can think of
it as the intersection of a 2-plane through the origin, namely the dilation of a given line
not through the origin, with the sphere at infinity).

We can divide the phase space (more precisely, the boundary 0T*R™ of phase space)
into four disjoint sets:

e First there is the elliptic set, Ell(P). Here we understand regularity perfectly:
w is in H**t2! microlocally iff Pu is in H*! microlocally.
e Next there is
Char(P) \ (Rin U Rout),

on the characteristic variety and away from the radial sets. Here the rescaled
Hamilton vector field |z|H), is nonvanishing, and the propagation theorems
from Lecture 5 apply. That is, if Pu is microlocally in H®! on this set,
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then WFH=1(y) (or equivalently, its complement, where u is microlocally
in H**t11~1) is a union of bicharacteristics.

e Finally, we have the two radial sets Ri, and Rout. At present, we cannot
say much about the radial sets, although we have seen — at least for the
the flat model Py — that they are precisely where the wavefront set of ‘nice’
generalized eigenfunctions live, so they are clearly important! This will be the
topic of Lectures 11 and 12, where Ethan will explain that we have microlocal
propagation estimates of a more subtle kind at the radial points. In particular,
whether the spatial order is above or below the ‘threshold’ value of —1/2 governs
what sort of microlocal propagation can happen.

We can re-express the geometry of the Hamilton vector field near the radial sets in
a more analytic form, which is directly useful for positive commutator estimates. Let
us define a quadratic defining function for a submanifold S to be a function ¢ > 0 such
that S = {¢ = 0}, and ¢ vanishes to precisely second order at S. For example, if S
is given locally by the vanishing of f1,..., fi, where df; are linearly independent, then
q:=>_ f]2 is a quadratic defining function for S.

Proposition 9.1. There exists quadratic defining functions g1 for Rin and q— for Rout
with the property that

“H}%(qs) = +1q+ £ F + E + pG, (9.7)

where t > 0, ' > 0, E vanishes cubically at Rin, Rouwt and G vanishes linearly at Rin,
Rout-

Proof. The calculation above shows that, locally, we can take p? + |[v|? as a quadratic
boundary defining function and we have the required form, with £ = G = 0. Next we
glue together the local quadratic boundary defining functions to a global one. Thus let

x; be a partition of unity; we form
4+ = Z Xi9i-

Let us check that, if g; all satisfy the required form, then so does g+. We take the +
sign for definiteness. Then

SCH;%O(qu) — ZXZ,SCHI%,O(%) + QiSCH;%O(Xi)-

(2

We take ¢« = min; ¢;; then the first term XZ-SCH,? ’O(qi) satisfies the required condition with
a positive ¢, and an additional leftover positive part F' if the ¢; are not all equal. For the
second term, notice that SCHS’O(XZ-) vanishes at Ri, since SCH]E’O itself vanishes there.
Thus, this term vanishes cubically at Ri,, so contributes to the FE term. (In this case
we do not require a G term, but for more general operators we may have such a term,
and it is an ‘acceptable’ term for the purpose of positive commutator estimates.) [

9.3. Exercises.

Problem 9.1. Find the usual wavefront set of §(|{| —\) (&), where f is smooth. Then
apply the mapping properties of the Fourier transform on the scattering wavefront set
to deduce the scattering wavefront set of generalized eigenfunctions as in . Do the
same for a delta function at one point d¢, where |{| = A.
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A~

Problem 9.2. (i) Consider the tensor product u = §(|¢] — \) ® f(&), where f is
a distribution on the (n — 1)-sphere. Show that if f € H*(S"!) for s > 0, then
u € Hil/Q*G(R?), but if f € H*(S" 1) for s < 0, then we can only say that u €
H~1/2=¢ts(R") (for general f). Interpret these results in terms of the Fourier transform
of u, which is a solution to the free Helmholtz equation.

(i) Suppose that f € H®(S™!) for s > 0. Show that if (£, %) is in the cosphere
bundle of R¢ and |¢| = A, and in addition if & is not parallel to £, then u is microlocally

in H5~1/2 near (¢,%). This result improves on that in part (i) except for the points
where  is parallel to &. Interpret the condition that & is parallel to £ in terms of the
radial sets of the Helmholtz equation.

Problem 9.3. Compute the Hamilton vector field SCHI}’O where p = & is the symbol
of D,, € W'(R™), on the boundary of T*R™. Find the ‘radial sets’ (that is, where
the rescaled Hamilton vector field * 1} 0 vanishes on the boundary of T*R"), and show

that they have a source/sink structure similar to the Helmholtz operator.

Problem 9.4. Consider geodesic flow on the sphere bundle M of a hyperbolic manifold.
Locally it is a piece of the sphere bundle of the hyperbolic plane. We can use the upper
half plane model of the hyperbolic plane, and use coordinates x,y for the hyperbolic
plane itself, and 6 for the sphere direction (6 can be taken to be the angle between the
vector and 0y, say). In these coordinates, the generator of geodesic flow takes the form

P = —ysin0D, + ycos 0D, + sin 0 Dy. (9.8)

We let consider the induced Hamilton flow on T M.
(i) Using the coordinates (z,y,6) and their dual coordinates, (§,7n,w), we have

h:=o(P) = —ysinf¢ + y cos On + sin fw.
We also define dynamical variables

u=ycos B¢+ ysinfn + (1 — cosf)w (9.9)
s =ycosb¢ + ysinfn — (1 + cos O)w. (9.10)

(Remark: s and u are the generators of forward and backward horocycle flow, re-
spectively. Also, s and w are linear coordinates on the stable and unstable bundles,
respectively, with respect to the geodesic flow, which is hyperbolic in the dynamical
sense.) Show that the Hamilton flow in coordinates x,y, 6, h, s, u is given by

—ysin 00, + y cos 00, + sin 00y + ud, — s0;.

In particular, the flow decouples into the original flow on M in the (z,y, ) variables,
and a simple flow in (u, s) variables.

(ii) Find two sets in the boundary of phase space (we only have the boundary at
fibre-infinity here since we are working on a compact manifold) such that one is a
source, and the other a sink, for the Hamilton flow. Remark: the situation is a little
different from the case of the Helmholtz operator, as here the vector field does not
vanish on the two sets, but is rather tangent to the sets.
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10. LECTURE 10: VARIABLE ORDER OPERATORS AND SPACES

We need one more technical ingredient in order to realize the Helmholtz operator as
a Fredholm operator, and that is variable order Sobolev spaces. As we only require the
spatial order to be variable (as Char(P) is contained in the spatial boundary), we only
treat this case below.

10.1. Variable order symbols and operators. We start by defining variable order
symbols. Let | denote a variable order, which by definition is a smooth function on
T*R™. A variable order will always be indicated with a bold font, to distinguish it from
a constant order. Let s €. We will define a space of symbols of order (s,l). A typical
elliptic element of such a space should be

(€ (@),
But there is an issue: if we differentiate this expression then we get log terms:
Dy, (2)') = |(90,£)<f6>'(“”@_1chj> + (D, (2, ) log () (), (10.1)
x
D, (2)') = (Dg,(x,)) log () () @), (10.2)

Since | is a symbol of order (0,0), (Dg;!(x,€)) gives a decaying factor (z)~!

(Dg,I(x,€)) gives a decaying factor (€)~'. So these derivatives are logarithmically larger
than would be the case if the analogous symbol estimates to our constant-order spaces
were obeyed. This is a minor issue: as you may know, there are many variants of
symbol spaces, such as Hormander’s S’Z% symbol classes, in which & derivatives only

, and

improve the decay by a power £ ” where p can be smaller than 1, and x derivatives
can worsen the decay by a factor (£ >‘5 where 0 can be positive. Here, we define a class
of symbols that has symbol estimates that are very slightly weaker than the estimates
we have used thus far, and will accommodate the log losses that we observe above.

We express our symbol estimates in terms of fixed growth under repeated applications
of vector fields. Recall that last week, we showed that the symbol estimates with fixed
orders could be expressed in terms of membership in (£)™(x)!L>°(T*R") under the
repeated application of smooth vector fields tangent to the boundary of T*R"”, which
we refer to as b-vector fields, and denote the space of such vector fields V,(T*R"™). Here,
we modify the space to

Vo(T*R?) = Ugso(z) OV (T*R?). (10.3)

These vector fields have an (arbitrarily slight) amount of extra decay at the spatial
boundary, compared to b-vector fields, which will compensate for the logarithmic fac-
tors. We then define

SENT'R™) = {a € (€)% (x)!@OL>(T*R™) | Vk € N,V W,..., Vi € V(T°R"),
Vi...Via € (€)% (a)! @O L®(T*R™)}. (10.4)
It is clear that, by applying (10.1]), (10.2) iteratively that (£)*(z)"@€) is indeed in this
space, as we intend. The symbol space S§C’I(T *R™) is a Fréchet space, although that is

slightly less obvious than the case of constant order. We observe that in the intersection
over § > 0 in ([10.3)), it suffices to take an intersection over a sequence of § decreasing
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to 0. If we do this, and also note that it suffices to take only vector fields from a finite
generating set (over C°°(T*R")), then we can realize 53! (T*R™) as a space defined by
countably many norms.

These variable order symbol classes have similar basic properties as we saw in Lecture
1, but note the slight modification in the second item:

o If &/ <sand!l <Ithen Sgé’ll(R" X R™) — s3) (R™ x R™) is continuous.
. DgD? maps S5 (R" xR"™) — SS;'m’IflaH(;(R” x R™) continuously, for all 6 > 0.
e Pointwise multiplication is continuous

SE(R™ x R™) x S5 (R™ x R") — S5F"H(R™ x R™).

e Density. Let Ss™" ™ (R"™ x R™) denote the residual space of symbols. Then

—00,—00 . s, . s, .
Sec is not dense in Sg:. However, if a € Sg, then there exists a sequence
oo . . . [ .
aj € Ssc”0 % that is uniformly bounded in Si¢ and which converges to a

in the (slightly weaker) topology of S for any s > s and I' > I. (Notice
this automatically implies there exists a constant e such that I’ > | + ¢, by
compactness of T*R".)

e Asymptotic summation: given a sequence of orders (sj,1;),j > 0 with s; \, —o0,

. ol .
l; \y —00, and a sequence of scattering symbols a; € Ssd’ | there exists a € S50l

such that
J—1
a— Zaj € 85l
Jj=0

We call a an asymptotic sum of the a;; it is unique modulo Sec 0T,

We quantize symbols in the standard way (using left quantization) to obtain the
class of variable order pseudodifferential operators Wg: (R™). By item 1 above, ws (R™)
is contained in a fixed order space, \IIS(’;L (R™), provided that L is strictly greater than
supl. We deduce immediately that variable order operators map Schwartz functions to
Schwartz functions, tempered distributions to tempered distributions, and so on.

10.2. Composition, principal symbol map and elliptic parametrix. Composi-

tion is straightforward to prove, using again the observation that \I'Sgl is contained in

a fixed order space of operators \IfggL, provided that L is strictly greater than supl.

Therefore, the composition of A € \Ifgél and B € \IIS(I;I/ is a scattering pseudodifferential
of order (s + s, L + L"). We want to show it is a variable order operator in the class
U This follows from the asymptotic expansion of the symbol of the compo-
sition: using items 2 and 3 above, we see that the kth term in the expansion is in
Gsts' kI —k+d while the remainder after k terms is in \Ilﬁérslfk’LJrLLk

s+s’ 141
Wge

. So each term
in the expansion is in the expected class
sufficiently large k.

Conclusion: composition works in the expected way, namely

and the remainder is as well, for a

vl o Wt C wi (10.5)
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and moreover, the left-reduced symbol of the composition has the usual expansion in
terms of the left-reduced symbol of the factors, with the only difference that the spatial
order of the kth term drops by k — § instead of k.

It follows that the principal symbol map must be slightly adjusted: the range of the

principal symbol map is no longer 53! /Sse l’l_l, but S5 quotiented by the intersection

Ns>0Ssc L1401t g usually more convenient to fix a specific small § and view the
principal symbol as taking values in Sy /Ss L=+ Then we have the principal symbol

short exact sequence:
0 — WM wsl 5 g3l /gs b=t 0, (10.6)

where the third arrow is the principal symbol map, and is an algebra homomorphism.
Moreover, if we consider the commutator of two variable order operators A € \I'S(’;I
and B € US| it is still true that the principal symbol of i[A, B] is Hu(b) = —Hy(a),
but this now lives in ﬂ5>0\112j51_1’l+v_1+5.
We next turn to ellipticity. We say that A € \Ilgél is elliptic if its symbol is elliptic,
and a = or,(A) is elliptic if there exists b € Se> " such that ab — 1 € S for any
6 > 0. For example, the symbol

(€)% (x)'@8) ¢ 851 is elliptic,

The elliptic parametrix construction goes through, although in the iterative procedure
we only gain 1 —4§ in the spatial decay, rather than the gain of 1 in the fixed order case.
We find:

Proposition 10.1. Let A € \Ilgél be elliptic. Then there exists a parametriz B € \I/S_CS’_I
such that
AB -1d e ¥ > > BA—-1d.

As before, we immediately deduce that the null space of A consists of Schwartz
functions. Moreover, acting on L?, say, this shows that BA is Fredholm, so has finite
dimensional null space. Therefore, A also has finite dimensional null space.

10.3. Variable order Sobolev spaces, boundedness. We now come to variable
order spaces. Recall that the fixed order Sobolev spaces are defined so that

u € H < (D)*(z)lu € L2 (10.7)

We can think of (D)*(z)! as an invertible operator in W', So the condition is that an
invertible operator, with the same orders as the Sobolev space, maps to L?. We can
use the same definition for variable order spaces, except that it is slightly less obvious
that there exists an invertible operator when the order is variable. Still this is not too
difficult, and is left as an exercise. However, it is slightly easier to just make use of an
elliptic operator A. So we make the following definition:

Definition 10.1. Let s € R and let | € C*°(T*R") be a variable spatial order. We fix

a constant order L < 1. Let A € WS be elliptic, and let A = (&)*(x). The Sobolev
space H* is defined to be the set of u € Schw'(R™) such that Au € L? and Au € L?,
and the norm is defined to be

lullFres = [[AulZ2 + [|Aul2. (10.8)
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The need for the A term is simply to ensure that no nonzero elements have zero
norm, in the case that A has nontrivial null space. Thus, the precise form of the second
term is unimportant, as any two norms on a finite dimensional space are equivalent. If
A is known to have trivial null space, the A term can be discarded.

We leave as an exercise to check two important properties of this definition: first, the
space H*! as a set is independent of the choice of A and L, and different choices lead
to equivalent norms. Second, this is a Hilbert space — in particular, it is complete.

Then it is straightforward to check that the expected boundedness properties hold.
That is, if B € \115;"/ then B maps H*' — H* "'V boundedly. See exercises. We see
from this that elliptic operators are Fredholm mapping between the appropriate variable
order Sobolev spaces. Notice that, as the null space consists of Schwartz functions, the
null space does not depend on which Sobolev space is chosen as the domain of the
operator.

10.4. Variable order propagation. We next consider microlocal propagation in vari-
able order spaces. Here the logarithmic factor when we differentiate the variable order
has a more crucial effect.

Let’s revisit the proof of propagation from Lecture 6. We constructed a commutant
A with symbol (in the case of general orders, so A should have orders (2s,2l) — but
we shall assume that our bicharacteristic 7y is contained in the spatial boundary and at
finite frequency, so the differential order s is irrelevant and we shall ignore it)

a=p?x1(z1)’x(20)0()?, p=1/|,

where we recall that ¢ localizes to points close to 7y, x1 is the turn-on function and y
is the turn-off function which we took to have the specific form

0,t<0

T (10.9)

Xo(so +e€—21), Xxo(t) = {
This explicit form builds in a large parameter F which we take sufficiently large to
dominate other terms that arise in the construction. In the proof of propagation, we
need to compute Hya + pia, where p; = ior(P* — P) is a symbol of order (0,0). The
presence of p~2 contributes a term of the form

(—20)pHy(p™)

which is another symbol of order (0,0), so can be combined with p;. But look at what
happens when we replace the constant order [ with the variable order I: we get another
additional term from H,, hitting the variable order I, and this is

—2H(1) log p. (10.10)

Since | is in C*°(T*R"), so is H,l. So this is logarithmically larger than the other
terms that we get when calculating Hpa + pia. Now recall that we divided the terms
up according to their sign. The negative terms we collected into —b?, and the positive
term became e. It was important that e was supported in a small neighbourhood of
v(0), since then the E term is finite if we have a priori control of u microlocally near
~(0). If has a positive sign, this will completely ruin our strategy, since this
term could have support over the whole of v if | is strictly increasing there.
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On the other hand, if | is nondecreasing, then the sign of is negative, so it
could in principle be combined with the —b? term. However, it is problematic to literally
include it in —b? since it is important that b is a symbol, which requires smoothness
properties. The definition of b involves a square root, and we used the freedom to
choose F large so that the the argument of the square root was smooth, positive and
bounded away from zero. The smoothness would be problematic if we try to include
the logarithmic term. The problem is that H,| might vanish sometimes, so sometimes
the logarithmic factor is present, sometimes not. In our applications, we want to use
variable orders that are constant on open sets and then strictly decreasing at other
places.

So instead, we treat the log term as a separate term which we discard as being
negative. There are two approaches to this. One is to assume that the variable order
has been chosen so that H,l is the square of a smooth function (recall this is true
for the function xp). In that case, the log term can be written —(b’)? for some (non-
classical) symbol &', which can be quantized to —B’*B’. This term, having the good
sign, can be discarded, and the argument proceeds as before, except that instead of
gaining 1/2 in the order at each step, we only gain 1/2—§ (which is of no concern). The
second approach is to apply the sharp Garding inequality which applies to operators
with nonnegative symbols (or nonpositive, in this case), and shows that the operator is
positive up to an error in a weaker Sobolev space. Again, this leads to a gain of 1/2—49
at each step. Since we have not discussed the sharp Garding inequality, we take the
first approach. We have sketched a proof of the following result:

Theorem 10.1. Let P € WLY(R™) be as in Theorem . (It is easy to adjust the
theorem for an operator with arbitrary orders.) Let | be a variable spatial order that is
nonincreasing along the Hamilton flow of P, i.e. Hpl < 0. Let v be a null bicharacter-
istic. Then we can find B, E,G as in Theorem[5.3 with respect to ~y, and for any s, N
a constant C such that for all u € S'(R™),

1Bl o < c(HGPuHHS,l 1Byl o + HuHH,N,,N). (10.11)

This inequality holds in the strong sense that if the RHS is finite, then so is the LHS,
and the inequality holds. In particular it means that if u € H-N"N_ Py is in H®'
microlocally in U, and u is in H*' microlocally in Uy, then u is in H*' microlocally on
Ell(B), in particular on ([0, so]).

Remark 10.1. A moment’s thought shows that it should be impossible to prove the
result for an order that increases along the Hamilton flow. In fact, if such propagation
held, then one could consider a solution to Pu = 0, such that « € H*! microlocally at
~(0) and propagate forward, finding that u along the bicharacteristic was in a better
space (i.e. with a higher spatial order) at v(sg). Then one could switch to a different
variable order that was decreasing, and propagate backward along the bicharacteristic,
gaining even more spatial decay, finding that u was, microlocally near v(0), strictly
better than initally assumed! This is clearly absurd.

10.5. Exercises.
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Problem 10.1. Suppose that two variable orders are equal at the spatial boundary.
Show that the variable order Sobolev spaces they define are equal, with equivalent
norms.

Problem 10.2. Prove that there exists an invertible operator A in any variable order
space U5, with inverse in W5 Hint: initally choose A to be elliptic and formally self-
adjoint. Then, show it has at worst finite-dimensional null space contained in S(R");
modify it by adding a finite-rank operator to make it invertible.

Problem 10.3. Prove boundedness of variable order operators between (appropriate)
variable order spaces. Hint: make use of the result of the previous exercise.

Problem 10.4. Suppose that | < I, and s < s’. Show that H*"" is compactly embed-
ded in H*'. Note the subtlety: we only require that | < I pointwise, that is, I(¢) < I'(q)
for all ¢ € T*R" (and it would be enough to ask for this inequality just at spatial
infinity); we do not need max| < minl’.

Problem 10.5. The simplest variable order space. Consider the operator

B =/g9(z)Dz\/g(x)

on the real line, where g(z) = |z| for > 1 and is strictly positive for all z. (We write
the operator in this form so it is formally self-adjoint.) The operator B is a scattering
pseudodifferential operator of order (1,1) and is elliptic except at spacetime infinity,
i.e. x = +o00, where £ = 0. The variable order is only interesting on the characteristic
set; we choose an order that is € when £ = —oo and —e when x = +o00. So let I(x) be
equal to € for £ < —1, —e for x > 1 and monotone in between.

The problem here is to prove a semi-Fredholm estimate of the form

[l gos < Cl[Bull gro

for all u € H% such that Bu € H%'. Notice that this condition implies that in fact
u € HY since B is elliptic at frequency infinity. Hint: choose a positive function
a? ~ |z|*¢ for x — —oco and a® ~ 272 for x — +oo, and compute (u,i[B,a*]u).
Notice that a can be chosen to be globally monotonic. This is a simple model for our
Fredholm results for more interesting operators. Notice also how the choice of variable
order eliminates the null space of B.

Problem 10.6. How should the orders, and the commutant a, in the previous problem
be adjusted for the operator D, instead of g(x)D,?

11. LECTURE 11: RADIAL POINT ESTIMATES

Previously, we proved the microlocal version of energy estimates, known as propa-
gation estimates. When studying a PDE Pu = f of real principal type, if we have
microlocal control of u somewhere, then we can propagate that control along integral
curves of the associated Hamiltonian vector field H,, as long as we stay within the
region of phase space where we have control on the forcing f. This is an important
result, but two defects limit its usefulness:

e in order to apply a propagation estimate, we need to assume control of u some-
where. But this is usually something which we want to prove, not assume.
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e The propagation estimate fails at vanishing points of H,. We cannot propagate
control into such a point, even if we have control everywhere else, and even if
f is Schwartz.
At first glance, the latter point might seem to be a mere technical issue — in realistic
situations, H, will only vanish at a set of points with positive codimension, which means
propagation works almost everywhere.
Unfortunately, it is often at such points that the sc-wavefront sets of important
solutions of the PDE lie.
Recall from Lecture 9 the following:

Example. Consider the free Helmholtz equation (A — 1)u = 0. We saw earlier that
the characterisic set of P = /A — 1 is S"1 x S"™1, which, outside of two sets

Ry = WFg(eP)) = WF(e*)\S§R”, (11.1)

1s foliated by the integral curves of the Hamiltonian flow. We can understand the
significance of R4 by examining the structure of some solutions of Pu = 0. For A €
C>®(S*1), consider the solution to Pu =0 given by

ulw) = [ e=<a(lel - DA@ae (11.2)

This is given as the Fourier/inverse Fourier transform of a compactly supported distri-
bution whose wavefront set we know, so we can deduce the sc-wavefront set:

WFyo(u) = R_UR., (11.3)

for generic A. (If A is vanishing in some nonempty balls, then the wavefront set may
be a proper subset of this.) In particular, it is generically nonempty.

Remark 11.1. The w in the previous example has the form
u € (r)y~[@=D/2ein oo (R 4 (p)~(d=D/2e =) goo (R, (11.4)

as can be proven using the method of stationary phase. From this, it is “obvious” that
WFg(u) C R-UTR4. The sc-wavefront set is detecting these two sorts of oscillations.

Evidently it is important to understand what is going on at R4. This is the subject
of this lecture.

Remark 11.2 (Terminology). The vanishing sets of H, are called radial sets, hence
the notation Ry. The estimates in this section are correspondingly called “radial
point estimates.” This terminology is a vestigial remnant of the “conic perspective” in
ordinary microlocal analysis, in which one works directly with the Hamiltonian vector
field H, on the cotangent bundle, rather than H, on the cosphere bundle. Vanishing
points of H,, correspond to lines in the cotangent bundle where H,, is pointed radially.

Older terminology includes “microlocal Mourre.”

In the rest of this lecture, we consider the Helmholtz operator P = /A — 1. Actually,
we could let P be a short-range perturbation of A — 1, but this would not affect the
arguments below, so we ignore this possibility and just take

P=A-1.

exactly.
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11.1. Propagation of control into the radial set.

Theorem 11.1. Let = R4. Let B,G, FE € V20 denote microlocalizers such that
e WF..(B)NR+ = &,
e WFL(B) C EI(G),
e all integral curves of H, passing through WF..(B) eventually enter EN%0(E)
while remaining within EN%Y(G).
Then, for each m,s € R with s < —1/2, and for each N € R, there exists a constant
C > 0 such that

|Bull s < C(|GPul| grm—2s41 4 [[Bul| gzes + ||ull fon.-~) (11.5)
holds for allu € S'.
Consequently:

Theorem 11.2. For any m € R and s < —1/2, if WFL*(u) is disjoint from a punc-
tured neighborhood of R (i.e. around R, but without stipulating anything at R itself),
and if WET=25FY(Py) is disjoint from a whole neighborhood of R, then WE™5(u) is
disjoint from R.

So, we can propagate below-threshold (meaning H™* for s < —1/2) control from
an annular region around the radial set into the radial set, assuming that f is nice.
Equivalently, very bad wavefront set has to escape the radial set.

Remark 11.3. Note the orders m — 2, s+ 1 on the GPu term. If this were an elliptic
estimate, then, since the Helmholtz operator lies in W2, we would have |G Pul| 2
on the right-hand side. Having the stronger norm

HGPUHH;?_Q’S-'—I

on the right-hand side means our estimate requires stronger hypotheses — just like
with propagation estimates, radial-point estimates require one more order of control on
the forcing.

Example. Consider the solution u eq. of the free Helmholtz equation Pu =
0. We saw that its scattering wavefront set is contained in R_ U R4, so it follows
immediately from the theorem above that WEL*(u) is empty for all s < —1/2, which
we already knew by direct means.

Example. Consider the plane wave u = ™. This lies only in Hsof’_d/Q_E

So, assuming that d > 2,

fore > 0.

WF;?;,fl/Zfe(u)
is nonempty for e sufficiently small. This wavefront set, if intersecting R, must escape

the radial set and propagate along the integral curves of the flow. Indeed, we have
already seen that the sc-wavefront set of a plane wave is not confined to the radial sets.

We only prove Theorem for v € S§. This will suffice for what we intend to
do with it. The proof below mostly follows [Hintz]. The proof for u € S’ requires a
regularization argument of the sort discussed in Lecture 6. The details are very similar.
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11.2. Propagation of control out of the radial set.

Theorem 11.3. Let = R4. Let B,G, FE € \I/(S)éo denote microlocalizers such that
WF..(B)N RIS @,

WEF((B) C Ellg’(G),

EI2Y(E) O R,

all integral curves of H, passing through WF. (B) asymptote to Ry while re-
maining within EN%2(G).

Then, for each m,s,sy € R with s > so > —1/2, and for each N € R, there exists a
constant C > 0 such that

| Bullgzzs < CUGPUl 2051 + | Eullgreeo + [l n,-x) (1L.6)

holds for allu € S'. Consequently, if WE™%0(v) and WFT~251(Py) are disjoint from
R, then WFL*(u) is disjoint from R.

So, if Pu is nice, and if v has a sufficient — a.k.a. “above threshold” — amount of
decay on R, then u is automatically nice on R as well.

Example. Suppose that (A — 1)u = f for f € S(R™). Using the Fourier transform,
we can construct many solutions of the form

u e (r)y~@D/2680 A 4 () =(d=D/2in B (11.7)

for A, B € C®°(R"™). What the theorem above says in this case is that if A|,gn-1 = 0,
then in fact A € S(R™), in which case we can choose A = 0.

11.3. Proof of the radial point estimates (for Schwartz u). As a reminder, we
are only discussing the free Helmholtz operator P = A + 1, but the discussion below
works essentially verbatim for all P such that

P — (A +1) € Diff372.

Small modifications allow one to handle elliptic P that differ from A 41 by an element
of W2 ™!, See [Hintz] or [Vasy] for details on that. An anti-symmetric subprincipal part
shifts the thresholds in the radial point estimate.

Remark 11.4. Warning: proofs of radial point estimates always involve an excessive
amount of notation. To avoid some of this, we will define some operators B, F, ...
below which have a different meaning than in the theorem statements.

To simplify the notation a bit, we will only specify the form of symbols near the
characteristic set, thus ignoring fiber infinity (which lies in the elliptic region) and the
interior of (R™ x R™). Consequently, we will write a ‘+’ where fiber infinity orders
should be when it does not matter.

We use the notation:

e 0 is a quadratic-defining-function of R in the characteristic set.

o p=(£—1)/(& +1) is the principal symbol of (A —1)/(A + 1).

e 31 € C®(R" x R") is defined such that H,p = Bi1p near R, where p is a
boundary-defining-function for base infinity (e.g. p = (r)~1).

e 3y € C°(R" x R") is defined such that H,0 = Bpo near R.



74 ANDREW HASSELL, QIUYE JIA, AND ETHAN SUSSMAN

The exact formula for Sy, 51 depends on the choice of boundary-defining-functions used
in weighting H,, to define H,. Also the sign depends on the sign convention used in
defining the Hamiltonian flow, which has no intrinsic significance. What matters is that
each of 5y, 81 has a definite sign on R, and also what their relative signs are. Moreover,
these definite signs do not depend on any choices made. So, it suffices to work them
out in local coordinates, using whatever locally valid coordinates, boundary-defining-
functions, etc. we like. Also, using the symmetry of the problem, it suffices to work
where p = 1/x; is a valid boundary-defining-function, rather than 1/r. Working with
either would result in the same signs — the computation is just easier this way.

Then eq. reads H, = F&1(p0, + Z]‘ v;0y,) for v; = w;j —y;. Then, if o = Zj vjz,

B1=F& (11.8)
BO = :|:2§1. (119)

Since, in the region under consideration, the radial set lies away from {&; = 0}, (51, Bo
have a definite sign, and it is the same definite sign. For definiteness, we will discuss
the case of R4, so that & > 0 on it.

The proof is via a positive commutator estimate of the sort used in previous lectures
to prove a propagation estimates. Our goal is to cook up a pseudodifferential operator
A, the “commutant,” such that [P, A] has a definite sign (modulo lower order terms)
modulo some term which we assume to be under control. This means constructing a
symbol a such that the derivative H,a of a along the Hamiltonian flow has a definite
sign. But, because H, vanishes at R, this is easier said than done. The symbol cannot
be smooth at R — or else we have to weaken what we mean when we say that H,a
has a definite sign. The simplest sort of non-smooth symbol is one with some factors
of the boundary-defining-function p thrown in.

Indeed, suppose a = p~"" near the radial set R. Then

Hpa ~ —mpBoa.

So, as long as m # 0 (which would make a smooth at R), then a 'H, has a definite
sign at R. The proof of radial point estimates involves cutting off a away from R in
an amenable way, and then running through the positive-commutator argument to see
what pops out.

Here are the details: letl

a = p~ @ g(p) (o), (11.10)
where ¢, 9 € C°(R;[0,1]) are both identically = 1 near 0 and ¢ satisifes

V= € C([0,0)). (11.11)

(We are taking m = 2s+1 for later convenience.) See the propagation lectures for why
such a 9 exists. The purpose of ¢ is just to localize near the characteristic set — its
role in the argument is of secondary importance. The purpose of the () term is to
further localize near the radial set. This term is of primary importance.

Mywhen doing this carefully, there should be cutoffs localizing near p = 0 and away from fiber
infinity, but as we already mentioned, these are of tertiary importance.
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We can now compute

Hpa = pHpa = p~*(Bo(—2s — 1)p(p)*1h(0)*+
+ 2(Hp0)(p)*¥' (0)¥(0) + 2apd’ (P)d(p)b(0)%), (11.12)

where q € C° is defined by H,p = qp. On the right-hand side:

(1) The first term has a definite sign on the radial set (unless s = —1/2, exactly,
which we exclude). The precise sign is determined by whether s < —1/2 or
s> —1/2.

(2) The second term also has a semi-definite sign on the characteristic set (we do not
have control over that sign), and it is essentially supported in a small annular
region encircling R.

(3) The final term, since it involves ¢/(p), is supported in the elliptic set of P (which
we understand completely).

If s > —1/2, then the first two terms on the right-hand side have the same sign, while
if s < —1/2 they have the opposite sign. (Recall that 1’ < 0.)

Let us discuss the s > —1/2 case. We will then mention the differences in the
s < —1/2 case, which amount to some consequential sign switches.

Let us give a name to the various terms appearing above:

b==p‘s¢(p)¢(9)x/—¢im2s+-1-25501¢Gﬂ2¢49)2) (11.13)

For later use

e = p*d(p)\/2(Hp0)¥ (0)¥(0) (11.14)
h=2p"%q¢'(p)d(p)¢(0)*. (11.15)

As long as the supports of ¢, and § are sufficiently small, then the definitions of these

symbols all make sense. (This is where we use that glepQ has a definite sign near the

radial set.) (First take the supports of ¢, sufficiently small, then § relative to those.)
So,

Hya = 26p*2a% 4 b + % + hp. (11.16)
Quantize: let A = Op(a), B = Op(b), etc. Also, let A = Op(p*T!). Then,
i[P, A] = 26(AA)*(AA) + B*B + E*E + HP + R (11.17)

for R € \Il(s)fs_l. Note that B is elliptic at the radial set. For convenience, we can
arrange that A is self-adjoint, by replacing it with (A + A*)/2.
We now proceed as in the propagation estimates:

(u,i[P, AJu) = 26||AAul||® + | Bu))? +||Eul|? + (u, HPu)+ (u, Ru). (11.18)
——
Thing we want to control
The thing we want to control is ||Bul|. The terms —26||AAu|?, ||Eul|* on the right-
hand side have the same sign, so are helping us. The term (u, H Pu) can be understood

via elliptic regularity (since h was essentially supported in the elliptic set), and (u, Ru)
should be “lower order,” so unimportant.
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The left-hand side (u,i[P, AJu) will be controlled in terms of Pu. This last step is
the same as in the proof of the propagation estimatesﬁ

[y P, AJu)| = [(u, PAu) + {u, APu)| = |(Pu, Au) + (Au, Pu)] = 2| Tm(Au, Pu).
(11.19)
So,

25| AAu)? + || Bu)? + | Bull? < 2| Im{Au, Pu)| + |(u, HPu)| + |(u, Ru)|.  (11.20)

Using Peter—Paul to estimate (Au, Pu), we get a term £||AAu/|?, where € can be taken
arbitrarily small, and one C(e)||[A~1Pul|? for C > 1. That ¢||Au|? term can be ab-
sorbed into the left-hand side if ¢ < . So:

1Bull* + [ Bull® < A" Pull* + [{u, HPu)| + |(u, Ru)|. (11.21)

Now we can literally just drop the Fu term because it has the same sign as the Bu
term:
|Bull* < |A7" Pul® + [(u, HPu)| + | (u, Ru)|. (11.22)
It is now “straightforward” to go from this estimate to the final result, since we have a
bound of Bu (the thing we want to control) in terms of Pu, some term controlled via an
elliptic estimate, and some “lower-order” term. Since the details are not enlightening
(and since they are covered in e.g. [10], we summarize the key points: |(u, Ru)| is
controlled by u near R in

H:és_l/zv
and ||A~!Pul|? is controlled by Pu in
H*,S—}—l
sc °
So, we can control ||Bul| if we have a local H%*™"? bound on v and a global H*™

bound on Pu. Since B € ¥3°, this means that we can conclude that u is in He® on
the elliptic set of B. This is almost what we want, but sub-optimal in two ways:

e we want to only make use of local control on Pu; but this is easy to arrange,
because when we bounded (Au, Pu), because A has operator wavefront set near
R, we really only needed to control Pu nearbys;

e we don’t want to assume control on u in H:(;S_l/Q. But, s —1/2 < s, so we can
use an inductive argument to control this term. Because the argument above
required s > —1/2, we cannot use this indefinitely, and the final estimate we
end up with will have a term controlling u in Hg™ on the right-hand side, for
some sg > —1/2.

That completes the discussion of the s > —1/2 estimate. What about s < —1/27
The estimate works in a similar fashion, except one has to switch the signs on the B
term above, so one gets

i|P, Al = =20(AA)*(AA) —B*B+ E*E+ HP + R (11.23)
instead of eq. (11.17)). One then proceeds as before. The main difference is that now the

B*B and E*E terms have opposite signs, so the E*E term is not helping us. Instead, we
need to control || Eul|? to control ||Bul|?>. Moreover, in this case, because the hypothesis

1575 a reminder, we are working with P such that P = P*. If P # P*, then P — P*, which is lower
order, will enter.
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is an upper bound on s, the only term involving just v on the right-hand side in the
final estimate can be [lul| ,—~.-~ for N arbitrarily large.

11.4. Problems.

Problem 11.1. Consider P = 29, € UL (R).

(a) What is charl}(P)?

(b) State the radial-point estimates for the radial sets of P over spatial infinity.
Hint: you may use without proof that the threshold decay rate s is the one
such that He® ¢ contains ker P for € > 0 but not € = 0.

(c¢) (Optional.) Deduce them from the radial-point estimates of P over 0, which
you may cite from [Hintz]|.

(d) (Optional.) Prove them directly.

Problem 11.2. Consider the estimate from Theorem [11.3
| Bull s < C(|GPul| g2 + [ Bul| groso + [Jul| -v.-n) (11.24)

for all w € §’. Here, —1/2 < so— < s.
(a) (Optional.) Show that (for appropriate F, B satisfying the hypotheses of that
theorem), for each ¢ > 0 we can bound
[ Eul| gmso < el|Bul| gzes + C(e)lull jon.-~

for some C(g) > 0.
(b) Consequently, if we “absorb the ¢||Bu||gm term into the left-hand side,” we
get an estimate like

| Bul|gms < HGPuHHsrgﬂ,sH + H'UIHH;CN,fN. (11.25)
Does this hold for all u € S'?

Problem 11.3. Fix R € {R_,R;}. Prove directly, without using radial-point esti-
mates, that if a solution

u(w) = [ e4a(Iel - DAE) s, A€ C¥R) (11.26)

to the free Helmholtz equation satisfies WFI*(u) N R = & for some m € R and
s> —1/2, then WFg (u) "R = @.

Problem 11.4. One difference between the regularization argument used in proving
the above-threshold radial point estimate and others is that, in the latter, it is only
possible to regularize by finitely many orders. Why?

Problem 11.5. Consider a ‘formal series solution’ to the free Helmholtz equation
(A — A?)u = 0 of the form

g @), r= el d= L
7=0

Here we assume that f; are C°° functions on the sphere.

Show that such a formal series exists if & = (n — 1)/2, but not for any other value
of a (if fp is not identically zero). Relate this fact to the threshold value —1/2 for the
spatial order for A — \2.
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12. LECTURE 12: GLOBAL (SEMI-)FREDHOLM ESTIMATE FOR HELMHOLTZ
OPERATOR

In this lecture, we combine estimates obtained previously to establish our global
(semi-)Fredholm estimates. We will call them Fredholm estimates below since the
same estimate for their adjoints can be proved in the same manner and combining
them indeed establishes the Fredholm property.

We will consider the Helmholtz operator P = A, — A2, Most results in this section
holds on more general asymptotically conic manifolds, see [17] [§]. But the commuting
property as in Proposition [12.3] and the test module used will be more complicated.

12.1. Global (semi-)Fredholm estimates for Helmholtz operators: variable
order spaces. We derive global Fredholm estimates for

P=A,— )\ (12.1)

in this part. The treatment here follows [8, Section 3| and [6, Section 5.2].
Here g is a short-range perturbation of the Euclidean metricm That is, denoting
the Euclidean metric by gg, then

g — go € 2°C°°(R", S*°T*R"), (12.2)

where S?T*R™ is the bundle of symmetric 2-tensors. Here we required smoothness
on R™ for simplicity, but readers that are familiar with conormality should be aware
that almost all results below generalizes to the situation where one has conormal (or
symbolic) metric and potential perturbations. The Fredholm estimates holds equally
well if we consider long-range (that is, O(x)-level) perturbations, but we make this
stronger decay condition on the perturbation because the invertibility requires leading
order expansion, which is more complicated in that setting.

As analyzeed in previous lectures, the Hamilton flow associated the the principal
symbol of P has a nice source-sink structure and we denote the source by R_ and the
sink by R+.

Definition 12.1. Let |y € C®(*°T*R"), then we call it Feymann (resp. anti-Feymann)
admissible, if |1 is a constant larger than —% near R+, a constant less than —% near
R+ and it is non-increasing along the Hamilton flow associated to P.

We first introduce the space on which we establish our Fredholm theory. We define
X%'% to be the space

XSlE = fy € HE'* . Pu e HEHEHY (12.3)
and they are equipped with the ‘graph norm’ defined via
lullpere = a3y + 1Pl 41 (12.4)

Remark 12.1. Notice that the definition of this X'*'= depends only on the principal
symbol (of course, in all senses, not only the differential sense!) of P. Since the require-
ment on Pu does no change under lower order perturbations (due to the requirement
on u itself).

16 And we still keep the non-trapping assumption.
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Remark 12.2. There is a minor difference in the differential order compared with
the hyperbolic case, where one have one order ‘loss’ in the differential order compared
with our current numerology for the s-index. But if we define X%+ by requiring
u € H;C_l’li(]R") and Pu € H;C_2’I+(R”), then since the characteristic variety is away
from fiber infinity, then the elliptic regularity tells us u € HE W (R™) automatically.

Now we summarize basic properties of X*!+ before diving into microlocal analysis.

Proposition 12.1. X*'* is a Hilbert space, using inner products from Hssc’li and
s—2,l4 .
Hg. for u and Pu respectively.

Proof. Tt is clear that this gives a inner product on X'*'+ that is compatible with our
norm above and the only thing left to verify is the completeness.
Suppose {u;} is a Cauchy sequence in terms of the norm in (12.4]), then {u;} is

Cauchy in Hssgli—norm and {Pu;} is Cauchy in Hsc_z’liﬂ—norm. So we can find use, foo
such that
Uj = U in HEHE Puj — foo in HE2IEHL (12.5)

. . . | s—2,1 . s—2,1 .
Since P is continuous Hse — Hgs. =, we know Puj — Pus in Hge *. This shows

Puso = fro € Hi *'"* and indeed {u;} converges to us, in A*'*.
0

We can also run density argument using nice functions in this X*+. For each
u € X%'% we will construct a family of u, € S(R™) that converges to u from regularizing
u. We first proving the following lemma, which offers us our regularizers.

Lemma 12.1. There exists a family of T, € U™ for r € (0,r¢] with some rg > 0
such that

T, — Id, (12.6)

as v — 0 with respect to the strong operator topology (for H: (R™) — HE (R™)), and
[T.,P] =0 (12.7)

as r — 0 with respect to the strong operator topology (for HE+ (R™) — Hsscfl’liH(R")).

Proof. Let x € C°(R"™) be even, identically 1 near the origin and monotonically de-
creasing on [0,00). Then we set T, = x(r(z)) Op(x((r¢))). We leave it to readers
to verify (12.6). (Hint: [|(Id — T3 )ulls,, is upper-bounded by the Sobolev norm of u
computed outside a large ball with radius ~ r~!, on both the spatial and frequency
side.) We prove the slightly trickier here. A sketch of the idea is that, we can
require 7, being uniformly bounded in U0 and T, — Id in the operator topology of
\IJ‘SS};‘s for some small § > 0 and it follows that [T,., P] — 0 in \I';;ré’flﬂs and [T}, P| being
uniformly bounded in ¥l and this is sufficient for the desired strong convergence.
This can be shown by noticing that H§j6’li+5 is dense in Hssc’li. So for each u € Hsséli,
we take a sequence u; € ch+ 0140 Guch that u; — u in Hsséli. Then we decompose
[T, P] as

[T, Plu = [T}, Pluj + [T, P)(u — uj). (12.8)
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The right hand side converges to 0 in H:{l’lfrl

by following reasons. For the first
term, we use [T,,P] — 0 in plr 5’_1+6; while for the second term, we use uniform
boundedness of [T, P] in Ul and u— uj — 0 in H;C’Ii.
An alternative (almost equivalent) way is to further introduce a regularizer 7, and
decompose [T}, P] as
[T, P) = [T, — 1d, P|T;» + [T, P](Ad — T}), (12.9)

for any fixed r/, where we used [Id, P] = 0. Now we only concern r < 7’ and send
r — 0 first. With r < ¢/, derivatives of the symbol of T, vanishes on the support of
the (left) symbol of T,.
For the first term, we need to show
[T — 1d, P|Trulls—1,1.41 — O,
which is equivalent to
() [T — Id, P]Tyrul[s—1,1. — 0,

The left full symbol [T, — Id, P]T, is a sum of products of symbols of T}., P, T, but
with at least one order derivative hitting that of 7, and p, which produces a r-factor.
In addition, on the essential support of this, we have (z) < (7')~!. One can then check

that each semi-norm of the left symbol of (2)[T,,—Id, P]T, in S&c” is O(r/r'). So sending
r — 0 gives the desired convergence.

On the other hand, we have (Id —7")u — 0 in H>'* as v’ — 0 and [T}, P] is uniformly
bounded in Wi ', So taking 1/ — 0 (while keeping /7’ — 0) gives [T}, P](Id —T") — 0
in Hsc_l’li, which completes the proof.

g

Proposition 12.2. The Schwartz function class S(R™) is dense in X*'* in terms of
the topology from the X*'*-norm..

Proof. For any u € X*'* we set
up, = Tru, (12.10)
where T, is as in Lemma Then we know u, € S(R") since T, € U™~ .
To prove the conclusion, we need to show T,u — u in 1’175‘(’;’Ii and PT,u — Pu in
H§C_2’|i+l. The first claim follows from ((12.6)). For the latter one, we write

PT,u=T,Pu+ [P,T]u.
Then we apply (12.6]) to the first term and apply (12.7)) to the second term. O

Now we state the main result in this part.

Theorem 12.1. Let |1 be variable orders as above, then for any s, M,N € R and
u € X% we have:

lullsge S [1Pulls—21s + [Jullarn- (12.11)
The interesting case is when M < min{s,2 — s} and N < min{ly,|_} = 3 — 4. With
either of + sign, this implies that

(A, — N\ asle o gomdletl (12.12)
18 Fredholm.
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Proof. As we have taught in previous lectures, the last statement on the Fredholm
property follows from and the same type estimate for P*. So we only need to
prove the estimate here.

For definiteness we prove the case for spaces with order |4 and the case for |_ can be
proved in the same way. We begin by choosing Q1,Q2,Q3,Q4,G1,G2,G3, Gy € g0
such that

(1) Gj is elliptic on WF'(Q;),

(2) P is elliptic on WF'(Q1),

(3) WF/(Qg) C WF/(G;J,) C Uy,

(4) WF/(Q4) C WF/(G4) cu_,

(5) WF'(Q-) is disjoint from R4,

(6) Every a in a punctured neighbourhood of R4 on ¥p lies on forward bicharac-
teristic v from a point o € Ell(Q3), with the bicharacteristic lying entirely in
El(G3),

(7) Every a € WF/'(Q2) N Xp lies on a forward bicharacteristic v from a point
o € Ell(Q4), with the bicharacteristic lying entirely in Ell(G3),

(8) Q1+ Q2+ Q3+ Qq=1d.

{Q;} satisfying is called a microlocal partition of unity. They can be obtained by
quantizing a partition of unity {x;} on T R"™. That is, Q; = Op(x;).

First consder Q1 = Op(x1). It deals with the elliptic region. So let x; be a function
that vanishes on a small neighborhood of ¥ and is identically 1 outside a slightly larger
neighborhood of X.

Then we set x3 to be a function that is identically 1 on a small neighborhood of
R+ and is supported in a slighly larger neighborhood. Similarly, let x4 be a function
that is identically 1 on a small neighborhood of R_ and is supported in a lightly larger
region. Then we set xyo = 1 — x1 — x3 — x4- In particular, x2 will be suported away
from Ry UR_ and close to . And finally we select G; according to ;.

In the elliptic region, the elliptic estimate can be weakened to be:

1Quulls), < CUIGLPulls—2,, 41 + llullarn) (12.13)

so that the norm of G1Pu agrees with the norms for G;Pu with ¢ =2...4.

Now we first apply the above-threshold radial point estimate, using the operators (4
and G4. We can replace the spatial order r with the variable weight | in this estimate,
as |4 is constant (equal to m) in WF'(Gy). This yields the estimate

1Qaullsy < CUGaPulls—21, 41 + [|Gaulls r + [[ullar,n) (12.14)

for any M,N,s,s' € R and —1/2 < r' < m. Similarly, we apply the below threshold
radial point estimate to the operators (X3, (2 to give

1Qsullsi, < CUIQulls iy, + 1GsPulls—21, 41 + [[ullar.n)- (12.15)

Away from the radial sets, we can control ||Q1u|| and ||Q2ul|| using the microlocal elliptic
estimate and the real principal type propagation result respectively. For the latter, we
use WF'(Q4) as a source of regularity, given the dynamical condition (7). Consequently
we have an estimate

1Q2ulls1y < CIQuullsy + 1G2Pulls—2,1, 41 + [[ullarn)- (12.16)
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Without loss of generality, we can assume that the constants C' in estimates ((12.14))

— (|12.13)) are equal, and exceed 1. Then, we estimate
lulls, iy < NQuullsy + 20 Qaulls, + 1Qsulls1, +4C?(|Qaulls 1,
and combine the estimates in (12.13)), (12.16]), (12.15)) and ((12.14]). This combination
allows us to absorb the Qou and Q4u terms on the RHS by those on the LHS. This
gives (with a new constant C)
ullsi, < C[Pulls—11,41 + 1 Gaullsrr + [lllar,n)- (12.17)

For " = (—1/2,m) and appropriate choices of s’ € (M,s) and n € (0,1), Sobolev
interpolation and Young’s inequality then give

Gl < 1Gaullsamll I Gaully 5 (12.18)

1
< §HUHs,m+CHUHM,N (12.19)

for a suitable constant C. As | = m on WF’'(G4), we can replace the constant order
m with the weight |, and absorb this term into the left-hand side of , allowing
us to conclude .

The final step to conclude Fredholm property is to establish the finite rank cokernel
statement. We reduce this to prove finite rank kernel of P* (the formal adjoint of P)

in (H;C_2’|++1)* = HS?C_S’I’, where | = —1 — |, is anti-Feynman admissible. Using a
similar argument as above, we have
[ullo—s)— < C(lJull—sj_+1 + llulla,n), (12.20)

for M, N as in the ‘interesting case’ in the statement of the theorem and this (in
combination with the compact embedding we discussed) gives the desired Fredholm
property.

O

After proving Fredholm estimates, the final step to ‘solveﬂ a PDE is to prove that
the null space is trivial. For P = A, — A2, this is obtained via boundary pairing after
extracting the leading order asymptotic using certain ‘module regularity’ as we sketch
below. See also [8, Section 3.2].

For equations with conserved quantities (like linear and some non-linear Schrodinger
equations), this can be achieved via exploiting certain conservation laws. See for ex-
ample |6, Section 6].

We summarize the result ‘solving’ the inhomogeneous PDE below.

Theorem 12.2. Let |+ be as in Definition [12.1] then
P=(A,— N\ asle o go-dletl (12.21)
1s invertible and has bounded inverse:
[ullspy S [1Pulls—2,1541- (12.22)

We denote those bounded inverses by PL".

171 the sense that we have existence and uniqueness of solutions in terms of spaces in (12.12]).
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Proof. We prove this assuming the leading asymptotic of v that we will prove in the
next lecture. We can show that when w is above threshold at R_, then it only has
non-zero leading order expansion at R:

U~ Tf(nfl)/2ei)\ra0(y) + O(T*(er)/?)’ (12.23)

for some ag € L?(S"!). Then we use a ‘boundary pairing’ (see |17, Propostion 13]),
which reads

/ (uPu — (Pu')w)dVy = 2iX / fofh = f-fldVgn, (12.24)
n Sn—l

(nfl)/Zeii)\r

where fy, f are leading coefficients of u, v’ in front of r— . Taking v/ = u,

we have
2Re/ uPu = —Zi)\/ |vo?.
n P

So we have vy(y) = 0 if Pu = 0 and this puts u above threshold on both R.. Using
our Fredholm estimates since |4 can be chosen to be arbitrarily large at R+, we know
u is Schwartz. But this is impossible, due to uniqueness results in |12, Theorem 17.2.8]
or the absence of L2-eigenfunctions in [5]. O

12.2. Fredholm estimates for module regularity spaces. Next we discuss some
analogues Fredhom estimates on module regularity spaces that we will introduce below,
which are usually used to obtain asymptotics of solutions to PDEs. We first discuss
some intertwining properties of cusp vector fiels and our operator. The reason that we
use cusp vector fields is because the ‘error’ term has O(r~2) level of decay in terms of
them, which is integralble and can be finally integrated to give the leading profile. Let
Veu(R™) be the C°°(R™)-module generated by (here r is the radial length)

G={Dy, zD, —2D,,1<i,j<n, Id}. (12.25)

In terms of coordinates on R™ with (y1,..,y,—1) being a coordinate system on OR",
they are equivalent to
2°Dy, Dy,,..Dy, ;. (12.26)
This generates the Lie algebra of the (asymptotic) symmetry group of our PDE. Then
we set Diff%, to be the C°°(R"™)-module generated by k-fold products of elements in G.
Our intertwining property is as follows.

Proposition 12.3. Let L € Diffffu C UMF e q k-fold product of elements in G, we
have
[L, P] € WEFLA=2, (12.27)
That is, it has one extra order decay compared with the ‘trivail’ membership, reflecting
that P is asymptotically symmetric with respect to the flow generated by (factors of)
those vector fields.

Remark 12.3. This one order extra decay for all cusp vector fields is the main reason
that our asymptotically Euclidean setting is easier than the general asymptotically
conic setting in [17], in which case one needs to deal with certain elliptic combination
of cusp vector fields instead of individual ones. Geometrically, this is because the metric
(and hence operator) that we are asymptotic to is ‘constant in y’.
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Proof. We only need to consider the case k = 1 since we have the composition law and
the derivation property:

[ViVa, P| = Vi[Va, P] + V4, P]Va, (12.28)

for V; € G.
Let Ag be the Laplacian of the Euclidean space, then for all V' € G, we have
[Dy,, Ag] = 0 and [D,, Ag] € Ui 2.
We can write
[V, Ay — A2 = [V, Ay — Aq] + [V, Ag). (12.29)
Under our assumption (12.2)), we have (the computation is left as Problem ((13.1)).)
Ay —DNg e T2H (12.30)
and this gives ((12.27) for k£ = 1, which in turn finishes the proof as we have explained.
O

Then our Fredholm estimates generalizes to thoese module regularity spaces below.

Definition 12.2. Let G* be the set of k-fold products of elements in G, we define the
k-module reqularity space, denoted by Hsc’li;k(R”), to be the space of functions such that

{u:Lu € HS* VL € GF}. (12.31)

Of course, this already requires u € Hssc’li. We equip this spaces with the norm (in fact
the corresponding inner product as well):

lallZpe = D ILullZ, (12.32)

Legk

The analogue of the X'*'=-space would be the following:

XSJi;k . {u c H&'i%k - Pu € X5727|i;k}_ (1233)
And it is equipped with the norm (and inner product given by)
ull s i = | N Ll (12.34)

Using the same argument as before, this is a Hilbert space. Now we have the following
global Fredholm estimate for the module regularity spaces.

Theorem 12.3. Let |1 be variable orders as before, then for any s, M, N € R and

u € X'=F we have (we ignore the module reqularity in the error term, since they can
be absorbed into M, N ):

[ulls ik S 1Pulls—2ut15 + [l (12.35)

The interesting case is when M < min{s,2 — s} and N < min{ly,|_} = 3 — 4. With
either of + sign, this implies that

(A, = N\2) o xslek oy ge=2letlk (12.36)
1s Fredholm.
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Proof. We prove this from ((12.11)) and the intertwining property above. We only need
to show

[Vullsie S IVPulls—21.41 + [[Pulls—2).41 + [[Vullam,n, (12.37)
for V € G. To show this, we notice that

VPu=PVu+ [V, Plu.
Using ((12.11)), we have

Vaullsie S NIPVulls—2,.+1 + [|Vullan
S|V Pulls—21 41 + I[P Vulls—21 41 + [[Vull v
S HVPUH8—2,|¢+1 + HUHS,& + ||VUHM,N’

where in the last line we used ((12.27). For the |uls, -term, we can apply (12.11) again
to control it by ||Pul[s—2,,+1-

An induction using argument above gives ([12.35|).
O

In the treatment of the Helmholtz equation here, the characteristic variety that we
need to concern is only at finite frequency over the spatial infinity. So only the geodesic
flow at infinity enters and no non-trapping condition is needed. If we were instead
considering Klein-Gordon equations or Schodinger equations, then we have propagation
at fiber infinity over the interior of the spacetime, which requires the metric to be non-
trapping.

But we should pointout that, even in the presence of mild (normally hyperbolic)
trapping, one can still have propagation estimates with certain loss. See [4] [11] [13].
In addition, we can obtain a estimate that propaagtes regularity out of the trapped set
and then again glue them to obtain a global Fredholm estimate. In fact, this is the
situation in [22], which is where this non-eliptic Fredholm theory was invented.

12.3. Problems.
Problem 12.1. Verify (12.6) and also this difference is in r—2Diff? .
Problem 12.2. Prove X*'+¥* with norm (12.34) is a Hilbert space.

Problem 12.3. In fact, we have the following generalization ( 23, Lemma 5.10]):

my L5

suppose we have a family A; € Uy’ (R"), j =1,2,...N and set
X={ueHY: Ajue HZ",j=1,2,..,N} (12.38)
and equip it with the norm
N
lullZ = lull2, + D 14513, (12.39)
j=1

then this is a Hilbert space.

Problem 12.4. Failure of density. Let |+ be as above, and choose a constant L > 1/2.
Show that Schwartz functions are mot dense in the space

X ={uc H" | Puc H*'}, Py=A-\
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Hint: let v = B, L$, where PO_1 is the outgoing resolvent, and ¢ is Schwartz. Assume
that w; is a sequence of Schwartz functions converging to u in the topology of the space
X above. Pass to the Fourier transform, and consider the operation of restriction to
the sphere of radius A to derive a contradiction. This counterexample shows that the
density result of Proposition [12.2]is quite delicate.

Problem 12.5. (Complex absorption) Suppose @ € U2 has real principal symbol
elliptic near R_ , and that @ is micro-supported in a slightly larger neighborhood of
R_. Let | be a variable order that is not necessarily monotonic near R_, prove that
for P = P —iQ, the sub-elliptic estimate like the above threshold radial point estimate
still hold near R_ (we don’t have a threshold to restrict | now!), which in turn gives
the global Fredholm estimate if the assumption on | (monotonic along the H,-flow and
below threshold there) remain valid near R .

13. LECTURE 13: SCATTERING THEORY

We start to discuss scattering theory in this lecture. A lot of numerologies and
treatments here are suboptimal due to the limitation of time and tools that we are
restricted to in this lecure and of course the knowledge of the author.

13.1. The Poisson operator. We continue to investigate P = A, —\? for A € R\{0}.
The Poisson operator P(£M) is (the extension of) the operator sends f_ € C*°(0R")
to the solution u of

Pu=0
that is of the form (we use r to denote the radial length in R™)
Tf(nfl)/Qefi)\rf_ (y) + Tf(nfl)/Qei)\rf_i_(y) + O(Tf(nfl)/2)' (131)

Here f_ is called the ‘incoming’ data while fy is called the ‘outgoing’ data@ The
theorem below tells us solutions that is in our X'*'*+-type spaces is indeed like this, with
only one piece of the expansion.

Theorem 13.1. Suppose u € H§5I+;2 with s > 0 and

Pu=f € (r)2L*(R"), (13.2)
and WFg(f) N R_ = (), then we have ag(y) € L*(S* ') such that
u= r_("_l)ﬂei)‘rao(y) + O(T_(”'H)/Q), (13.3)

where the O(+)-notation is in terms of L?(S"~1)-valued function of r.
Proof. Notice that in the polar coordinates, we have
Ay=D?—i(n—1)r ‘D, +r ?Agn1 + R, (13.4)
with R € r~'Diff2 (R") N r_QDiﬂ"gu(]R”) Let v = 7(»=1/2y, then we have
(Ay — N)u = r_("_l)/2((r(”_l)/2Agr_("_1)/2) - )\2)2}.

18Think about the time Fourier transformed wave equation.
19g¢e [17, Section 3].
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The conjugation has the effect:

TW—wﬂDﬂrw—nﬂ::Dr+¢”;1r+a

So we have
(D + A)(Dy — N =™ D2 f 4L v=2Ag 10 + R, (13.5)

with R € r~'Diff2 (R™) N r~2Diff2 (R™).

Our next goal is to show that the right hand side is in L(dr, L>(S*!)), so that
(after inverting (D, 4+ A) microlocally away from R_) we can integrate in r and obtain
;2

.. . 0,—1—¢
ap(y). Our condition gives u € Hg' 2 ‘

r>1):

, which means (we only concern the region

DFu € (r)y2 e L2(r"Ldr, L2(S"Y)), (13.6)
for k = 0,1,2. Applying Cauchy-Schwartz to the function of » and translate member-
ship above to v, we know

Dyv € (r)! LY (dr, L*(S"7)),

for K = 0,1,2. This, in combination with the same membership of Dly“iv from the same

argument and R € r=2Diff2,, f € (r)72L%(R"), tells us that the right hand side of
(13.5)) is in L'(dr, L?(S™71)).

In addition, since (D, + A) is elliptic on WFg.(v) and WFg.(f), so one can apply an
elliptic parametrix of it on a neighborhood WF.(v) to both sides of to obtain H

(D, — Nv € L*(dr, L*(S™™1)).
Solving this ODE gives
v=eu(y) +O0(r),
which completes the proof since u = r~(=1)/2y, O

The technique above also gives a characterization of being ‘above threshold’ in terms
of leading order expansion. As we have shown above, suppose Pu € S(R"), then u
being below threshold at Ry means that the limit

L(MNu = li)m p(r=/2idry, (13.7)

exists and is some function in L?(S"~!) (as one can see in the proof, we can have higher
regularity if we assume higher regularity in u as well) playing the role of the asymptotic
profile. which is in fact (module some constant and A-factor) the adjoint of P(—\).
On the other hand, being above threshold at Ry should mean that the limit above is
0, after microlocalizing near R, which we postpone to after we discuss the microlocal
decomposition of solutions.

One of the standard technique in scattering theory is to construct an approximate
solution after having this leading order expansion, which is what we treat next.

201¢ you are worried about this statement, one can find DUL° such that (D, + ) + D is elliptic and
WFL. (D) is away from WFs.(v), then do the standard elliptic parametrix and the error introduced by
D is Schwartz.
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Proposition 13.1. Given f_ € C*(OR"), then one can construct @ such that it takes
r= (=026 £ (y) as the leading term and (A, — \)i € S(R™).

Proof. Using (13.4)), a direct computation shows that r—(=1/2e=A7f_(3)) solves the
PDE to the leading and subleading order:

(Ag _ )\2)(1"_(“_1)/26_1.)\71]0,(3/)) _ T—(n+3)/26—i)\'r’g(y> + O(T‘_(n+5)/2),

for some g(y) € C°(OR™). All O(-) notation in this part means the uniform control for
fixed C¥-norm or some Sobolev norm in y as 7 — 00 (or x — 0 below). In fact, more
generally, in terms of (z,y)-coordinates near JR™ with x = r~!, we have

(B — A2)(aPe M a(y)) = iA2p —n + Dal e N oa(y) + O(?*?).

Using this and run an iteration (that is, one can prescribe the next term so that its
leading output cancels the leading order error), one can prescribe a series

i = p(nD/2g—iA Z :cjaj (y)
=0

with ag = f and satisfies
(A, — \)a € S(R™).
O

Now we turn to construct the actual solution with prescribed asymptotic data. Recall
that from Theorem we have bounded inverse P;l of

P= (A, — N\ asle o gemletl (13.8)

which will be called the outgoing and incoming resolvent. And indeed, they are just
classical outgoing/incoming resolvents that are denoted by R(\ +i0).

According to Propostion above, we have u with prescribed data near R_. Now
we set

u=1u—P;'((Ay — N))

and it will become a solution to Pu = 0. In addition, let Id = A4 + A_ be a microlocal
partition of unity (that is, a quantization a partition of unity on ¢7T*R"™) such that AL is
micro-supported away from R+, which is equivalent to requiring A4 to be microlocally
identity near R4. Multiplying u by this partition and notice that WFy.(a) C R_ by
construction and WFy.(P,* ((Ay — A?)it)) C Ry (since our forcing is Schwartz here,
we can take |4 to be arbitrarily large away from R,). Then the only pieces that
are not Schwartz are A_u and A+P;1((Ag — A?)i). And indeed, as discussed after
Theorem thm:leading-asymptotic-Helmholtz, the A+P;1((Ag — A2)ﬂ)—term, which is
micro-supported near R, will not have contribution to the process we extract ag(y),
which is the coefficient of 7~ (*=1)/2¢=iA" S0 the u constructed above indeed is a solution
in X5 4 X%~ with prescribed incoming data f_ = ao and we define

PN f- =u. (13.9)

This is well-defined since such solution is indeed unique. Because if there are two such
solutions u; and ug, then they we know that u = u; — us solves the equation with zero
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incoming data. Using the boundary pairing in (12.24)) again, we know that the outgoing
data of u vanishes as well (of course it should, since energy should be conserved). Then
we are again in a situation where it is above threshold at both radial set, applying the
proof in Theorem concludes that u = 0.

Discussion above in fact have given a very nice microlocal decomposition of wu.

Proposition 13.2. Let u = P(\)f_ with f— € C®(S"!) and Ay are as above: they
are microlocally identity near R4 and microlocally trivial near R+, then we have a
decomposition:
U=uy+u_, (13.10)
where
uyr = Azu = PP, ALlu. (13.11)

Remark 13.1. See [7, Proposition 3.3] for the same statement with sharp module
regularity.

Proof. First of all, we have [P, A}] = —[P, A_] since [P, Ay + A_] = [P,1d] = 0. Since
Pu =0, we have

PP AfJu+ PP Al Ju

L 3 (13.12)
=P, PAiu+ P "PA_u,

If we know Aru € X% for some s, then we know that P;lPAiu = Au and the proof
is finished. This is true: the condition near the above threshold radial set is satisfied
due to the definition of A+ while the condition away from radial sets is satisfied due to

u € Hssc’fl/2 away from both radial sets (because it is in X*+ 4+ X*!=). The condition
near the below threshold radial set is satisfied by the way we constructed P(\), which

_1_.
shows u € Hy 2 globally. O

Now we can come back to the limiting process we discussed. In terms of this decom-
position, u_ contributes the f_-term in the expansion in while uy contributes
the fi-term in the expansion. In terms of L(\) (and its anaglogue L(—\) defined via
shifting the sign of the complex phase), we have

LNuy = f+, LAN)u- =0, L(-MNuy =0, L(=Nu_=f_. (13.13)
One needs to interpret those limit in certain L?-based Sobolev spaces.

13.2. The scattering matrix. Let u be a solution to Pu = 0 as in , then the
scattering matrix S()) is the (extension of the) map C®(S"~!) — C*®(S"!) sending
f— to fi. It can be interpreted as the ‘boundary value’ of our Poisson operator.
This perspective was used in [15], where P(\) was constructed as certain Legendre
distribution and S(\) was shown to be a Fourier integral operator of order 0 associated
to the time 7 geodesic flow on the boundary.

Apart from this perspective, S(\) has a simple formula in terms of objects we intro-
duced before:

S(A) = (2i\)"LP(=\)*[P, AL P()), (13.14)
where P(£\)* is the adjoint of P(£+\), which is we will analyze below. The goal of
this part is understanding this, and other identities connecting various objects that we
have introduced.
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*

We first give a characterization of P(A)* via the boundary pairing. Let v € i(R”)
and set uy = iP;lv, then we apply (12.24) to u— and P(\)a with a € C*°(9R") to
get

/ (PONayuaVy =203 | aF-dVyg,
where we have used the fact that u_ has zero outgoing data and f_ is the incoming
data of u_. This gives
P(\)*v = 2i\f_. (13.15)
Similarly, let fy be the incoming data of u,, then we have
P(=\)"v = 2i\fy. (13.16)

Applying P(+\) to f+, we obtain a function that solves Pu = 0 with prescribed
incoming/outgoing data equal to f+, which have to be u_ 4+ uy. So we have

P(£A\)P(£A)* = 2iA(PL! — PTY,

which connects the Poisson operator to the spectral measure in combination with the
Stone’s theorem.

Now for u = P(X\)f—, we use v = [P, Ay]u, which is Schwartz, then v = u_ + uy
in terms of notation, which also coincide with the microlocal decomposition we had in
Proposition Then we can write

w = QINP(=NP(=A)[P, Ay Ju = (20 P(— N P(—\)[P, A POV
Writing it as

w= P(=N)((2INP(-A [P, A )PV L),
we know (by the uniqueness of the outgoing data)

fr = INP(-N [P, AL POV
which proves (13.14)).
Applying the boundary pairing again, we see

SONSINF AV — [ TV =,

OR" OR"
which shows that S(\) is a unitary operator.

13.3. Problems.

Problem 13.1. Verify (12.30)).

Problem 13.2. The Huygens principle: Write down the spectral measure of Ag (or
more precisely, of \/Ag), which in turn gives the propagator ¢tVBo What can you say
about the wave front set of solutions to (say, initial value problems of) wave equation?
(Hint: You can use Fourier transform to derive the spectral measure, which “diagonal-
izes” the differentiation.)

1

(Hint2/Soltuion: Verify that ((’\QRT}L Jon—1 e!===)A“ ;) d) is the spectral measure.)
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Problem 13.3. (The free scattering theory) Write down the Poisson operator. Also,
write down the scattering operator for Ag — A? and convince yourself that this is a
Fourier integral operator associated to the time 7 geodesic flow. (Hint/Solution: the
Poisson operator is a constant multiple of A("~1/2¢i22¥  where we use y €St R
to write its coordinates.)

Problem 13.4. According to the expression of P(\) for the free case and assume
similar expression holds for in more general settings, what happens if we want to study
the low energy behaviour as A — 0?7 What kind of resolution is needed?

Problem 13.5. Use the expression for Poisson operator above to give another deriva-
tion of the expression for the spectral measure.

Problem 13.6. Give a example of topology in which the convergence in ((13.13]) will
not hold in general.

Problem 13.7. (Scattering theory in one dimension) Consider the time-independent
Schrédinger equation (D2 + V — A%)y) = 0 in one dimension with real valued smooth
V. Suppose we have 1) ~ €’ 4 re”% a5 1 — —oco while 1) ~ te’** as x — oo. Prove:

Ir]? + [t* = 1. (13.17)

Here r is called the reflection coefficient and ¢ is called the transmission coefficient.
(Hint: consider the current, or Wronskian in terms of the ODE theory, J = ¢)’ — i)/,
then D,J = 0.) Why this is our unitary property of S(A)? (Be careful that r = —z as
x — —oa!)

Problem 13.8. (Potential perturbations) Suppose we consider P = A, + V — A2
instead, with V' € (r)"2C°°(R"), verify main results in this section. (Impose extra
decay conditions if you face some troubles.)

14. LECTURE 14: THE KLEIN—-GORDON EQUATION

So far, we have taken the Helmholtz operator on R™ as our main example. We have
stressed that the arguments given only depend on the principal part of the operator,
so the same results apply in asymptotically Euclidean settings, or when a potential is
present. Nevertheless, all of the operators considered are asymptotically Helmholtz.

In this lecture we will consider a very different application, the Klein—Gordon equa-
tion (04 1)u =0 on R%’I", where O =0 + A =0F — Y7, 8:%]_ is the d’Alembertian,
a.k.a “wave operator”.

Remark 14.1. The Klein—Gordon equation was introduced by Klein, Fock, and Gor-
don (in that order) as a model for relativistic quantum mechanics. In nature, it de-
scribes certain atomic nuclei, such as Helium-4, as well as pions, certain mesons which
act as a carrier of the strong nuclear force between nucleons. It also serves as a model
for the Higgs boson in the limit where its self-interactions are ignored.

Notice that the operator P = [J+1 lies in \113(;0, like the Helmholtz operator. Like the
Helmbholtz operator, we will see that the Hamiltonian vector field H, coming from p =
0350(13) induces on the characteristic set a source-to-sink flow. Unlike the Helmholtz

operator, P is not elliptic at fiber infinity, which causes some issues. But these issues
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are (for the most part) minor, and the Helmholtz story applies in the expected way,
with the expected modifications.

To simplify our discussion, we will work in the n = 1 case. This means working on
two-dimensional spacetime RtZ,x'

Remark 14.2. As in our discussion of the Helmholtz operator, we will only discuss
the case of P = [0+ 1, the exact Klein—Gordon operator, but the arguments use only
the principal form of P (and dynamical things like global hyperbolicity), so they apply
for more general metrics that are asymptotically Minkowski or for operators P which
differ from the Klein-Gordon operator [, + 1 of an asymptotically Minkowski metric
g by lower-order terms.

14.1. The dynamics. Let 7 denote the frequency coordinate dual to ¢ and £ the
frequency coordinate dual to z.

The operator P is classical, so its characteristic set is the subset of the boundary
d(R2 x R2) of the Vasy square on which

-+ +1
- 14.1
TR rer (14.1)

vanishes.

Over spatial infinity, at finite frequency, this consists of the hyperbola {72 = £2+1}.
At infinite frequency, this consists of the “endpoints” of the hyperbola.

The characteristic set ¥xg = Char2?(P) has two components, one in the {r > 0}
half of the phase space and one in the other half. The situations in the two halves are
comparable, so we will restrict attention to the {7 > 0} half. We can picture

Char2’(P) C 9(R? x R2) (14.2)

as the boundary of a cylinder. The side of the cylinder consists of all of the copies of
the hyperbola {72 + 1 = &2} over spacetime infinity coS!, one hyperbola for each point
on ooS'. The top and bottom of the cylinder are the portion of the characteristic set
at fiber infinity. One of the two, say the top, contains left-moving wavefront set, and
the other, the bottom, contains right-moving wavefront set.

Unfortunately, it is hard to draw a cylinder. So, instead, we puncture the cylinder
at its base and then splay out its sides, turning the base inside-out in the process, and
then laying the whole thing flat. The result is a large flat disk, whose center is the
disk that formed the original top, surrounded by an annulus which consists of the side
of the cylinder, surrounded by another annulus consisting of the punctured, stretched,
and flipped base.
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1 T

Puncture Stretch

— flatten and rotate

Final result:

Our next goal is to prove (or sketch a proof of):

Proposition 14.1. The Hamiltonian vector field H_, = (1 + 2? + t3)Y/2(1 4+ 72 +
€2))"Y2H_, induces on Ykg a source-to-sink flow.

First, let us compute the Hamiltonian vector field H_, of p = —72 4+ €2+ 1. The
Hamiltonian flow is

H_, = —(0:p)0 — (0¢p)0y = 270; — 2£0,.

The quickest way to find those points in coS! x R? where H_, vanishes is to note that
it consists of points of the form (6, () € coS' x R? such that, at finite spacetime points
(t,z) # (0,0) in spacetime direction § = arctan(t/z), the Hamiltonian vector field
H_,, is parallel or anti-parallel to 6. This is just translating between the compactified
perspective and the conic perspectiveE-]

The Hamiltonian vector field is pointed in the spacetime direction (7, —¢). This is
parallel/anti-parallel to (¢,z) when —72 = t£. Now:

21The reason this works is that H_, is homogeneous of degree —1 with respect to spacetime dilations.
[Exercise]
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o If § = arctan(t/z) is between 45° and 135°, then (7, z7) should be between those
same angles, which picks out exactly one point in the hyperbola {72 = ¢2 + 1}
(which defines the characteristic set).

o Likewise if 0 is between 225° and 315°.

e For other 6, there are no points (7, —¢) in the characteristic set with that same
angle.

So, the radial set R consists, in the component of the characteristic set to which we
have been restricting attention, of two components, one over the future timelike cap,
R, and one over the back timelike cap, R_, each of which consists of one point over
each point at spacetime infinity.

Since H_, is flowing forwards in time on the {7 > 0} component of the characteristic
set to which we have been restricting attention, this is highly suggestive of a source-to-
sink flow, with the radial set over the past timelike cap as a source and the radial set
over the future timelike cap as a sink:

(a) Yk = char2’(0+ 1) Nel{r > 0}

e m ==

This is in fact what the flow looks like. Let us verify that R is a sink, at least away
from fiber infinity.

Remark 14.3. The figure above shows the Hamiltonian flow induced by H_, moving
backwards in time along coS™. This might seem inconsistent with the fact that H_,
is going forwards in time. The reason is that even if H_, is going forwards in time, if
it is decreasing the spatial radius r at a faster rate, then H_, is bring us closer to the
time-axis. This means that the induced flow H_,, on the corresponding portion of the
boundary is doing the same thing.

Let us use p = 1/t as a boundary-defining-function of base infinity (valid in a neigh-
borhood of the subset of coS! over which R, lies). In addition, instead of using z/t as

a coordinate, let us use

T

This vanishes precisely on R.. So, our coordinate system of choice is (p = 1/t,v,7,§).
Above, we wrote H_,, in terms of the coordinate system (¢, z,7,¢). In order to carry
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out the coordinate change from the latter coordinate system to the former, use
)
ot 0tdp Ot Ov

3} d
__ 20 a0 14.3
P o= (143
9 _wo 0
Ox  OxOv ov
So,
0 d 0
_ B _ o (29 AN 9
H_, =210, — 2£0 27’<p ap +p(v—29&) 61}) 2§p78v
0 3}
- _ 27 —_
= —27p ap 2Tpvav. (14.4)
So: 5 5
— 1 - _ - —_
Hop,=p H_,= 2T,oap 271)(%. (14.5)

From this, we can see that {v = 0} is a sink.

14.2. Theorems. Let s denote a variable order monotonic under the Hamiltonian flow
(it is allowed for s to be decreasing on one component of the characteristic set and
increasing on the other), constant near each radial set, and, within each component of
the characteristic set, < —1/2 on one radial set and > —1/2 on the other. Now let

X™S = {y € H™ : Puc H? 1sth (14.6)
yms = HIS. (14.7)
Then, the Klein—Gordon operator P = [J + 1 satisfies:
Theorem 14.1. The map P : X" — Y™ 15t s Fredholm.

In this way we get four Fredholm problems. The reason why we get four instead of
two (like for the Helmholtz problem) is that the characteristic set has two components,
and we can choose the propagation direction of each.

If s is high in the past, then this is called the advanced problem. If s is high in the
future, then this is called the retarded problem. The other two problems are called the
Feynman and anti-Feynman problems.

14.3. Exercises.

Problem 14.1. Show that R continues to be a sink at fiber infinity. Do this by:

(a) Change coordinates from (p,v,7,€) to (p,0,1/7,&) for £ = £/7 and & = x/t +&.
(b) Why does this coordinate chart suffice?

For the next two problems, you can use the Fourier transform if you like.

Problem 14.2. Suppose that s is increasing on both components of the characteristic
set. (Or decreasing on both.) Show that P : XS — Y™~ 1st1 ig invertible.

Problem 14.3. Suppose that s is increasing on one component of the characteristic
set and decreasing on the other. Show that P : X™*S — Y™~ Lstl ig invertible.
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15. LECTURE 15: ANOTHER WAY TO REALIZE FREDHOLMNESS, AND THE
SCHRODINGER OPERATOR

15.1. Another way to realize Fredholmness. There are a variety of ways to con-
struct of Fredholm realization of (pseudo-)differential operators. One relatively non-
technical way was introduced recently by Baskin, Doll and Gell-Redman [2]. It uses
constant-order Sobolev spaces, with an additional condition at the above-threshold ra-
dial set. We will discuss this just in the context of the Helmholtz operator, denoted P,
here.

To define these spaces, let us choose R_ to be the above-threshold radial point set
(of course we can equally well choose R4, and it should be clear how to modify the
construction for this choice). We then choose two microlocal cutoffs @, Q' € \1'8(30, which
are both microlocally equal to the identity near R_ (in particular, they are elliptic near
R_, and microlocally trivial near R in the sense that their operator wavefront set is
disjoint from R;. In addition, we ask that WF. (Q) C EI(Q'). We then choose a
differential order s and two constant spatial orders [, [ satisfying [ < —1/2 <[} <
I_ 4+ 1. We then define our X and ) spaces by

iys,l,,lJr — {u c HS’L | Q/U c Hs’l+}7

(15.1)
[llysa—ay = llull oo + [1Qull oy

and
pelody [ue sl | Qu e HS’lJr,Pu c y8—2,l7+17l++1}7 (15.2)
HUHXS,l_,l+ = HUHHS,Z_ + HQUHHS,l+ + HPuHHsfll_Jrl + HQ’PUHH572,Z++1-

We see that if u € X%+ then u has above-threshold decay at R_ but can be below
threshold at R. Moreover, Pu satisfies similar conditions, with the expected change
of order to (s — 2,11 + 1), but using the Q" cutoff rather than the @ cutoff for w.

Proposition 15.1. The operator P : X5t=k — Ys=2l-+Li++1 s Fredholm.
Proof. We first prove a semi-Fredholm estimate for P, i.e. we show
]| gy < c(||Pu||y572,l_H,l+H n ||u||H,N,,N). (15.3)
It is enough to show that
lull s+ |Qull sy < C<||Pu||H572,z,+1 + ||Q,P’UJ||H572J++1). (15.4)
In fact, since [|Qul| s1_ is clearly bounded by ||Qul| 5., , it is enough to show
1(1d = Q)ull o + | Qul| oy < C(HPUHHH,Z_H + HQ’puHHwﬁl). (15.5)

We start with the above threshold radial point estimate, which allows us to estimate
||QUHHSJ+ by

1Qull ety < C(1QPullyersey + | Bullygusr + Jullg-won),  (15.6)

where —1/2 < I’ <4 and s’ < s. The E operator initially would have (from the proof
of the above threshold radial point estimate) have operator wavefront set a bit bigger
than that of Q. However, using the propagation estimate, we can estimate Fu by Fu
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where F is elliptic at R_ but can have operator wavefront set as close as desired to
R_:

|Bullgrae < C(IBull g+ 1QPull s + lullyvon ). (15.7)
and the norm of Q' Pu here is weaker than the one in (15.5)), so it can be absorbed.

Then the HEUHHSI,ZI norm can be absorbed in the LHS, assuming as we may that

WF/ (E) C EI(Q), up to another ||ul|-~.-~ term, as explained in previous lectures.
We thus obtain, for u € X*!=k+ the estimate

1Qull et < C(1QPull gre-niyor + ull gr-x.-n ). (15.8)

Note that this estimate does not hold in the strong sense: we need to know a priori
that v € X®'~% which means in particular that both the LHS and RHS are finite.
(Exercise: show that for a general distribution u, the RHS may be finite and the LHS
infinite.)

We have therefore estimated the second term in . To estimate the first term, we
use the below threshold radial point estimate combined with the propagation estimate.
It shows that

104 = Qull i < C(IQul sz + I Pull ye-nisr + lfull g-vn ). (15.9)
Of course we can trivially weaken this by taking a stronger norm on Qu on the RHS:
1(Id — Q)ul| gsa- < C(HCQuHHs,zJr + || Pul| gs—20_+1 + Hu||H7N,7N>. (15.10)

Now we add together (|15.10)) and (|15.8]) and use ([15.8)) again on the RHS to eliminate
the Qu term on the RHS, and arrive at (15.5)).

The space X*!~!+ is compactly embedded in H~N~N provided that N is sufficiently
large. This shows that P, acting as in Proposition has a finite dimensional kernel
and closed range. We need to show that the range has finite codimension. It suffices
to show that the annihilator of the range of P is finite dimensional. The annihilator
lies in the dual space of Y5~ 2!-FLi++1 o let’s pause to consider what this dual space
actually is.

Note that Y5~2i-+1i++1 i5 an intersection of spaces, that is, for v € Y5~ 2l-Fhit+1
we require both v € H*~2-+1 and Q'v € H*~2!++1. The dual space is therefore a sum:
it consists of f = fi + Q' fo where f; € H>57!-=Land f, € H> 57!+~ (exercise). It
will be more transparent if we assume that [, +[_ = —1, that is, these two orders are
symmetric around —1/2. Then —[_ — 1 = [; and =y — 1 = [_. So we require that
f=fi+ Q' fo where f; € H> %'+ and f, € H*>%!~. This space of functions is similar
to X*!=+ but with different microlocalizing functions, and more importantly, with the
above and below threshold radial sets reversed: it is now below threshold at R_ and
above threshold at R..

Moreover, for f to be in the annihilator, then it must satisfy

(Pg, f) =0 for all ¢ € S(R™).

For Schwartz ¢ there is no impediment to ‘integrating by parts’, so this implies that
(¢, P*f) =0 for all ¢ € S(R™), which in turn implies that P*f = 0. So, the annihilator
is identified with the null space of P* = P on a space similar to X*!='+ but with the
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threshold condition reversed. Exactly the same semi-Fredholm estimate as above can
be made for this space and shows the finite dimensionality of the annihilator. Therefore,
P is Fredholm acting between the spaces in Proposition [15.1 ]

15.2. Parabolic calculus. Finally we discuss how the “Fredholm philosophy” can be
applied to the Schrodinger operator [6]. The free Schrodinger operator is

Po Dt + A on Rn+1 Dt = —iat,

t,x

and is the basic operator of nonrelativistic quantum mechanics. We consider perturba-
tions P given by
P = Dt + Ag(t) + V(t, x), (1511)

where ¢(t) is a family of metrics on R", for simplicity a compactly supported pertur-
bation of the flat metric, and such that g(¢) is flat for |¢| large (this strong assumption
can certainly be weakened to a finite decay rate at spacetime infinity). Similarly, we
assume that the potential V' is smooth, real-valued, and compactly supported in space-
time (similarly, this could be weakened to a decay rate). Under our assumptions,
P = Py near spacetime infinity.

We are going to consider a different compactification to our standard radial com-
pactification. Why? — because we need to respect the scaling of the operator, in which
one time derivative is “worth” two spatial derivatives. Note that the symbol of Py is
T + |£|?. We consider a parabolic scaling in the cotangent fibres:

(1,6) =+ (a®7,af), a>0.

We call this map the ‘parabolic dilation with scale a’. We form a compactification
of R”ng in which the points at infinity correspond to all the orbits under parabolic
dilation, in the same way that the points at infinity under radial dilation correspond
to all the orbits under the standard, linear dilation. To do this formally, we define the
‘parabolic sphere’ in R™*1:

n 2 4
Spar = {(1,€) | 77+ €7 =1}, (15.12)
thus the parabolic sphere of scale R is the set {(7,&) | 72 + [£|* = R*}. We then define
the parabolic compactification of Rf}“ to be
REET = RUE L S2, % [0,1)/ ~,
(1,6) ~ (W, 8) = (wrywe),8) == (1,6) = (s wr, 5™ w).

The boundary of the parabolic compactification is at s = 0, and s = (72 + |¢|*)
is a boundary defining function. Let (R) := (1 + 72 + |£[*)//* (the analogue of (¢)
in the linear case). We then define classical symbols of order s in (7,£) to be smooth

(15.13)

—1/4

functions a in the interior of Rl such that (R)~%a is C* on Rh'. The corresponding
definition of non-classical symbol of order s is a function a(r,£) such that, for all j and
all multi-indices g of length n, we have

DID[a(r,)| < C(R)*" VA, (15.14)

Notice that &; is a symbol of order 1, but 7 is a symbol of order two. That means
that D, will be an operator of differential order 1 in the parabolic calculus, but Dy
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will be an operator of order two. That is, D; and A have been brought to the same
order, which fits with the intuitive idea that these two components of P have ‘the same
strength’. Notice also that 7-derivatives reduce the order of a symbol by two, which is
again consistent (and in fact required) by the parabolic scaling.

Our compactification of phase space T*R&# is defined to be the Cartesian product

of the radial compactification of spacetime, RZ;I, with Rg;ﬁl, and symbols of order
(s,1) will be functions a(t,z, T, &) such that

D&, DID{a(t,x,7,€)| < Cla, )1l R)*=2 1A (15.15)

This is no different to the previous compactification near spacetime infinity where (7, &)
are finite, but it differs considerably when the frequency variables tend to infinity, as
we shall see shortly.

We then define our parabolic calculus by quantizing, in the usual way (left quantiza-
tion), this class of parabolic symbols. This gives us the parabolic calculus, \I/f,’ér(R”H).
We can also define spaces of operators and symbols with variable spacetime order, al-
though, for reasons of limited time, we do not elaborate here. This works just as well
as in the usual calculus, and in fact is hardly different as we have the usual dilation
structure in the spacetime variables.

From the parabolic calculus, we get weighted parabolic Sobolev spaces HS;fr, defined

as the distributions that are mapped to L? by all operators in ‘Ifg’ér.

15.3. Schrodinger operator. Next, as microlocal analysts, we ask the following uni-
versal questions about the operator P:

e What is the characteristic set Char(P), and how does it intersect the boundary

of (parabolically) compactified phase space T*Ri!?

e What is the Hamilton vector field at the boundary of T*Rj!?
e Where are the radial sets (where the Hamilton vector field at infinity vanishes),
and what is the linearization of the Hamilton vector field at the radial sets?

The answers are as follows, at least for the free operator Py for simplicity (but the
geometry for general P is only inessentially different):

e The characteristic set Char(P) is given by {7+|£|? = 0}, that is, a paraboloid. This
is a smooth manifold with boundary on the parabolic compactification, and it meets
the boundary transversally. This is quite different to the geometry under the radial
compactification, on which the continuous extension to the boundary is not a manifold.
This already indicates that the parabolic compactification is the right picture.

e The Hamilton vector field, for the free operator Fy, is H, = 0; + 2§ - 0. This
is straight line motion in RZ;H with fixed velocity (1,2¢). We want to see the limit
of the Hamilton vector field at the boundary of the compactification. To do that, we
need to rescale by multiplying by (¢, z)(R)~!. But since we only are interested in the
Hamilton vector field on Char(F), it is more convenient to replace (R)~! with (£)7!;
and at spacetime infinity, we can multiply by either (¢) or (x), depending on whether
t or |z| is dominant.

We first consider the situation at frequency infinity. In this case, we can forget about
the factor (¢,x) and only apply the factor [|~1. Then the limit of the Hamilton vector
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field H), is
CHPO =28 0.

(This is a slight abuse of notation: we shall rescale the Hamilton vector field in different
ways in different regions, so what we have is not precisely SCHg O hut a smooth, bounded
multiple of it. This is inconsequential as we are only interested in the bicharacteristics
which are invariant under such operations.) Notice that the 9; coefficient is equal to
zero at frequency infinity. This reflects the fact that at frequency infinity, we have
‘infinite propagation speed’, i.e. each bicharacteristic is contained in a single moment
in time. Indeed, the form of H, shows that the speed of propagation at frequency ¢ is
2|¢| which tends to infinity as |£| tends to infinity.

Second, at spacetime infinity, suppose that t is dominant. Then we can use coordi-
nates pp = 1/|t| and y; = x;/t, as well as (7,§) where these variables are finite. In this
coordinates, the rescaled Hamilton vector field is

“H = |t|H, = sgn(t)< = 0o, = D0y, +2 Zgjayf)‘
j J

We see that this vanishes where 2§ = y. Moreover, to lie in Char(P) we must have
7 = |£|?. That is, we have one point in each cotangent fibre on the spacetime boundary,
where this rescaled Hamilton vector field vanishes, at least when ¢ is dominant. When
x is dominant, we can assume without loss of generality that z; is a dominant variable,
and define s = t/x1, pp = 1/|x1|, vj = /21, j > 2. We note that when |z|/[t| — oo,
on Char(FPp) we have |{| — oo, and & is parallel to . So we simultaneously need to
work near frequency infinity, and we can assume that £; is a dominant variable. We
define py = 1/|&1] and let 0 = 7/&}, w; = &;/& for j > 2. In these coordinates, we
have (good exercise to check)

SCHQ,U — @H
P &) "

= (sgnzy)(sgnér) (((sgn{l)pf — 25)0s — 2pp0,, + QZ(wj - vj)&,j). (15.16)
J

We see that the rescaled Hamilton vector field vanishes where p; = 2s and w; = v;.
This defines a smooth manifold with boundary, contained in the spacetime boundary
p» = 0 and meeting frequency infinity, where py = 0, transversally.

e If we change variable to § = 25 — sgn(&;)py and ¥ = vj — wj, this can be written
in the form

SCHZ%’O = (sgn ml)(sgngl)( — 2505 — 2pp0p, — 2 Z(ﬁj)&;j). (15.17)
J

This vector field vanishes at § = v = p, = 0, and it is a sink for sgnx; = sgné;, and
a source for sgnx; = —sgn&;. Notice that 25 = sgn(&)py = 1/& has a fixed sign.
Thus there are two components to the radial set, which we label R_ and R where
+ is the sign of (sgnzp)(sgné1) on each component. The component R_, lies over
the ‘southern hemisphere’ where t/|z| is nonpositive, and R lies over the northern
hemisphere where ¢/|z| is nonnegative. Each is a graph over the open hemisphere, but
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the radial set reaches frequency infinity over the ‘equator’ where [t|/|x| = 0, that is,
the graph ‘turns vertical’.

It is straightforward to show that, for the free operator Py, the radial sets are a
global source and sink for the flow. That is, every bicharacteristic tends in the back-
ward direction to R_ and in the forward direction to Ry. Whenever the frequency
is finite, time tends to oo along the bicharacteristic but for infinite frequency, the
bicharacteristic is in a level set of time. For the perturbed operator P, the same is true
provided that each metric g(t) is nontrapping.

This means that the geometry is very similar to that of the Klein-Gordon operator!
Consequently, the same analysis applies. As for Helmholtz or Klein-Gordon, the thresh-
old value of the spacetime order is —1/2, reflecting the fact that the spatial/spacetime
order is zero in each case. We choose a variable spatial order |} such that |, is mono-
tone nonincreasing, above threshold at R _ and below threshold at R, with the reverse

true for I_ := —1 — |;. Then, we define Hilbert spaces
X% = {ue Hyl - Puc H, W+ (15.18)
yole = gl (15.19)

Completely analogous reasoning leads to a semi-Fredholm estimate of the form
lull s < € (Ilull -ssn + gz ). (15.20)

Indeed, the key geometric property that makes this work is the uniform source/sink
structure of the rescaled Hamilton vector field near the radial sets, plus the condition
that these are the global source and sink of the flow.

As before, the orthogonal complement (with respect to the L2-pairing) of the range
of P: X%k — Hgaﬂl’“iﬂ can be identified with the kernel of P acting on X1~%I%.
Indeed, if v is in the orthogonal complement of the range of P acting on X'*'=, then in
particular it is orthogonal to P¢ for all ¢ € S(R™™!). Since P is formally self-adjoint
this means that (Pv, ) = 0 for all ¢ € S(R"*!), showing that Pv = 0. It follows that
v € X1=%% . The semi-Fredholm estimate for P on X'~ thus proves that P on X'*'+
has finite-codimensional range, thus showing that P is Fredholm.

Moreover, for the Schrodinger operator P, invertibility is rather easy to prove, since
any solution v to Pv = 0 satisfies mass conservation: that is, the spatial L? norm is
constant in time. This is incompatible with the above threshold condition on v unless
v = 0. Thus the null space is trivial, and this shows both the null space and (using the
adjoint as above) the codimension of the range are trivial, i.e. P is invertible.

From this we can get obtain results on global solutions to Pu = 0 that are completely
analogous to the case for Helmholtz scattering. The solutions are found in the sum of
spaces, X%+ 4+ X%- since they must be below threshold at both radial sets. In
particular, given any function f_ € S (Rg), there is a solution u to Pu = 0 with the
asymptotic

u= (47Tit)_"/26ﬂ$|2/4tf7(%) +O@t™* ), t— —oo,
and this solution has a similar asymptotic as t — +oc:

w= (4mt)*"/2ei‘x|2/4tf+(§) FO@E?Y), = 4o,
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where fy is also Schwartz. This defines a map, the ‘Poisson operator’ in this context,
from f_ to u. This map extends to tempered distributions. The scattering map S may
then be defined as the map S : f- — fi. The microlocal approach to S shows that
S preserves a scale of weighted Sobolev spaces. Since the incoming and outgoing data
f+ are functions of x/t € R™, one might expect that the standard weighted Sobolev
spaces, such as we have been using in our study of the scattering calculus, would be
the appropriate scale of spaces. It turns out, however, that the weighted ‘one-cusp’
Sobolev spaces is the best scale to use. In fact, in work in preparation, Qiuye and I
have shown that S is a ‘one-cusp’ Fourier integral operator associated to the symplectic
map determined by the bicharacteristic flow from the incoming to the outgoing radial
set. This is the type of result one expects to be able to prove, if the underlying geometry
has been properly understood: see |15], [1] for antecedents.

15.4. Exercises.
Problem 15.1. Show that the dual space of Ysil-i+ ig
{(f=h+Qf| heH > fre H =}

with norm
[ fI] == it || fill s+ ([ f2ll gsis

where the infimum is over all decompositions of f = f; + Q' fo with f; in the above
spaces. Hint: for the more difficult direction, which is showing the dual space is con-
tained in the space above, use the fact that Hilbert spaces such as Y%!~+ are their
own dual spaces, then write the duality in terms of L?-pairing.

Problem 15.2. The symbol of Py is homogeneous with respect to parabolic scaling.
But the Hamilton vector field is not, as shown by the fact that the 0; component of the
Hamilton vector field, when rescaled, vanishes at frequency infinity, although the rest
of the Hamilton vector field has a nonzero limit. How could that be?

Problem 15.3. For the free Schrodinger operator Py, use the Fourier transform to
express ‘nice’ solutions of Pyu = 0. Perform the inverse Fourier transform and use the
stationary phase lemma to get an asymptotic expansion of these solutions as t — +oo.
You can do the same for the Klein-Gordon operator, too.
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